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The Distance Standard Deviation

Dominic Edelmann,* Donald Richards,! and Daniel Vogel!
May 17, 2017

Abstract

The distance standard deviation, which arises in distance correlation analy-
sis of multivariate data, is studied as a measure of spread. New representations
for the distance standard deviation are obtained in terms of Gini’s mean differ-
ence and in terms of the moments of spacings of order statistics. Inequalities for
the distance variance are derived, proving that the distance standard deviation is
bounded above by the classical standard deviation and by Gini’s mean difference.
Further, it is shown that the distance standard deviation satisfies the axiomatic
properties of a measure of spread. Explicit closed-form expressions for the dis-
tance variance are obtained for a broad class of parametric distributions. The
asymptotic distribution of the sample distance variance is derived.

Key words and phrases. characteristic function; distance correlation coefficient; distance
variance; Gini’s mean difference; measure of spread; dispersive ordering; stochastic
ordering; U-statistic; order statistic; sample spacing; asymptotic efficiency.
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1 Introduction

In recent years, the topic of distance correlation has been prominent in statistical anal-
yses of dependence between multivariate data sets. The concept of distance correlation
was defined in the one-dimensional setting by Feuerverger [7] and subsequently in the
multivariate case by Székely, et al. [25, 26], and those authors applied distance corre-
lation methods to testing independence between random variables and vectors.
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Since the appearance of [25, 26], enormous interest in the theory and applications
of distance correlation has arisen. We refer to the articles [22, 27, 28] on statistical
inference; [, 9, 14, 33] on time series; [4, 5, (] on affinely invariant distance correlation
and connections with singular integrals; [19] on metric spaces; and [23] on machine
learning. Distance correlation methods have also been applied to assessing familial
relationships [17], and to detecting associations in large astrophysical databases [20, 21].

For z € C, denote by |z| the modulus of z. For any positive integer p and s,z € RP,
we denote by (s, x) the standard Euclidean inner product on R? and by ||s|| = (s, s)!/2
the standard Euclidean norm. Further, we define the constant

7T(p+1)/2
Cpy = ————.
P I'((p+1)/2)

For jointly distributed random vectors X € RP and Y € RY, let
fX,Y(S7 t) = Eexp (V _1(<S7 X> + <t7 Y>>)7

s € RP, ¢t € R?, be the joint characteristic function of (X,Y’) and let fx(s) = fxy(s,0)
and fy(t) = fxy(0,t) be the corresponding marginal characteristic functions. The
distance covariance between X and Y is defined as the nonnegative square root of

1 2 dsdt
2(XY) = —/ t) — )| ———— 1.1
V ( Y ) Cpcq Rp+a ‘fX,Y(Sa ) fX(S)fY( )l H8Hp+1 Ht”q+17 ( )
the distance variance is defined as
1 2 dsdt
2(X) = 2XX:—/ t) — )| ——— 1.2
V ( ) 1% ( ) ) CZQ) -~ ‘fX(S + ) fX(S)fX( )| HSHerl Ht”erla ( )

and we define the distance standard deviation V(X) as the nonnegative square root of
V2(X). The distance correlation coefficient is defined as

V(X,Y)

RV = Aevm

(1.3)
as long as V(X),V(Y) # 0, and R(X,Y) is defined to be zero otherwise.

The distance correlation coefficient, unlike the Pearson correlation coefficient, char-
acterizes independence: R(X,Y) = 0 if and only if X and Y are mutually independent.
Moreover, 0 < R(X,Y) < 1; and for one-dimensional random variables X,Y € R,
R(X,Y) = 1if and only if Y is a linear function of X. The empirical distance cor-
relation possesses a remarkably simple expression ([7], [25, Theorem 1]), and efficient
algorithms for computing it are now available [13].

The objective of this paper is to study the distance standard deviation V(X). Since
distance standard deviation terms appear in the denominator of the distance correlation
coefficient (1.3) then properties of V(X) are crucial to understanding fully the nature
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of R(X,Y). Now that R(X,Y) has been shown to be superior in some instances to
classical measures of correlation or dependence, there arises the issue of whether V(X)
constitutes a measure of spread suitable for situations in which the classical standard
deviation cannot be applied.

As V(X)) is possibly a measure of spread, we should compare it to other such mea-
sures. Indeed, suppose that E(]| X|?) < oo, and let X, X', and X” be independent and
identically distributed (i.i.d.); then, by [25, Remark 3],

VAHX) = E(IX = X'|") + (B[lX — X'|)* = 2E(|.X — X'||- [ X = X"]),  (1.4)

The second term on the right-hand side of (1.4) is reminiscent of the Gini mean differ-
ence [10, 31], which is defined for real-valued random variables Y as

A(Y) = E|Y - Y|, (1.5)

where Y and Y’ are i.i.d. Furthermore, if X € R then one-half the first summand in
(1.4) equals 0%(X), the variance of X:

%E(|X — X'} = %E(X2 —2X X'+ X?) = E(X?) - BE(X)E(X') = o*(X).

