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Abstract

The paper is focused on analytical prediction of the effective bulk and shear modulus
for particulate composites reinforced with solid spherical particles surrounded by graded
interphase zone. A three-dimensional elasticity problem for a single inclusion embedded
in a finite matrix is studied. The graded interphase zone around the inclusion is assumed

to have power law variation of the shear modulus with radial co-ordinate, with Poisson’s



ratio assumed to be constant and equal to that of the matrix. Following Hashin’s
approach, two boundary value problems are considered and stress and displacement
fields in the interphase zone are determined. They are then used to calculate the elastic
energy for the single inclusion composite under spherically symmetric state and pure
shear state and derive closed-form expressions for the bulk modulus and the upper and
lower bounds for the shear modulus. Numerical results for hard and soft interphase

zones are presented and discussed for a range of the interphase zone thickness ratios.

Keywords: Particle reinforced composites; Elastic moduli; Spherical inclusions; Interphase

effects.

1 Introduction

Macroscopic properties of particle-reinforced composite materials are strongly influenced by
the phenomena at the interface between particles and the matrix. For example, study of
finished and unfinished graphite fibres in epoxy matrices (Drzal et al, 1983) revealed that
the finish layer, i.e. an epoxy-compatible coating applied to fibres with the view to enhance
their adhesion with the matrix, creates a brittle interphase layer between the fibre and matrix
which increases the interfacial shear strength but at the expense of changing the failure mode
from interfacial to matrix.

To describe the effect of interfacial phenomena on composites properties, either an im-
perfect interface is considered (see e.g., Lipton & Talbot 2001; McArthur & Sudak 2016),
or an interphase zone between particles and the matrix is introduced, with properties that
differ from those of both main phases (see e.g., Voros & Pukanszky 2001; Duan et al. 2005;
Bienveniste & Baum 2007).

For composites reinforced with spherical particles, Hashin (1991) proposed to model an
imperfect interface between particles and the matrix as a thin interphase zone consisting of a
single homogeneous layer, with properties that are different from the properties of particles

and the matrix. He analysed the resulting three-phase composite material using the compos-



ite spheres assemblage and the generalised self-consistent scheme models and investigated
the interphase effect on the effective bulk and shear modulus and the thermal expansion co-
efficient. Later, Hashin & Monteiro (2002) used the three-phase model of particle-reinforced
composite to inversely determine the interphase zone properties from the experimentally
measured properties of the composite using the generalised self-consistent scheme.

Hervé & Zaoui (1993, 1995) developed a micromechanical model for composites reinforced
with spherical particles surrounded by multi-layered coatings/interphases with homogeneous
layers. They replaced the inhomogeneous inclusion (comprising the particle and multi-layered
coating/interphase) with an equivalent homogeneous inclusion and went on to predict the
bulk and shear modulus of the composite.

Approximation of radially varying properties of the interfacial transition zone by multiple
concentric layers with piecewise-constant properties was explored by Garboczi and Bentz
(1997) and Garboczi and Berryman (2000) as applied to concrete. For small volume fractions
of aggregate, analytical formula was derived for the bulk modulus and thermal expansion
coefficient.

Experimental results for polymeric materials and concrete indicate that properties of the
interphase zone are not uniform through its thickness but vary radially outward from the
centre of the inclusion (see e.g. Holliday & Robinson 1973; Lutz et al. 1997). On the basis of
these observations, a number of researchers have assumed specific profiles for the variation
of properties in the interphase zone, which then enabled them to predict the mechanical
properties of particulate composites using a variety of methods.

Lutz & Zimmerman (1996, 2005) modelled graded interphase around the inclusion as
graded matrix, with power law variation of elastic properties allowing a smooth transition
between the interphase and the matrix. They used the method of Frobenius series to derive
an expression for the effective elastic moduli of a material with a dispersion of inclusions. The
model was successfully used by Lutz et al. (1997) to predict the bulk modulus of concrete.
A similar approach was used for thermal/electrical conductivity. In the graded interphase

model of Lutz & Zimmerman (1996, 2005), the thickness of interphase zone is not specified



but can be set according to a chosen criterion. By using these models, Sburlati & Cianci
(2015) determined the bulk modulus expression in terms of hypergeometric functions for
hollow and solid inclusions and Sburlati & Monetto (2016) performed a parametric investi-
gations on bulk modulus. In similar way, in Sburlati et al. (2017), the coefficient of thermal
expansion was determined.

Wang & Jasiuk (1998) considered a composite with spherical inclusions and represented
the interphase as a functionally graded material of finite thickness, with power law variation
of the Young’s modulus and constant Poisson’s ratio, or with both Young’s modulus and
Poisson’s ratio varying linearly or cubically through the thickness. They calculated the
effective bulk modulus using the composites spheres assemblage method and the effective
shear modulus using the generalised self-consistent method.

Shen & Li (2003, 2005) proposed an effective interphase model and a uniform replacement
method to study the effect of an inhomogeneous interphase with varying elastic properties
in the radial direction on the effective elastic moduli of composites reinforced by spherical
particles. Using a modified technique of Shen & Li (2003, 2005), Sevostianov & Kachanov
(2006, 2007) investigated the effect of graded interface on the elastic moduli, conductive and
thermal properties of particulate nanocomposites. The interphase was treated as a layer
of finite thickness with elastic moduli that smoothly vary from a set minimum value to
the moduli of the matrix. The authors concluded that the effect of the matrix/inclusion
interface is controlled mainly by the interphase thickness and less so by the particular profile
of property variation as long as it is changes rapidly and levels smoothly toward the matrix.

