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 Ω =

{
x2

1 + x2
2 ≤ a2, x3 = 0

}
� !
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Φ(x, t) = Φ0e
i(k1(x1 cos α+x3 sin α)−ωt),
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 ' u(x, t) = gradxΦ(x, t).
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 ω = 2π/T �� �
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[un(x, t)] ≥ 0, qn(x, t) ≥ 0, [un(x, t)]qn(x, t) = 0, +/,

��' �
 <�� ��% ��������  �! !�� �
 �������� ��
=��
�� kτ 8

|qτ (x, t)| < kτqn(x, t) =⇒ ∂[uτ (x, t)]
∂t

= 0,

|qτ (x, t)| = kτqn(x, t) =⇒ ∂[uτ (x, t)]
∂t

= − qτ (x, t)
|qτ (x, t)|

∣∣∣∣∂[uτ (x, t)]
∂t

∣∣∣∣ ,
+0,
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p(x, t) = p∗(x, t) + q(x, t) ��� x ∈ Ω, t ∈ T,

!
�
 p∗(x, t) �� �
  ��' ����
' %� �
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�� �
�����#���$�
����� !��
 .>18

p∗(x, t) =

⎛
⎜⎜⎝

−k2
1Φ0µ sin 2α?


(
ei(k1x1cosα−ωt)

)
0

−k2
1Φ0(λ+ 2µ sin2 α)?


(
ei(k1x1cosα−ωt)

)
⎞
⎟⎟⎠ =

=

⎛
⎝ −k2

1Φ0µ sin 2α(cos(k1x1cosα) cos(ωt) − sin(k1x1cosα) sin(ωt))
0

−k2
1Φ0(λ+ 2µ sin2 α)(cos(k1x1cosα) cos(ωt) − sin(k1x1cosα) sin(ωt))

⎞
⎠ .

@�
 �� �
 ������� ���
������� �
 �
�� ���" $���
�� �� � ��
�'�#����
 $
���'���
%�� ��� � ������� ��
� �
�
���
� �����'��" �� .01� !
 
*$��' �
 ���$��
��� ��
�
 '��$ ��
�
�� '������������ ��' �������� �
����� ���� �
 
*$��
���� 7����
�
�
��
�

pj(x, t) = ?


{
+∞∑

k=−∞
pk

j (x)eiωkt

}
, [uj(x, t)] = ?


{
+∞∑

k=−∞
[uk

j (x)]eiωkt

}
,

!
�
 ωk = 2πk/T ��'

pk
j (x) =

ω

2π

T∫
0

pj(x, t)e−iωktdt, [uk
j (x)] =

ω

2π

T∫
0

[uj(x, t)]e−iωktdt,

j = 1, 2, 3; k ∈ Z +�
 ���
"
��,.

�
 7����
� ��
=��
��� pk
j (x) ��' [uk

j (x)] ��
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 ��
' �� 
�� ��
� %� �
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� �� %���'��� ���
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pk
m(x) = −

3∑
j=1

∫
Ω

Fmj(x,y, ωk)[uk
j (y)]dy, x ∈ Ω; m = 1, 2, 3; k ∈ Z, +�,

!�� !�� �%����
' �� .0� >1 ��� �
 �����'
�
' �#@ ���
�
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F13(x,y, ωk) = F31(x,y, ωk) = F23(x,y, ωk) = F32(x,y, ωk) = 0,

m, j = 1, 2 Fmj(x,y, ωk) =
µ

4π

[
δmj

(
2
r2
χ− 2

r

∂ψ

∂r

)
+

+
(ym − xm)(yj − xj)

r2

(
−∂

2ψ

∂r2
+

1
r

∂ψ

∂r
+

3
r

∂χ

∂r
− 6
r2
χ

)]
,

F33(x,y, ωk) =
1

4πµ

[
λ2∂

2χ

∂r2
+

4λ(λ+ µ)
r

∂χ

∂r
+

+
2(λ2 + 4λµ+ 4µ2)

r2
χ− λ2∂

2ψ

∂r2
− 2(λ2 + 2λµ+ 2µ2)

r

∂ψ

∂r

]
,

!
�
 δmj �� �
 A���
��
� '
 �� ��'