Let X and Y be real-valued random variables with cumulative distribution functions
F and G, respectively. Further, let F~! and G~ be the right-continuous inverses of F
and G, respectively. Following [2, Definition 2.B.1], we say that X is smaller than Y
in the dispersive ordering, denoted by X <gisp YV, if forall 0 < a < <1,

F7H(B) = F~ (@) < G7H(B) = G™H(a). (1.6)
According to [2], a measure of spread is a functional 7(X) satisfying the axioms:

(C1) 7(X) =0,
(C2) 7(a+bX) =|b| 7(X) for all a,b € R, and
(C3) 7(X) <7(Y)if X <gip Y.

\]

\]

The distance standard deviation V(X') obviously satisfies (C1). Moreover, Székely, et
al. [25, Theorem 4] prove that:

1. If V(X) = 0 then X = E[X], amost surely,

2. V(a+bX) = |b|V(X) for all a,b € R, and

3. VX 4+Y)<V(X)+V(Y)if X and Y are independent.

In particular, V(X)) satisfies the dilation property (C2). In Section 5, we will show that
V(X)) satisfies condition (C3), proving that V(X)) is a measure of spread in the sense



4 EDELMANN, RICHARDS, AND VOGEL

of [2]. However, we will also derive some stark differences between V(X), on the one
hand, and the standard deviation and Gini’s mean difference, on the other hand.

The paper is organized as follows. In Section 2, we derive inequalities between
the summands in the distance variance representation (1.4). For real-valued random
variables, we will prove that V(X)) is bounded above by Gini’s mean difference and by
the classical standard deviation. In Section 3, we show that the representation (1.4)
can be simplified further, revealing relationships between V(X) and the moments of
spacings of order statistics. Section 4 provides closed-form expressions for the distance
variance for numerous parametric distributions. In Section 5, we show that V(X) is a
measure of spread in the sense of [2]; moreover, we point out some important differences
between V(X), the standard deviation, and Gini’s mean difference. Section 6 studies
the properties of the sample distance variance.

2 Inequalities between the distance variance, the

variance, and Gini’s mean difference

The integral representation in equation (1.2) of the distance variance V?(X) generally
is not suitable for practical purposes. Székely, et al. [25, 20] derived an alternative
representation; they show that if the random vector X € R? satisfies E|| X ||* < oo and
if X, X', and X" are i.i.d. then

VA(X) = Ty(X) + Ta(X) — 2T5(X), (2.1)
where ,
T(X) = B(IX - XP) 0
Ir(X) = (E X — X"|])",
and
T3(X) =E(|X — X'[| - |IX = X"), (2.3)

Corresponding to the representation (2.1), a sample version of V?(X) then is given by
VEL(X) = Tl,n(X) +T2,n(X) - 2T3,n(X)> (24)

where

T(X) = 25 3 S 1% - X

i=1 j=1

1X) = (531X - x)

i=1 j=1
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and

n n n

Tyn(X) = = 5SS 1= Xl 1 = Xl (2.6
i=1 j=1 k=1
We remark that the version (2.4) is biased; indeed, throughout the paper, we work with
biased sample versions to avoid dealing with numerous complicated, but unessential,
constants in the ensuing results. In any case, an unbiased sample version can be defined
in a similar fashion; see, e.g., [27]).

In the following we will study inequalities between the summands showing up in
equations (2.1) and (2.4). In the one-dimensional case, these inequalities will lead to
crucial results concerning the relationships between the distance standard deviation,
Gini’s mean difference and the standard deviation.

Lemma 2.1. Let X = (XU ... XY ¢ RP be a random vector. Moreover let
X = (Xy,...,X,) denote a random sample from X and let T1(X), To(X), T5(X),
and Ty ,(X), Ton(X), T5.,(X) be defined as in equations (2.1)-(2.6). Then

Ty o(X) < Tyn(X) < T (X, T o(X) < 2T5,(X). (2.7)
Further, if E||X||*> < co then
Tr(X) < T3(X) < Th(X), Ti(X) < 2T3(X). (2.8)

PROOF. First note that

T(X) = 5 SO ST IX - X1 1% - Xl

i=1 j=1 k=1
1 n n 2
== (X Ix-x50)
i=1  j=1

By the Cauchy-Schwarz inequality, (31" a;)> < nd ", a? for all ay,...,a, € R; ap-
plying this inequality to the sums which define T3 ,,, T3, and T}, we obtain

T, ,(X) = %(ZZ % - X))

—Z(Zux X)) = Tyu(X)

and

7,.,(X igz(ZuX Xil)
=1 7j=1

n

<SS I = X = T (X)

=1 j=1
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The second assertion in (2.7) follows by the triangle inequality:

Ta(X) = 5 33 1% - X P

i=1 j=1

= S - X - Xk X X

i=1 j=1 k=1

1 n n n
< 2D = Xl (11K = Xl + 1 - X )

i=1 j=1 k=1

== 2T3’n(X>

The corresponding inequalities (2.8) for the population measures follow from the
strong consistency of the respective sample measures. Alternatively they can be derived
by applying Jensen’s inequality and the triangle inequality, respectively. [

Using the inequalities in Lemma 2.1, we can derive upper bounds for the distance
variance in terms of the variance of the components X ..., X® and the Gini mean
difference of the vector X.