Andrianov et al. (2010) performed an asymptotic analysis of imperfect interfaces in the
conduction problem for particle-reinforced composites. Imperfect interfaces were treated as
thin homogeneous layers surrounding the particles, with distinct properties and thickness,
which was made to approach zero to develop a solution. The influence of the interface prop-
erties on the effective conductivity and on the local potential and flux fields was investigated.

Comparative analysis of different approaches to modelling imperfect interfaces in fibre-

reinforced composites was performed by Sevostianov et al (2012). It was concluded that if



the contrast between fibre and matrix properties is large, there is little difference in effective
elastic properties of the composite as predicted by the differential approach, three-phase
model and spring model.

Nazarenko et al. (2016) proposed a new approach to the determination of equivalent
inhomogeneity for spherical particles and the spring layer model of their interphases with
the matrix material, suitable for thin compliant interphases where displacement jumps are
significant but stress jumps are small. The properties of equivalent inhomogeneity, incor-
porating only properties of the original inhomogeneity and its interphase, are determined
employing a new approach based on the exact Lurié’s solution for spheres.

Focussing on fibre-reinforced composites, Andrianov et al (2017) considered an infinitely
thin interface on the phase boundary, the properties of which are the average value of the
properties of the matrix and fibres. This interface model model was used to derive the
effective asymptotic formulae for conductivity of densely packed fibre-reinforced composites,
including the case of non-conducting fibres contacting each other through a thin conducting
interface.

The aim of this paper is to predict analytically bounds for the effective bulk and shear
modulus of particulate composites reinforced with solid spherical particles surrounded by
graded interphase zone, using the composite spheres assemblage method of Hashin (1960,
1962) and Hashin & Shtrikman (1963). The paper is organised as follows. In Section 2,
three-dimensional elasticity problems for a single inclusion embedded in a finite matrix are
formulated. The graded interphase zone around the inclusion is assumed to have power law
variation of the shear modulus with radial co-ordinate, and Poisson’s ratio is assumed to be
constant and equal to that of the matrix. In Section 3, explicit solutions for spherically sym-
metric condition and shear condition respectively with displacement and traction boundary
conditions are developed and stress and displacement fields are determined. In Section 4,
they are used to calculate the elastic energy for the single inclusion composite under radially
symmetric condition while pure shear state and derive closed-form expressions for the bulk

modulus and the upper and lower bounds for the shear modulus. In Section 5, numerical



results for hard and soft interphase zones are presented and discussed for a range of the
interphase zone thickness ratios. The effect of Poisson’s ratio of the graded interphase zone

on the bulk modulus value is also investigated and discussed.

2 Problem formulation

Consider a composite material with solid spherical inclusions embedded in an isotropic ma-
trix, with a non-homogeneous interphase zone between each inclusion and the matrix. The
volume fraction of the inclusions with the interphase zone is assumed to be uniform through-
out the composite. On a macroscopic scale, the composite material is assumed to be quasi-
homogeneous and quasi-isotropic.

In order to determine the shear and bulk modulus of the above composite, we use the
composite spheres assemblage model (CSA) of Hashin (1960, 1962) in which a spherical
representative volume element of radius R containing one inclusion is adopted.

The element is referred to spherical co-ordinate system (0;7, 6, ¢) (Fig.1) and consists so
of the representative sphere of radius R, concentric with a solid spherical inclusion of radius
b, and a non-homogeneous interphase zone (b < r < ¢) surrounding the inclusion (¢ < R).
We assume that the matrix is isotropic and homogeneous, with the shear modulus u,, and
Poisson’s ratio vy, and the inclusion (0 < r < b), is also isotropic and homogeneous, with
elastic properties p; and v;.

We assume that the shear modulus of the non-homogeneous interphase zone varies in the

radial direction according to the power law in the form

C

p(r) = fm (;)B with  pu(b) = pip- (2.1)

At its interface with the matrix (r = ¢), the graded interphase zone has the same value
of the shear modulus pu,, as the matrix. The inhomogeneity parameter 5 controls the profile

of the power law in the interphase zone and can be determined as

- In (/Jip) —In (pm)
= In(c)—In(b) - (22)



Several advantageous aspects of the present interface model are worth mentioning. The
model imposes no restrictions on the interface thickness, as there is no requirement that
the interface should be a thin layer. The model can be applied to both harder-than-matrix
and softer-than-matrix interphase zones. This is not the case for other interface models, for
example those where the properties of the interface are taken as the average value of matrix
and inclusion properties. The graded interphase zone is treated as a single inhomogeneous
layer rather than a set of multiple homogeneous layers, with properties varying as a con-
tinuous function of radial coordinate. The properties of the graded interphase zone depend
on the properties of the matrix (they match properties of the matrix at the outer boundary
of the graded interphase zone) and are independent from the properties of inclusions. The
profile of the interphase zone can be controlled via the inhomogeneity parameter.

We assume that Poisson’s ratio of the interphase zone has the same value v, as the
Poisson’s ratio of the matrix. This assumption is not as restrictive as it may seem, since
the value of Poisson’s ratio seems to have negligible effect on the shear modulus bounds,
similarly to the case of a particle-reinforced composite without the interphase.