ψ =
(

1
l22

+
1
l2

+ 1
)
e−l2

r
− c22
c21

(
1
l21

+
1
l1

)
e−l1

r
,

χ =
(

3
l22

+
3
l2

+ 1
)
e−l2

r
− c22
c21

(
3
l21

+
3
l1

+ 1
)
e−l1

r
,

l1 = iωkr/c1� l2 = iωkr/c26 c2 =
√
µ/ρ �� �
 �
 ����� �� �
 ������
��� !��
6
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"�� ����
� +�, �� �
 ����

m = 1, 2, 36 k ∈ N0 +�
 ������ � ��' �
��, pk
m,cos(x) − ipk

m,sin(x) =

= −
3∑

j=1

∫
Ω

(
FRe

mj (x,y, ωk) + iF Im
mj (x,y, ωk)

) (
[uk

j,cos(y)] − i[uk
j,sin(y)]

)
dy, +;,

!
�
 FRe
mj (x,y, ωk) ��' F Im

mj (x,y, ωk) ��
 �
 �
� ��' ���"����� $���� �� �

�
��
 Fmj(x,y, ωk) ��'

pk
j,cos(x) =

ω

π

T∫
0

pj(x, t) cos(ωkt)dt, pk
j,sin(x) =

ω

π

T∫
0

pj(x, t) sin(ωkt)dt,

[uk
j,cos(x)] =

ω

π

T∫
0

[uj(x, t)] cos(ωkt)dt, [uk
j,sin(x)] =

ω

π

T∫
0

[uj(x, t)] sin(ωkt)dt.
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pj(x, t) =
p0

j,cos(x)
2

+
+∞∑
k=1

(
pk

j,cos(x) cos(ωkt) + pk
j,sin(x) sin(ωkt)

)
,

[uj(x, t)] =
[u0

j,cos(x)]
2

+
+∞∑
k=1

(
[uk

j,cos(x)] cos(ωkt) + [uk
j,sin(x)] sin(ωkt)

)
.
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Fk
τU

k
τ = Pk

τ ��� k ∈ N0, +�,

Fk
nU

k
n = Pk

n ��� k ∈ N0, +>,

!
�


Fk
τ =

⎡
⎢⎢⎢⎣

−Fk,Re
11 −Fk,Im

11 −Fk,Re
12 −Fk,Im

12

Fk,Im
11 −Fk,Re

11 Fk,Im
12 −Fk,Re

12

−Fk,Re
21 −Fk,Im

21 −Fk,Re
22 −Fk,Im

22

Fk,Im
21 −Fk,Re

21 Fk,Im
22 −Fk,Re

22

⎤
⎥⎥⎥⎦ ,

Uk
τ =

⎡
⎢⎢⎣

Uk
1,cos

Uk
1,sin

Uk
2,cos

Uk
2,sin

⎤
⎥⎥⎦ , Pk

τ =

⎡
⎢⎢⎣

Pk
1,cos

Pk
1,sin

Pk
2,cos

Pk
2,sin

⎤
⎥⎥⎦ ,

Fk
n =

[
−Fk,Re

33 −Fk,Im
33

Fk,Im
33 −Fk,Re

33

]
, Uk

n =
[

Uk
3,cos

Uk
3,sin

]
, Pk

n =
[

Pk
3,cos

Pk
3,sin

]
,

!
�


Fk,Re(Im)
mj =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

∫
Ωh

1

F
Re(Im)
mj (x1,y, ωk)dy . . .

∫
Ωh

N

F
Re(Im)
mj (x1,y, ωk)dy

���
� � �

���∫
Ωh

1

F
Re(Im)
mj (xN ,y, ωk)dy . . .

∫
Ωh

N

F
Re(Im)
mj (xN ,y, ωk)dy

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
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Uk
j,cos(sin) =

⎡
⎢⎣

[uk
j,cos(sin)(y1)]

���
[uk

j,cos(sin)(yN )]

⎤
⎥⎦ , Pk

j,cos(sin) =

⎡
⎢⎣
pk

j,cos(sin)(x1)
���

pk
j,cos(sin)(xN )

⎤
⎥⎦ .
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O.V. Menshykov, I.A. Guz
Contact problem of elastodynamics for a penny-shaped crack under an
oblique loading
The paper concerns the contact interaction of the opposite faces of a penny-
shaped crack under oblique incidence of a harmonic tension-compression
wave. The problem is solved by the method of boundary integral equations
using an iterative algorithm. The dependence of stress intensity factors on
the wave frequency and the friction coefficient is studied.
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