Theorem 2.2. Let X = (XU, ... X®) € RP be a random vector with E|| X| < oo,
and let X' = (XM ., X'®) denote an i.i.d. copy of X. Then

VA(X) < ZP:JQ(X(“),

and

VA(X) < (E[IX - X'|)*
ProOF. To prove the first assertion, we note that

VQ(X> = nh_{gO (len(X) + T2,n(X) - 2T3,n(X))

< lim T, (X)
n—oo
= (E|X - X'|)?%,

where the inequality follows by Lemma 2.1.

To extablish the second inequality we can assume, without loss of generality, that
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E[X|* < oo. Then

Li(X) =E[X - X'|”
p
— EZ(){(%‘) — X))
=1
P ‘ ‘ . L2
- ZE[(X(” CEXO) 4 (BXD — X/m)]
=1
p o
=2 (X)),
=1

Applying Lemma 2.1 yields

I
Q
[\
—~
=
i
S
N—

The proof now is complete. [

In the one-dimensional case, Theorem 2.2 implies that the distance variance is
bounded above by the variance and the squared Gini mean difference.

Corollary 2.3. Let X be a real-valued random variable with E|| X || < co. Then,

V(X)) < 0%(X), VIH(X) < A%(X).

Let us note further that for X € R, the inequality T5(X) < T1(X) can be sharpened.

Proposition 2.4. Let X be a real-valued random variable with E(|X|*) < co. Then,

T(X) <

wirn

T (X).
PRrooF. By [31, p. 25],

12 [Con(x PO = ST

By [30, equation (2.3)], Cov(X, F'(X)) = A(X)/4; also, since F(X) is uniformly dis-
tributed on the interval [0, 1] then Var(F (X)) = 1/12. By the definition of the Gini
mean difference (1.5) and by (2.2), A?*(X) = T5(X) and ¢*(X) = T1(X)/2. Therefore,
it follows from (2.9) that

(2.9)

J128%(X)  3Ty(X)
=16 02(X) 2Ty (X)
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and the proof now is complete. [

Interestingly, Gini’s mean difference and the distance standard deviation coincide
for distributions whose mass is concentrated on two points.

Theorem 2.5. Let X be Bernoulli distributed with parameter p. Then
VH(X) = A%(X) = 4p*(1 - p)*.

Conversely, if X is a non-trivial random variable for which V*(X) = A?(X) then the
distribution of X is concentrated on two points.

PrROOF. It is straightforward from (2.1) to verify that, for a Bernoulli distributed
random variable X, A(X) =20%*X) =2T3(X) = 2p(1 — p). Hence, by (2.1),

V(X)) =20%X) + A%(X) —2T5(X) = 4p*(1 — p)*.

Conversely, if X is a non-trivial random variable for which V*(X) = A?(X) then
the conclusion that the distribution of X is concentrated on two points follows from
Theorem 3.1. [

For the Bernoulli distribution with p = %, Theorem 2.5 implies immediately that
V2(X), 0?(X), and A%(X) attain the same value, namely, 1/4. Hence, applying Corol-
lary 2.3 and the dilation property V(aX) = |a|V(X) in (C2), we obtain

Corollary 2.6. Let X denote the set of all real-valued random variables and let ¢ > 0.
Then
max{V*(X) : 0*(X) = ¢} = max{V*(X) : A*(X) = ¢} =,

Xex Xex

and both mazima are attained by Z = 2cY2Y, where Y is Bernoulli distributed with
parameter p = %

This result answers a question raised by Gabor Székely (private communication,
November 23, 2015).

We remark, that the second implication of Theorem 2.2 as well as Theorem 2.5 also
follow directly from the result for the generalized distance variance in [19, Proposition
2.3]. However, the proof presented here provides a different and more elementary
approach to these findings.

3 New representations for the distance variance

The representation of V given in (2.1), although more applicable than the expression
given in equation (1.2), still has the drawback that it is undefined for random vectors
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with infinite second moments. This problem can be circumvented by considering the
representation

VAH(X) = A*(X) + W (X), (3.1)

where

W(X) =E[IX = X'||- (IX = X'| = 2/IX - X"]))].

In the one-dimensional case, the representation (3.1) can be further simplified using
the concept of order statistics.

Theorem 3.1. Let X be a real-valued random variable with E|X| < oo, and let X, X',
and X" be i.i.d. copies of X. If X1.3 < Xo.3 < X3.3 are the order statistics of the triple
(X, X", X") then

VE(X) = A*(X) -3
= A*(X) -8

]E[(X253 - X1:3) (X3:3 - X2:3)] (32)
E[(X — X'), (X" — X).],
where t; = max(¢,0), t € R.