We assume that perfect bonding exists at all interfaces; therefore, the following continuity

conditions for stresses and displacements are fulfilled:

[UT]r:b = 07 [Ure}r:b = O’ [O-"'(b]r:b = 07 [u"']’r‘:b = 07 [ue]’l’:b = O’ [u¢]T:b = 0’

[O—T]'I"ZC =0, [Ure]r:c =0, [UT¢]r:c =0, [UT]r:c =0, [ue]rzc =0, [U¢]T:C =0.
(2.3)

In order to determine the bulk and shear modulus of the composite sphere shown in
Fig.1, we adopt Hashin’s energy approach (1962), and consider two different boundary value
problems that lead, respectively, to the effective bulk modulus and to the upper and lower
bounds for the shear modulus. In this way, we adopt, in r = R, radially symmetric boundary
conditions to determine bulk modulus and shear boundary conditions in the plane z = 0 to

determine the shear bounds.



2.1 Spherically symmetric boundary conditions

In order to obtain the bulk modulus for the problem shown in Fig.1, spherically symmetric

problems are considered assuming at » = R the following two conditions.
e Displacement boundary value problem
u(™(R) = s R, (2.4)
where s is the normal strain.
e Traction boundary value problem
Jv(nm)(R) =3Kps, (2.5)

where K, is the bulk modulus of the matrix.

2.2 Shear boundary conditions

To obtain the shear modulus for the problem shown in Fig.1, we recall that, for a generic

homogeneous sphere (S) of radius R with shear modulus x4 in a pure shear state, we have

) _ 7 s _ 7 (S)
Uy & = =1, Uy L = <, uy ' =0,

2 Y2 (2.6)
oD =0, o) =0, o) =7, o9 =0, ol =0, o =0,

where 7 = p~y.

The displacement and stress components in spherical co-ordinates are

u$.5> (r,0,¢) = %rsin2 0sin 2¢,
ug” (r,0,¢) = %Tsin 20'sin 2¢), 27
u((f) (r,0,¢) = %rsin@cos 29,

and
o (1,0, ¢) = 7sin? 0 sin 2¢, aés) (r,0,¢) = 7 cos? f sin 2¢,

07("3') (r.0,9) = g sin 26 sin 2¢, Uég) (r,0,¢) =7 cosf cos 20, (2.8)
o' (r,0,¢) = T sin f cos 26, (¥ (r,0,¢) = —7 sin 2¢.

In this way, we assume the two different cases.



e Displacement boundary value problem

We assume that at the outer boundary the displacement field is given by equation (2.7)
with 7 = R and the material properties are those of the matrix:
W™ (R,0,8) = % Rsin? 0 sin 26,
uém) (R,0,0) = % R sin 20 sin 2¢, (2.9)
u((bm) (R,0,9) = % Rsin 6 cos 2¢.
e Traction boundary value problem

We assume that, for r = R, the stresses are given by equation (2.8) and p = p,; So

we have:

o™ (R,8,6) = 7 sin® § sin 26,
oly (R.0,6) = 3 sin20sin 2, (2.10)

Uﬁgl) (R,0,¢) =7 sinf cos 2¢.
3 Elastic solutions

First, we explicitly find elastic solutions for the non-homogeneous interphase zone, while
adopting classic solutions available in the literature for the homogeneous matrix and inclu-
sion. In particular, we study the elastic solutions for the spherical symmetry problem and

the shear problem in the following two subsections.

3.1 Spherical symmetry solution

The Navier equation for the interphase zone with spherical symmetry and elastic properties
described by (2.1) becomes

du(r) (B—=2)du(r) 2(B-1Dvm+1)ulr) _
a2 7 a T (Vm — 1) r2 0, (8:1)

in terms of the radial displacement component u(r). See also Hervé and Zaoui (1993) where,
in the equilibrium equation at p.2, with our assumption (2.1) we have p/(r)r = —pu(r)S.

The solution of equation (3.1) is

u(r) = ByrM + Borh2, (3.2)



where

VE+(A—E) Evpy +2
V1—vy, ’

hi =&+

VE+(A—E) Evpy +2
V1—vpy, ’

where B7, By are two integration constants. The stresses components are

ha =€

o (r) = fi1 Bir™=F=1 4 fi5 Borh2=A-1
(3.4)
0 (1) = 0 (r) = for ByrM=P~1 4 fop Boph2=F=1,

where

_ 2t ® (R (U — 1) — 2v) Fiz = 2 € (ha (U — 1) — 2v4,)
2u,, — 1 v /12 Qv — 1 ’
2 € (Vphy + 1) far = _Q,umcﬁ (Vmhe + 1)
2vm—1 - 2wm—1

fi1
(3.5)

for=—

Then, we use the solution for the homogeneous matrix (m) as

ul™ (r) = Ayr + o

2 Wi )AL A A
B 2vy, — 1 o3
__2,um(l/m+1)A1+2MmAz
2Um — 1 r3

and, for the solid homogeneous inclusion (), as

u® (r) = Cyr,

[ 2u; (v, + 1) C
of!) (1) = 21 A D (37)

_2/1,1 (V7,+1)Cl
2Vi_1 '

o (1) =0, (r) =
We observe that the homogeneous solutions are also obtained for § = 0, hy = 1 and

hs = —2 in Eqs.(3.2,4) with the elastic properties of the specific layer.
The five unknown integration constants can be obtained from the continuity conditions
(2.3) and boundary conditions at r = R in the displacement form (2.4) or in the traction

form (2.5). In Appendix 1 we explicitly write the equation system to obtain the integration

constants.

10



3.2 Shear solution

Following Christensen (2005), we assume the displacement field in the interphase zone in the

following form

U (Tv 97 d)) = U’I‘ (7“) Sin2 9 Sin Q(b’

S = N =

ug (r,0,¢) = — Up (r) sin 20 sin 2¢, (3.8)

1
ug (r,0,¢) = ~5 Uy () sin 8 cos 2¢.