ProOOF. We first prove the theorem for the case in which X is continuous. In this case,
we apply the Law of Total Expectation and use the independence of the ranks and the
order statistics [29, Lemma 13.1] to obtain

W(X)
—E||IX - X (IX - X'| - 2|X - X"])|

3
> E[|X —X|(IX - X - 21X — X”|)‘(7~X, v ) = (k, K, k;”)]
kK E'"=1

k,k' k" are pair-
wise distinct

X P((Tx,TX/,TXH) = (l{?, k’/,/{?”)).
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Using the symmetry of X, X', and X", it follows that

3
W(X)=< Y B[ Xk — Xual (1Xks — Xial = 21X — X

kk'k"=1
k,k' k' are pair-
wise distinct

3
== > E[|Xks — Xesl| — B[ Xes — Xival - [ Xis — Xural].

kk'k"=1
k,k' k' are pair-
wise distinct

Evaluating the first summand in the latter equation yields

3
=Y E[|Xks — Xesl’]
ke k! k=1
k,k' k" are pair-
wise distinct
1
=3 (E[(Xm — X5.3)*] + E[(X13 — X33)°] + E[(X2:3 — X3:3)2D‘

| =

Proceeding analogously with the second summand and simplifying the outcome, we

obtain

W(X) = —gE[(XQ:S — X13) (X33 — X2:3)}-

This proves (3.2) in the continuous case.

For the case of general random variables, we now apply the method of quantile
transformations. Let U be uniformly distributed on the interval [0,1] and let U, U’,
and U” be i.i.d.. Further, let F' denote the cumulative distribution function of X.
With F~(p) = inf{z : F(z) > p} denoting the right-continuous inverse of F', we define
X = FYU), X' = FYU"), and X" = F~1(U"). By [29, Theorem 21.1], the random
variables X, X', and X" are i.i.d. copies of X and

W(X)
- IE[|)~( ~ X (X - X —2|X - )5”|)}
3
= Y E[IR X (1K =X = 21X = X)) (o o) = (6, KR
k,k k=1

k.k' k' are pair-
wise distinct

X P((TU,T‘U/, ’I"UN) = (kﬁ, k’/, k”))
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3
= — Z E[|Xk3 - Xk/:3’ . (’Xk:S — Xk’:?)‘ -2 ‘Xk::} — Xk”:S’):|
kK k"=1

k,k' k" are pair-
wise distinct

= —% E[(Xg;g, - X1:3> <X3:3 - X2:3)]'

The second representation for W (X), (3.3), now follows by a combinatorial symmetry
argument from the first representation. [

In the continuous case with finite second moment, equation (3.3) is equivalent to

E(|X — X' |X" = X'|) = 0*(X) 4+ 4J(X), (3.4)
where . i N
B /x_ Oo/_ m/z_x(x—y) (z —2)f(2) f(y) f(x)dzdydz.
Formula (3.4) is essentially é/he key result in the classical paper by Lomnicki [15], who

also gave a simple expression for the variance of the empirical Gini mean difference,

LX) = s 3 XX (35)
Indeed, it is shown in [18] that o
Var (A, (X)) = ﬁ(ai (n—1)0*(X) +16 (n—2)J(X) — 2 (2n — 3)A*(X)). (3.6)

We note two consequences of Theorem 3.1 and equation (3.6). First, Theorem 3.1
implies that the decomposition (3.6) holds in an analogous way for the non-continuous
case. Second, for distributions with finite second moment, calculating the distance
variance yields the variance of ﬁn and wvice versa. These considerations imply that the
asymptotic variance ASV (A(X)) = lim, nVar((ﬁ(X ))) can be expressed alterna-
tively as

ASV(A(X)) = 40%(X) — 2V*(X) — 2A%(X). (3.7)

For a random sample Xi,..., X, of real-valued random variables, the difference
between successive order statistics, D;.,, = Xiy1.n — Xim, ¢ = 1,...,n — 1, is called
the ith spacing of X = (Xy,...,X,). Jones and Balakrishnan [15] (see also [30, 31])

studied closed-form expression for the moments of spacings and showed that

o?(X) =E(D%,) = / / — F(y))dz dy (3.8)

—oo<r<Yy<oo
and -
A(X) =E(D;2) = 2/ F(z)(1 = F(z))dz. (3.9)
By applying results in [15], we obtain an analogous representation for the distance

variance.

11
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Theorem 3.2. Let X be a real-valued variable with E(|X]) < oo and let X, X', X",
and X" be i.i.d. Then,

V(X) =8 // F2(2)(1 — F(y))2de dy (3.10)
= gE[(X;M — X94)?], (3.11)

where X4 < Xo.4 < X34 < X4y denote the order statistics of (X, X', X", X").

PROOF. By equation (3.9), we obtain
A(x) = [2 /_ Z F(z) (1~ F(2))de]
1 [ [ P@ - F@)F@) - o) d dy
/[ F@n-FeF@ - Pu) .

—oo<r<Y<oo

2

Moreover, by [15, equation (3.5)]
E[(X23 — X1:3) (X33 — Xa3)

// — F(x)][1 = F(y)] dz dy.