In this way, the stresses become

or(r,0,0) = . w(r) (dUT (r) Wm —1Dr—=2v,U, (r)) sin? #sin 2 ¢+

2vm —1) dr
U 1t (r) Up (r) (sin® 0 — 2 cos?0) sin2¢ 2w, pu () Uy (r) sin2 ¢
* r(2Vm — 1) B r(2v, — 1) ’
oo (r,0,0) = - (2/;55) 0 (dU;T(T) Um T+ U, (r)) sin? @ sin 2 ¢+
1 (r) Uy (r) (vm — 1)sin® @ + cos® 0) sin2¢ 2w, u(r) Uy (r)sin2 ¢
a r(2vy, —1) a r(2v, —1) ’
oy (r,0,¢) =09 (r,0,0) + Mq(j“) (Ug (r)sin® 0 +2Uy (1)) sin2 ¢,
oo (r,0,¢) = p(r) (dUST(T) — U‘)r(r) +2 U’“T(T)> sin26sin2 ¢,
Org (1,0,0) = _,u;r) (dUgT(T) — U¢r(7”) -2 Ur:”) cos2¢sinf,
oo (1,0,0) = MY Up (1) cos 0 cos 2 ¢.

(3.9)
The functions U, (), Uy (r) and Uy (1) are determined from the following set of Navier

equations

d*U, (r) 1 dU, (r) 3 1 dUy (1)
dr? _(5_2); dr +2(1/m—1); dr
5+2(8—4) vy Up(r) o 946 (8 —2) v Ug(r)

Um — 1 r2 2(vm —1) r2
d?Uy (r) 1 dUy (r) 2 1dU,(r) 3.10
dr? _(ﬂ_Q); dr 2wy, —1r dr * (3.10)
_2 (6 - ﬁ) VUm + ﬂ —12 UQ(T) _ 4(/8 - 2) Vm — 2(ﬁ - 4) U?"(r)

20, — 1 72 2w, — 1 r2

+

:O’

:O7

Us (r) = =Us (r).

11



The solution of this set of equations, written in terms of four integration constants

K;, (j=1,2,3,4) is

U, (r) = (Kl e Kor M 4 Karh + Ky rfAl) ré,

(3.11)
Up (r) = Uy (r) = (K1Q1 7™ + KoQo ™42 + K3Q3 7™ + KyQur~ ™) 78,
where we have set £ = (6 —1)/2,
1\/2(2(1—1/m) €24 23um—1) € — (1lvy —13) — V6
A1 = = )
9 (1—vm)
(3.12)
1 /2021 —vm) & +20Bvm —1) €= (11, — 13)) +V6
Aa=3 (1= vm) ’

5 =16 ((25 U — 22) Uy + 1) €2 — 16 (51 — 3) (5 tm — 7) € + 4 (25 v — 78) v + 228,

(3.13)
and
Q1= ((4vm — >5+A2f2um+3>%
Q2= (v —1)€~ A2_2Vm+3>%
Q2= (20m — 1) ((m — 1) & = 40i& — (vm — 1) As®) + 120,% = 16, + 2,
Qs =—((4vm — )§+A1—2um+3)Q54 .
Qs =—((4vm —1)& A1—2z/m+3)%
Qsa = (2Um — 1) (Um — 1) € — 4, — (Um — 1) A1?) +120,,2 — 161, + 2,

Q=120 20m —1)°€2—6 2vpm — 1) (4vn>® — Tvm +1) &+
+6vm (Vm — 1) (2, — 5) + 3.
We observe that, for the isotropic homogeneous case, we have: Ay =3/2, Ao =7/2, & =

—1/2 and the quantities @1, Q2, @3 and @4, assume the following values:

7T—4v, 2 22v, — 1
Qr=——, Q=—3, Q3=1, Q4—¥-

= (3.15)
6 Uy, 3 4V, — 5

Now, the functions Ur(am), Ue(m) and Uém) in the homogeneous matrix (m), obtained by

12



the solution of (3.9), by putting 8 = 0, assume the form

., H H
U™ (r) = Hyrd + =2 + Hyr + —,
r r

Ue(m) (r) = 77gj:mH1T3 — %%—&-ng—i—%%, (3.16)
U™ (r) = ~Uy"™ (1),
and, in similar way, in the homogeneous solid inclusion (i) we have
Ul (r) = Fyr3 + Fyr,
Uéi) (r) = %ﬁthlr:s + Eyr, (3.17)
vy (r) = =0y (r).

The unknown integration constants can be obtained from the continuity conditions (2.4)
and boundary conditions at » = R in the displacement form (2.8) or in the traction form
(2.9). In Appendix 2 we explicitly write the equation system to obtain the integration

constants.

4 Application of Hashin’s theory

The elastic solutions derived in the previous sections can be used to determine bounds for
the elastic moduli of the composite sphere shown in Figure 1.

The general Hashin’s theory considers the change in strain energy in a corresponding
equivalent homogeneous sphere of radius R and elastic properties K} and pp, due to the
presence of nonhomogeneities. The different displacement or traction assumptions at r = R
(see section 2) introduced to evaluate the change of the strain energy of the composite sphere
of Figure 1 and the equivalent homogeneous sphere, permit us to obtain the bounds for the
elastic moduli (Hashin, 1962)).

Before deriving the formulae for these bounds, let us introduce the following quantities:
b\* c
U ( R) ; R (4.1)

13



where 7 is the volume fraction of the inclusions in the composite. We note that, as a
consequence of the above definitions and the geometry of the problem (Fig.1), n and Q are

related by the inequality 0 < n < 1/Q3.