—oo<r<Yy<oo
Hence,
VA(X) = A*(X) E[(X<> X(l))(X<3>—X(2>)]
/ / ~ F(y)? do dy,
—oo<r<Yy<oo

which proves (3.10).
Finally, the formula (3.11) follows from (3.10) and from [15, equation (3.4)]. [

Theorem 3.2 now yields for the distance variance a new sample version which is
distinct from VZ(X), as follows.

Corollary 3.3. Let X be a real-valued variable with E(|X]) < oo and let X =
(X1,...,X,) be a random sample from X. Then, a strongly consistent sample ver-
sion for V*(X) is

UL(X) = (Z)_ i (min(, )7 (n — max(i, j))*Din Djon, (3.12)

ij=1

where Dy., = Xiy1.n — X denotes the kth sample spacing of X, 1 <k <n —1.
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PROOF. Let h: R* — R be the symmetric kernel defined by

2
h(Xl, oo ,X4) — g(
where X4 < Xo4 < X34 < Xy4 are the order statistics of Xj,..., Xy. By Theorem
3.2, we have E[h(X, ..., X,)] < co. Hence, by Hoeffding [12],

(X)) = %(Z)l S A(Xa,, Xa)

1<41<12<13<4<n

X3:4 - X2:4)27

is a strongly consistent estimator for V?(X). Using a straightforward combinatorial
calculation, we obtain

2(x) - 3(") S = 1) (1= )X — X

3\4 —
1<i<j<n

On inserting the definition of the spacings, the latter equation reduces to

ﬁg(X):g(Z) Z (i_l) (n_]) (Di:n+"'+Dj—1IN)2

3 1<i<j<n
2 /n -1 Jj—1
= §(4> > (i—=1)(n—3) > DpnDin
1<i<j<n k=i
Interchanging the above summations, we obtain
9 /n -1 n—1 min(k,l)
~ B ' .
k,l=1 =1 j=max(k,l)+1

(n) B nzl Dy Dy min(k, 1) (min(k, 1) — 1)

1
6\ o2
x (n — max(k,)) (n — max(k,1) — 1),

where the latter equality follows from the fact that Zlei = k(k —1)/2. Since

1/n\ " B 4
6\4) nn—-1)mn-2)(n-3)
then we deduce that U2(X) = U2(X) + o(1). This completes the proof. [
Denoting the vector of spacings by D = (Dig,..., Dy 1.4), we can write the

quadratic form in (3.12) as
U*(X)=D'VD,

13
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Figure 3.1: Illustration of (from left to right) the sample distance variance

U2, the squared sample Gini mean difference 32’ and the sample variance

52 via their respective quadratic form matrices V, G, and S for sample size

n = 1,000. The coordinate (7,j) corresponds to the (i,7)th entry of the
corresponding matrix, and the size of the corresponding matrix element is
specified via color code (see legend).

where the (7, j)th element of the matrix V' is

v, = <Z> - (min(i, §))* (n — max(i, j))*

Both the squared sample Gini mean difference and the sample variance

72(X) = Lt Z(Xz - X,)?

nn—1) <=
can also be expressed as quadratic forms in the spacings vector D; specifically,

AX(X)=D'GD, G%(X)=D'SD,

n

where the elements of G and S are given by

6= ) 50 00
and

S=3(3) minGi) (0 mex(i)

2

n?

and o2 is equivalent to comparing the matrices V, G
and S. We use this fact to graphically illustrate differing features of ¥V, A, and o by
plotting the values of the underlying matrices; see Figure 3.1.

Hence, comparing U?, A

Moreover, these quadratic form representations lead to the rediscovery of results
from Section 2. For example, since V and G have the same diagonal entries then it
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follows that V and A are equal for Bernoulli-distributed random variables. Also, if n

is even then the elements V},/25/2, Grnj2,n/2, and Sy, 2,2 all coincide, representing the
1

5.
Finally, since V;; < Gy; and V;; < S;; for all ¢, 7 then we obtain an alternative proof of
Corollary 2.3.

It is also remarkable that V' is twice the second Hadamard power of S and that V'

and S both are positive definite, while G is positive semidefinite with rank 1. Finally,

fact that the underlying measures coincide for the Bernoulli distribution with p =

we mention that there are numerous other statistics which can be written as quadratic
forms or square-roots of quadratic forms in the spacings, e.g., the Greenwood statistic,
the range, and the interquartile range.

4 Closed form expressions for the distance variance

of some well-known distributions
Exploiting the different representations of the distance variance derived in the preceding
sections, we can now state the distance variance of many well-known distributions. In

the following result, we use the standard notation | F7 and o Fj for the classical confluent
and Gaussian hypergeometric functions.

Theorem 4.1. 1. Let X be Bernoulli distributed with parameter p. Then V*(X) =
4p* (1 —p)*.

2. Let X be normally distributed with mean p and variance 0. Then

V(X)) = 4(1 _W\/g + %)02.

3. Let X be uniformly distributed on the interval [a,b]. Then V*(X) = 2(b— a)?/45.

4. Let X be Laplace-distributed with density function, fx(z) = (2a)~!
exp(—|z — pl/a), x €R, a >0, u € R. Then V*(X) = Ta?/12.