4.1 Bulk modulus

Application of Hashin’s method shown that the expressions for the effective bulk modulus

K, obtained with the displacement or traction conditions coincide.

e Displacement or traction approach

We consider the elastic energy Up, stored in a sphere of radius R and volume V, com-

prised of the effective medium, subjected to boundary conditions (2.4):

Uy = Uy + 60, (4.2)

where
9 2
UQ:§VK%5, (4.3)

is the energy stored in an homogeneous sphere of radius R with boundary conditions
(2.4) and bulk modulus K, of the matrix of the composite sphere. Moreover, we define

the effective bulk modulus as the value for which it holds

9
Un = 5VEns (4.4)

The explicit calculation of the term 6U can be done by using Eshelby formula (Eshelby

1951). So doing we get the expression

4
}Q__l_A%(Km+3um>n (4.5)

K, NoK,,n+1 ’

14



where NO = Nl/NQ and

Ny = 02 he (h2 — 1) (Qﬁ ((3Km + 4Mm) (hg - B) -3 K,, + S,Um) + 9K1> 044

—QP (hy — B+2) ((BKm + 4 pum) ho + 6 Ky — 4 1) QF — 9K;) Q3

Ny = —0%"2 (hy +2) (Q° (B K + 4 ) (he — B) = 3Ky + 8 i) + 9 K;) Ky Q+

+08 (hy — B—=1) (3 Km + 4 ptm) ha + 6 Kpyy — 4 1) 9 — 9K;) Koy,
(4.6)

We remark that the case without the interphase is obtained when h; = 1,hy = —2,6 =

0 and so, the terms Ny becomes

3(Knm — K;)

Np =
* 7 BK; +4pm) Kn

(4.7)

4.2 Shear modulus bounds

For the composite shear modulus in the energy approach of Hashin (1960, 1962), the effective

shear modulus for the composite material uy, satisfies the following inequality

T u
w" < g < Y, (4.8)

where ugu) and ,ugT) are the equivalent shear modulus for the displacement problem and the

stress problem, respectively.

e Displacement approach - upper bound

We consider a homogeneous sphere S of radius R, with boundary conditions (2.9) and
shear modulus of the matrix of composite sphere p.,,,. Then the elastic energy of this

sphere is

u 1
Ué ) = 9 Hm '72 Vi (49)

where V' is the volume of the sphere S.

Similarly, for the equivalent homogeneous sphere with y = ,ugzu), and the same boundary

conditions (2.10), the elastic energy U,Su) of this sphere is in the form

u 1 u
Ué)=§u2)v2V (4.10)

15



Following Hashin (1960, 1962) and by using Eshelby’s formula (Eshelby 1951), the

elastic energy (4.7) can be written as

Ul = Ul 45U, (4.11)

where

AT oy (U, — 1)
4vpy, — 5

SUM™ = Hy. (4.12)

The coefficient H, is obtained using displacement boundary value problem.

In this way, we obtain

() SUW)
P = Hm + g - (4.13)
-2V
2

In explicit form, the normalized shear modulus /L;Lu) can be written as

(u) 10/3
Fn_ _ gy bun 77 + bz 7 (4.14)
Hm bo1 1073 4 bog n7/3 4 bag B/3 + bog ) + bas

where the quantities b;; are

b11 Q719 =301 = vp) (20 — 1) (6 (19 v — T) Vi — 3 (U — 7) Va + 271, V3)) +

430 (1 — ) ((4(28 — 31 ) Vi + 6 (4 0m — T) Vi) ptrm + 3 (10 v — 7) Vi)

b129Q73=303832vm —1)(2(4 V1t + V2) +3V3)) (¥ — 1) (10, — 7) +
—2 (30 py, (Ve +3Vs) —45V5) (W — 1) (100, — 7)),

b __2(5Vm—4>b11
T (1)

bo Q7T =150 (1 — 2vp,) (2 (Vn (Vi +12) = 7) Vi + (20, (Vi — 3) +7) Vo) +

—25(27vm 2vm — 1) V3 — (4vp (3204, — 57) + 112) iy, Vi + 6 (7 — 204, (2, + 3)) i V) +

—75 (4 (20m — 3) +7) Ve,

bos 275 =63 (2vm — 1) (16 (U + 2) ptn Vi — 12 (U — 2) Vo + 3 (U +5) V3) +
+63 (4 (Vm — 3) i Va — 12 (20 — 1) 1, Vs + 6V5) ,

5(4Vm(21/m*3)+7)b12
6(1—vy) (0w, —17)

boy =

(4.15)

16



bos = 2 (20 — 1) (24 (19 v — 17) Vi 4 6 (131, — 11) Vo + 9 (T, — 5) V) (100, — 7) +

_4(M’m (19’/771 - 17) (2V4 +3‘/5) - 3(5Vm _4)‘/6) (10Vm - 7)
(4.16)

The quantities V;, (i = 1...6) are given in Appendix 3.

Traction approach - lower bound

For the traction problem, we consider a homogeneous sphere with y = p,,, with bound-
ary conditions at 7 = R given by (2.10). Similarly to the previous case, we have

7_2

uh =
O 2,

(4.17)

For the equivalent homogeneous sphere with u = uflT) and boundary conditions at

r = R given by (2.11), we have
72

2"

ul" = V. (4.18)

In this case the elastic energy (4.11) can be written as

U}(zT) _ UéT) + 5U(T), (419)

where
AT poy, T (Vi — 1)

(™) =
ou vy, — 5

H,. (4.20)

The coefficient Hy is obtained from the traction boundary value problem.

So, we get
1 1 sUu®
™, 1 : 4.21
AT (421)
2
In explicit form, the normalized shear modulus uZT) becomes
MELT) 14 B n'® + Bisn (4.22)
Hom Ba1 0193 4 Bya /3 4 Byz /3 4 Baan + Bas’
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where the quantities B;; are written in terms of b;; as

4(101/m—7) b11 4(10Vm—7) b21

By, = Boi —
1 Sum+7 5um +7
4 (10 Vm — 7) b22 4 (10 Um — 7) b23
Po=—g, 77 0 T a7
m m (4.23)
4(1/m(5ym+3)+7)(1()um—7)b24
Boy =

50GBUm +7) 4y 2vm —3)+7)

Bia = b2, Bas = bas.
For small volume fraction of the inclusions, the expressions for the upper and lower bounds
become the same and reduce to the following expression

b
Hho_q 02, (4.24)
Hm bas

5 Numerical results and discussion

In this section, numerical results for the macroscopic bulk and shear modulus with and
without the interphase zone are presented and discussed.

The following elastic properties are considered for the matrix and the solid inclusion:
i = 3.6 i, v; = 0.7 v,,. These values correspond to those used by Hashin (1962).

For the interphase zone, a range of the interphase zone thickness ratios is analysed:
Q =1.1,1.25,1.5. As it was pointed out at the beginning of Section 4, n and {2 are related
by the inequality 0 <7 < 1/Q3.

Two cases of elastic properties are analysed: hard interphase with ;, = 1.5 p1,, and soft
interphase with f;, = 0.5 1,, and Poisson’s ratio in matrix v,,, = 0.3.

Figure 2 shows variation of the shear modulus through the thickness of the graded inter-
phase zone, as given by equation (2.1), for different values of 2 and the hard and soft cases.
The values of S for specific interphase zone thickness ratios are determined using expression
(2.3).

Figure 3 shows the bulk modulus obtained from the formula (4.2). The red line represents

the case without the interphase zone, solid lines represent the hard cases and the dashed
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lines represent the soft cases. We observe that the effect of interphase zone on the bulk
modulus is the most pronounced in the case of soft interphase zone.

The bulk modulus of a composite with spherical inclusions, in which the interphase zone
had two Lamé constants varying in radial direction, was investigated previously by Sburlati
& Cianci (2015) and Sburlati & Monetto (2016). Although the power law (2.1) of the
present paper is more restrictive compared to the one used in the above-cited papers, this
power law allows us to obtain the shear modulus bounds in a simpler way. It is interesting
to note that the interphase zone model introduced in this paper assumes Poisson’s ratio of
the interphase zone to be equal to Poisson’s ratio of the matrix. In order to examine the
effect of Poisson’s ratio variation in the interphase, we compare the bulk modulus prediction
obtained by equation (4.2) with that obtained in Sburlati & Cianci (2015).

Figure 4 shows variation of the normalized shear modulus in the interphase zone obtained
from equation (2.1) of the present paper and the power law given by equation (2.1) of the
paper of Sburlati & Cianci (2015), with the inhomogeneity parameter 8 = 10. Both variations
are shown for the case of the hard interphase with 2 = 1.25. It is worth pointing out that in
the present interphase zone model, the thickness of the zone is defined exactly, whereas in
the previous interphase zone model, like in Lutz & Zimmerman (1996, 2005), the thickness
of the interphase zone is not defined clearly but instead the whole ma3trix is treated as a
graded medium and the interphase zone thickness can be set according to a chosen criterion.
Comparison of numerical results produced by the two different power-law variations allows
us to examine the effect of the Poisson’s ratio on the bulk modulus.

Figure 5 shows comparison of the normalized bulk modulus obtained from equation (4.2)
of the present paper and from the expression (5.4) of the paper Sburlati & Cianci (2015).
The case without the interphase is shown in red for reference. When Poisson’s ratio of the
interphase zone is equal to Poisson’s ratio of the matrix, v, = 0.3, predictions of both models
are very close. When Poisson’s ratio of the interphase zone is not equal to Poisson’s ratio
of the matrix, only the previous model is able to predict the bulk modulus. Normalized

bulk modulus for different Poisson’s ratios of the interphase zone (3, = 0.27,v;, = 0.24) is
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shown in black; v, = 0.3, and the value of the shear modulus is assumed to be the same.
We observe that as Poisson’s ratio of the interphase zone decreases, the bulk modulus of
the composite decreases too. Therefore, the assumption of Poisson’s ratio of the interphase
zone being the same as Poisson’s ratio of the matrix, used in the present model, leads to an
overestimation of the bulk modulus value. In the following we investigate on shear modulus
bounds obtained in subsection 4.2.

Figure 6 shows the upper (continuous lines) and lower (dashed lines) bounds for the
normalized shear modulus pp, /., obtained from the exact expressions (4.11) and (4.18),
respectively for hard interphases (a) and soft interphases. The red lines show the bounds
for the composite without the interphase zone considered by Hashin (see Figure 5 of Hashin
(1962)). They are obtained from the present model by putting (2 = 1). We observe that
composites with and without the interphase zone exhibit similar behaviour for all values of
Q considered. Also, for thin interphase zone, i.e. (2 = 1.1), the gap between the lower and
upper bounds at the maximum value of 7 = 0.75 is greater for the soft interphase zone than

for the hard interphase zone.