5. Let X be Pareto-distributed with parameters o > 1 and x,,, > 0, and densily function
fx(r) = ar® 2z~ & >z, Then,

2,2
4oy,

Vi) = (o — 1) (20 — 1) (3 — 2)

6. Let X be exponentially distributed with parameter N\ > 0 and density function
fx(z) = Xexp(=Az), > 0. Then, V*(X) = (3X?)~L.

15
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7. Let X be Gamma-distributed with shape parameter o > 0 and scale parameter 1.
Then

VZ(X) _ 22(2—204) Z Aj,k(a)2;

J,k=1

where

K]

Ajp(a) =2797F (M) 1/2

5 '2a+j5+k—1)
Na+ )T (a+k)

i (—j—k+21—a—72—-2a—j—k;2).

8. Let X be Poisson-distributed with parameter A > 0. Then

2 — 4R 4k A2
V(X)) =) T NTR A2
jk=1

where

Loy |
g 2 (o)

)l (%)j—l—l 1F1(j -1 - %éjé —4/\)-

N[ —=

9. Let X be negative binomially distributed with parameters ¢ and 3. Then

VZ(X) _ (1 - C)4,B f: (5)J (ﬁ)k(l + 62)_2’3_2j22k0j+k14§k,

= gl k!
where
S~ (IR (i -k (B -1 2
L= —c)r(=1)! — L)
= 3 (1) (L) e atn - wpry, B2
l1,l2=0 =0
|11 —l2| m—
" i(_z)m (110) 1,1, 25 (D) krm—1
— (|ly = lo] = m)'(2m)! (k+m —1)!
X oF1 (=l k+m — %;k’+m;2).
10. Let X = (Xy,...,X,) be a multivariate normally distributed random vector with
mean p = (p1, ..., 1p) and identity covariance matriz I, == diag(1,...,1). Then

V2(X) — dn G |TGp)TGGr+1)

G | [Ge+)]°

—29F (=5, —5:5m3) +1] .
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PROOF. 1. See Theorem 2.5.
2. See the proof of Theorem 7 in [25] or [1, p. 14].
3. and 4. These follow directly from Theorem 3.1 and the results in Table 3 in [10].
5. and 6. These results follow directly from the representation (2.1) and [32, equa-
tions (4.2) and (4.4)].
7., 8., and 9. See [0, Propositions 5.6, 5.7, and 5.8].
10. See [1, Corollary 3.3]. O

By equations (3.6) and (3.7), we can also derive expresssions for the variance and
asymptotic variance of the sample Gini mean difference for the distributions 1.- 9. in
Theorem 4.1. To the best of our knowledge, these expressions are novel for the Gamma,
Poisson, and negative binomial distributions.

5 The distance standard deviation as a measure of
spread

In this section, we show that the distance standard deviation V(X)) satisfies the criteria
(C1)-(C3) stated in Section 1 and therefore is an axiomatic measure of spread in the
sense of [2]. Moreover, we point out some differences and commonalities between V, A
and o. First, we state some additional preliminaries about stochastic orders.

Definition 5.1 ([21], Section 1.A.1). A random variable X is said to be stochastically
smaller than a random variable Y, or X is smaller than Y in the stochastic ordering,
written X <i Y, if P(X > u) <P(Y > u) for all u € R.

Proposition 5.2 ([21], Section 1.A.1). A necessary and sufficient condition that X <
Y is that

Elp(X)] < E[¢(Y)] (5.1)

for all increasing functions ¢ for which these expectations exist.

Another important ordering of random variables is the dispersive order, < 4sp, which
was stated earlier at (1.6) in the introduction. Bartoszewicz [1] proved the following
result.

Proposition 5.3 ([!], Proposition 3). Let (Xi,...,X,) and (Y1,...,Y,) be random
samples from the random variables X and Y, respectively, and let D; = X1, — Xjin
and E; = Y11, — Y, 7 =1,...,n — 1 denote the corresponding sample spacings. If
X <gisp Y then Dj.,, <g Ejy forallj=1,...,n—1.

Applying this result to the representation of the distance variance derived in The-
orem 3.2, we conclude that the distance standard deviation V is indeed a measure of
spread in the sense of [2].
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Theorem 5.4. If X <gisp Y then V(X) < V(Y).

PROOF. Let us consider i.i.d. replicates (X,Y), (X', Y"), (X", Y"), and (X", Y").
Moreover, let X4 < Xoy < X3y < Xy and Yiy < You < Yiy4 < Yiy denote the
respective order statistics. By Proposition 5.3,

(X34 — Xou4) <g (Y34 — Your).

Applying equation (5.1) and Theorem 3.2 concludes the proof. [

Using similar arguments, we can show that the result of Theorem 5.4 holds analo-
gously for the standard deviation and Gini’s mean difference; see also [10].

Theorem 5.5 ([24], Theorem 3.B.7). The random variable X satisfies the property
X <aisp X +Y for any random variable Y which is independent of X

if and only if X has a log-concave density.
Applying Theorem 5.5, we obtain the following corollary of Theorem 5.4.