6 Concluding Remarks

The bulk and shear modulus of particulate composites reinforced with solid spherical par-
ticles surrounded by the graded interphase zone at the particle/matrix interface have been
analysed. Two assumptions about the elastic properties of the graded interphase zone were
made: (i) power law variation of the shear modulus with radial co-ordinate and (ii) Poisson’s
ratio of the interphase zone being equal to that of the matrix (the second assumption is not
as restrictive as it may seem, since the value of Poisson’s ratio appears to have negligible
effect on the shear modulus bounds).

The two assumptions have enable us to determine stress and displacement fields in a
spherical representative volume element containing a single particle (inclusion), when either

displacement or traction boundary conditions are prescribed at the outer boundary. This
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in turn has allowed us, following Hashin’s approach, to determine the elastic energy of the
single inclusion composite and derive closed-form expression for the bulk modulus and the
upper and lower bounds for the shear modulus.

The effect of graded interface zone on the bulk modulus monotonically increases with the
particle volume fraction and is more pronounced for the soft interphase zone than for the
hard one.

Comparison of two graded interphase zone models, the one presented in this paper, the
other in Sburlati & Cianci (2015), shows that when Poisson’s ratio of the interphase zone is
equal to Poisson’s ratio of the matrix, the values of the composite’s bulk modulus predicted
by the two models are very close, but the present model has the advantage of being simpler.
However, the assumption of Poisson’s ratio of the interphase zone being the same as Poisson’s
ratio of the matrix leads to an overestimation of the bulk modulus value.

Analysis of numerical results for hard and soft interphase zones over a range of the zone
thickness ratios revealed that the shear modulus bounds for composites with and without the
interphase zone generally behave in a similar manner. Hard graded interphase zone makes
the composite stiffer in shear and increases the shear modulus bounds of the composite, while
soft graded interphase zone makes the composite more compliant in shear, decreasing the
shear modulus bounds. When the interphase zone is thin relative to the radius of the particle,
the gap between the lower and upper bounds at the maximum permissible particle volume
fraction is greater for the soft interphase zone than for the hard interphase zone. Finally,
we remark that the numerical results otained for :“ELU) and ,uEZT) give rise to a medium value
that is in agreement with the numerical results obtained in Wang & Jasiuk (1998) by using

the generalized self-consistent method (Christensen & Lo, 1979).
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Appendix
1. Spherically symmetric boundary value problem

The integration constants Ci, By, Bo, A7 and A, can be determined by the following

system: ) o o
a1 a2 a3 O 0 C 0
asy aze azz 0 0 B 0
0 a3 aszz ass azs| [Ba|f = |0
0 asgr aa3 Gaa as5| | A1 0
0 0 0 as4 Q55 A2 f
where
a)l = w, a2 = fi1bM 7P agz = fra b2 ag = b, agy = —bM,
T
ass = —bh2 ago = firc™TY azg = fiaehrTl agy = QMmQCB(lJer)’
Vm — 1
ass =4 pm P73, an=c", aiy=c", aw=—c, aiz;=-c2,

while, respectively for the displacement or the traction boundary condition, the terms of the
last line are

ag) =R, af =R, f=["=5sR,
or
aé? =—(14+vm), ag) =2Q2un—DR3, f=fT=—-14uv,)s.
2. Shear boundary value problem
The continuity conditions (2.3) in the displacements permit us to write the constants

Fy, F3,Hy and Hs in term of the constants K;, Ky, K3, K4, H3 and H,4. Introducing the

quantities

k1=K C§—1+A27 ko = Ko 06_1_1\27 ks = K3 Cf_1+A1, ks =Ky Cg_l_Al7
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we write

61 QY W (Q Dk

1=

b2 (10v; — 7) ’
6 QA E W, (Q) — 1)k
_ oY j=1%i \¥j J 1— 4
F5 = 100, —7 +Qt=¢ > =1 wiky,
b 20m BQi+ 2k 10vHy 8w (5w —4) Ha
' 7202 T2 YD (duy —5)

J=1

1 1
Hy =~ QY (2um (3Q; 4+ 2) —T) kj + - Q%5 (10 vy, — 7) Hy+

50202 (82 — 121y, + 7) Hy
28 Uy, — 35 ’

where

w1 = QiA2, Wy = QAQ, w3 = QM Wy = QAL

)

The remaining constants ki, ko, ks, k4, H3 and H4 are obtained using conditions (2.3) on the

stresses and the two boundary conditions (2.9) or (2.10). So doing we get the following

system i o o
ci1 ci2 c3 cu 0 0 Ky 0
Co1 C22 C23 c4 0O 0 ko 0
€31 €32 €33 €34 C35 C36| |Ks3 |0
C41  C42 C43 C44 C45 C46 ka4 0
Cs1 C52 C53 Cs4 Cs55 Cs6 Hj3 gs
[C61 Ce2 Ce3 Cea Cos  Cos| | Ha] | 96

where, for j = 1,...4, we have

_ €T (I () (m — D E+vm(3Q; — 2)) + (1 — vin) In(w;)) w; L

= 11 10(Q) (2vm — 1)
O (i(9Q; +1) — Tw;
a 100 — 7 ’
2078 (v 1) Qj +6u)wy (€ 1) In(R) — In(wy)) @ +2 In(Q)) w;
2= 10v; — 7 i In(£2) ’

(1 — vm)In(w;)
In(Q) ’
10 (20 — 1)% (v — 1)
b33 (4v,, — 5)

c35 =6V (Um —1)Q; + (m —1)(E+4—4vy,) +

035:5(2Vm71)(l/m71), C3g —
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8 14 In(wy)

Qj7

C4j = (4Vm+€—3)QJ+ gl/m — ? — IH(Q)
20 2O(Vm—1)
C45 = E(l - Vm)7 C46 = —W

Respectively, for the displacement or the traction boundary conditions, the terms of the

last two lines are

(w _ 6vm (RT—=07Q7) Q; +b7Q7 (T — 4vy,) + 4 R,

Csj = 7 ROb22 )

(w) _ 10 R?v,, (101, — 7) Q°0°
=1 g T TR ’

() 56 (4vm 2vm —3) +T7) Q3 1 8R%v, (v, —4) (u)
Cs6 = 5 D3 5 5 95 =05 =7,

7R5 (4v,, — 5) R3 705 (4vy, —5)Q

) Qop° (Vm (6 Qj + 4) — 7) (u) ORE
Ce;° = ;G =1— )

J R5 (10w, — 7) RS

(u) 5 <R2 - sz2) (4 Um (2 VUm — 3) + 7) (u)
Ce6 — 5 » 96 =G =7

RS (40m —5) (10, — 7)
or

(T Vm(3Q;+2) Ry AP (U, (6Q5 +4) = 7) i,
i T 70202 * TR ’

1) (407 (7= 10wp) Q7 + R (TQ? + 5 R?vpy) ) i
s = 7 ROb20? ’

1) —2pm (10 (8077 — R") 1,2 4 (Q°0° (1209020 + 7 R?) + 8 R") vy, ) N
6 = 7 R5Q5L5 (41, — 5)

10 i, (2 Q220% — R?) (7
- , 95 = G5 =T,
R5 (4vp, — 5)

A7) _ 40°° (v, (6Q; +4) —T7) A7) A (10w, = T) Q5b°

6 RS (50 +7) P RS (5vpm +7)

1) —200% (4vm Qv —3)+ 1) Q2+ 10 (T— v, 2) R2 ¢y 7T
66 = R5 (40 —5) (5um +17) I8 =

3. Quantities related to the shear bounds

We introduce the following quantities:

Vi=Ve1Vess—ViaVe 1, Vo=V71Vigz —Vr3Vion,
Vi =VesViog — Vs,1Vi03, Va=Vz1Vo3 —Vz3Vo,

‘/5 = ‘/{),SVS,I - V9,1V8,37 % = %,1V10,3 - ‘/9,3‘/10,1
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and
Vii =514 +5s2a+1, Viz=s13+s23+1,

Va1 = Q1514 + Q2524 + Qu, Vg3 = Q1513 + Q2523 + @3,
Vou=—(Vm —1) (A1 + (514 — 524) A2) + 3 (Q1514 + Q2524 + Qu) Vi +
+((vm —1)€—2vp,) (514 + 824 + 1),

Vo3 = (Um — 1) (A1 + (s13 — 823) A2) + 3 (Q1513 + Q2523 + Q3) Um+
+((Vm —1)§ —2vm) (513 + 523 + 1),

Vio,1 = (Q1514 — Q2524) Ao — A Qaporm+

im ((Q1514 + Q2824 + Q4) (€ — 1) — 10/3(514 + S24 + 1),

Vio,s = (Q1513 — Q2523) thm Ao + Q3ptm A1+

+itm ((Q1513 + Q2523 + Q3) (£ — 1) —10/3(s13 + 523 + 1)) ,

where
(a3 — (132 _ (raQipq — (X402
SI3=————————————— Su4=
Q11022 — 12021 Q1022 — (120021
Q13021 — (11023 Q4021 — (11024
S3 = —" ————» Su= "
Q11022 — (2021 Q11022 — (\120021

and, for j = 1,...4, we have

(In (w;) +2 In(Q)) v, n In (w;)
(In () In (€2)

+(2Vm — ].) (Vl(gQ] + ].) — 7)[1,1'(4]3',

= — (3 vm @ + (Vm — 1) € — > (10v; —7) Q28 wji+

Qgj = — (2+ (5— 1- 1;;((0;;))) Qj) (10v; = 7) Q¢+ w; + 8 <(Qj + 2) v — ZQ;‘) 14 Wj-
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Figure 1. Composite sphere model in the plane z = 0

Figure 2. Power laws in the graded interphase zone for hard and soft interphases

Figure 3. Normalized bulk modulus for varying interphase thicknesses for hard and soft
interphases

Figure 4. Power laws for the graded interphase (€ = 1.25) with different elastic modulus
property: present model (solid line) and model of Sburlati and Cianci (2015) (dashed line)

Figure 5. Effects of graded Poisson’s ratio on the effective bulk modulus. Comparisons
with the results obtained with the present model (solid line) and the results obtained with the
Sburlati and Cianci (2015) model assuming: v;, = vy, = 0.3 (dashed line), v;;, = 0.27, v, =
0.3 (dot-dashed line) and v;, = 0.24, v,,, = 0.3 (dotted line)

Figure 6. Normalized shear modulus bounds for varying interphase thicknesses with hard

(a) or soft interphase (b)
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Figure 4: Power laws for the graded interphase (Q = 1.25) with different elastic
modulus property: present model (solid line) and model of Sburlati and Cianci
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Figure 5: Effects of graded Poisson’s ratio on the effective bulk modulus. Compar-
isons with the results obtained with the present model (solid line) and the results
obtained with the Sburlati and Cianci (2015) model assuming: v;, = vy, = 0.3 (dashed

line), v;, = 0.27, vy, = 0.3 (dot-dashed line) and v, = 0.24,v,, = 0.3 (dotted line)
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Figure 6: Normalized shear modulus bounds for varying interphase thicknesses with

hard (a) or soft interphase (b)

35