Corollary 5.6. Let X be a random variable with a log-concave density. Then
VX +Y)>V(X)
for any random variable Y independent of X.

In particular if X and Y are independently distributed, continuous, random vari-
ables with log-concave densities, then

V(X +Y)>max(V(X),V(Y)). (5.2)

It is well known, both for the standard deviation and for Gini’s mean difference,
that analogous assertions hold without any restrictions on the distributions of X and
Y. In particular, for any pair of independent random variables X and Y with existing
first or second moments, respectively, there holds

(X +Y)=0*X)+*(Y) > max(c?(X),0*(Y)). (5.3)
Also, letting X’ and Y’ denote i.i.d. copies of X and Y, respectively, we have
A(X +Y) =Emax(|X — X'|,|Y = Y'|)] > max(A(X), A(Y)). (5.4)

However we now show that this property does not hold generally for the distance
standard deviation, V), thereby answering a second question raised by Gabor Székely
(private communication, November 23, 2015).
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Example 5.7. Let X be Bernoulli distributed with parameter p = % and let 'Y be
uniformly distributed on the interval [0,1] and independent of X. Then V(X) > V(X +
Y).

PROOF. By a straightforward calculation using (2.1), we obtain

VX +Y) =Ty (X +Y)+Th(X+Y)-2T3(X +Y)
2 4 14 8

However, by Theorem 2.5, V*(X)=1/4>V*(X +Y). O

Other common properties of the classical standard deviation and Gini’s mean dif-
ference concerns differences and sums of independent random variables. From the
representations of o%(X +Y) and A(X +Y) given in (5.3) and (5.4), we see that

AX+Y)=A(X-Y), o(X+Y)=0(X-Y)

for any independent random variables X and Y for which these expressions exist.
On the other hand, these properties do not hold in general for the distance standard
deviation.

Example 5.8. Let X and Y be independently Bernoulli distributed with parameter
p# % Then V(X +Y)>V(X -Y).

PROOF. By a straightforward calculation using (2.1), we obtain
VX +Y)=8(p-1p) 201" -6(p—1°)+2)
and
VX -Y)=8p-1p)(2(p—1")—2(p—1p*) +1).

Hence,
VAX +Y) = VAHX —Y) =8(p—p°)* (1 - 2p)%,

and this difference obviously is positive for p # % ]

However, an analogous property holds when either of the two variables has a sym-
metric distribution.

Theorem 5.9. Let X and Y be independent real random variables with E|X +Y | < oo.
Then V(X +Y) =V X =) if either X orY is symmetric about p.

PROOF. Since V(X —Y) = V(Y — X) then we can assume, without loss of generality,
that Y is symmetric. Moreover since V*(X + u) = V?(X) then we can assume that the
point of symmetry is at 0.
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By equation (1.2),

VIX -Y)
! 2 dsdt
== /]R2 ’foY(S +1t)— fX(s)f,Y(t)} PEATE
— %/RQ |[fx(s+1) foy(s+1) _fX(S)f—Y(S)fx(t)f_y(t)|2%
- %/}RQ ’fX(S+t)fY<S+t)_fX(S)fY(S)fX(t)fy(t)‘Q%

= V(X +Y),

where the third equality follows from the fact that Y and —Y have the same distribu-
tion. [J

6 The distance standard deviation as an estimator

In this section, we investigate the properties of the sample distance variance V(X ) and
the sample distance standard deviation V,(X) as estimators and derive their asymp-
totic distributions. For these purposes, we employ the representation (3.1), viz.,

V(X)) = W(X) + A*(X)
where
W(X)=E[|X =Y ([|X - Y[ —-2[X —Z][)],

and A(X) denotes the population value of Gini’s mean difference. Throughout this
section, X, Y, Z are i.i.d. p-variate random vectors with distribution F'. For a sample
of i.i.d. random vectors X = (X7,...,X,)", each with distribution F', we define the
corresponding empirical quantities,

AX) = 5 S - X

i=1 j=1

and

1 n n n

Wa(X) = DD X = Xl (X — X0 — 201X — X))
i=1 j=1 k=1
Note that
Wo(X) =T 0(X) —2T5,(X),

cf. (2.4), and

VX)) =W, (X)+ A2(X).
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Further, it is straightforward to verify that
—1 -2
Ew,(x) = )(2” D (x). (6.1)
n

The statistic A, (X) does not wear a hat to distinguish it from ER(X ), the unbiased
version of the sample Gini difference, defined for univariate observations in (3.5) and
which we extend to multivariate observations by replacing the absolute value | -| by the

Euclidean norm || - [|; thus,
(n—1)°%
ax) = "R x)
Similar to A,(X), we define
= 1
W (X) = Xi— Xl (1% = X5 — 2]l X; — X
X) =iy & X XX = X 20 - X
1<4,5,k<n
i#7,5 Ak ki
2
n
= W, (X).
(n—1)(n—2) (X)

By (6.1), /Wn(X) is an unbiased sample version of W (X).

Also, V,(X) = [W,(X) + A2(X)]V2 is an alternative to V,(X) as an empirical
version of the distance standard deviation V(X). Although ﬁn(X ) is based on the
unbiased estimators /Wn(X ) and ﬁn(X ), the estimator l/}n(X ) itself has a larger bias
than V,(X). The results of Table 2 below indicate that V,(X) is to be preferred
over V,(X) as an estimator of V(X)) because it exhibits smaller finite-sample bias and
smaller variance for scenarios considered in our simulations.

Nevertheless, V(X)) and ﬁ,%(X ) have the same asymptotic distribution. In order
to establish that result, we define for x € R?,

pi(x) =Eflz - Y%, () = Bl = Y| -l — Z])),
ds(a) = E(lz =YY = Z]),  ¢a(2) = Eflz = Y,
and, with T1(X), T5(X), and T3(X) as defined in (2.2)-(2.3), we also define

2

may = AE[11(X) — (X)) — 205(X)]” — 4(Ty(X) — 3T3(X))”,
miz = 4E [4(X) (¥1(X) — ¢2(X) = 2¢3(X)) ] = 4T2(X) (T1(X) = 3T3(X)),  (6.2)
Moy = 4EY;(X) — 4(Th

and let
Y =mq + 4m12A(X> + 4m22A2(X).

We now provide in the following result the asymptotic distribution of V2(X) and
VA(X).

21
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Theorem 6.1. Suppose that E(|| X||*) < co. Then, as n — oo,
Vi(Va(X) = VA(X)) = N(0,7) (6:3)
and the same result holds for 9,21(X)

PRrROOF. Consider the bivariate statistic EH(X) = (Wn(X), ﬁn(X))t, which has ex-
pected value B(X) = (W(X),A(X))". Define the functions K, L : R? x R? x R? — R
such that

K(z,y,2) = |lz=yll(lz =yl =2z ==2)) + [ly==[ (ly =2l = 2lly = =]])
+lz=zll(lz—=l =2z =yl

and
L(z,y,2) = (|lz =yl + [ly — [l + ||z — =),

(z,y,z) € RP x RP x RP. Then the statistic B,(X) can be written as a U-statistic with
the bivariate, permutation-symmetric kernel of order three, h : R? x RP x R? — R2,

(z,y,2) € RPxRP x RP. Define the function h; : R? — R? where hy(z) = Eh(x,Y, Z) —
B(X); then, hy is the linear part in the Hoeffding decomposition of the kernel A, and
we calculate that

2 (1(w) = Pa(w) — 23(x) — T (X) + 3T3(X)
i) =3 ( dalz) — To(X) > ’

r € RP. Since E(]|X|)* < oo then E[(h(X,Y, Z))?] < oo; therefore, we deduce from a
classical result of Hoeffding [I 1, Theorem 7.1} that

where

Vi (B, (X) — B(X)) =% Na(0,9Eh (X)) (X)").

Denote the symmetric 2 x 2 matrix 9Ehy (X)hy(X)" by M = (m;;)i j=1.2, where the
elements m;1, Mo, and myy are given in (6.2). Define g : R? — R by g(x,y) = = + v
then V2(X) = g(ﬁn(X)) Since Vh(z,y) = (1,2y)" then, by applying the Delta
Method, we obtain \/ﬁ(ﬁfb(X) — V(X)) - N(0,7).

In the case of V2(X), we need only to apply the formulas W, (X) = (n — 1)(n —
2)W,(X)/n? and A2(X) = (n—1)2A2(X)/n? to deduce that V2(X)—V2(X) = o(n™?).
Then it follows by the Delta Method that V(X)) has the same asymptotic distribution
as V3(X), as given in (6.3). O

The asymptotic distribution of the sample distance standard deviation V,,(X) now
follows from Theorem 6.1 by the Delta Method:



THE DISTANCE STANDARD DEVIATION
Distribution, F | ARE(V.;F) ARE(G.;F) ARE(d,;F) ARE(A,;F)
N(0,1) 0.784 1 0.876 0.978
L(0,1) 0.952 0.8 1 0.964
ts 0.992 0.4 0.941 0.859
t3 0.965 0 0.681 0.524

Table 1: Asymptotic relative efficiencies with respect to the respective
maximum likelihood estimators of the distance standard deviation V),
the standard deviation 7, the mean devation c/l\n, and Gini’s mean
difference ﬁn at the normal distribution, the Laplace distribution,
and the t,-distributions with v = 5 and v = 3.

Corollary 6.2. Under the conditions of Theorem 6.1, we have
Via(Vu(X) = V(X)) == N(0,7/4V*(X)),

and the same result holds for ]7n(X)

In the following, we study the empirical distance standard deviation V,(X) as an
estimator of spread in the univariate case. For any y/n-consistent and asymptoti-
cally normal estimator s,(X), we define its asymptotic variance ASV (s,(X); F) at
the distribution F' to be the variance of the limiting distribution of y/n(s,(X) — s),
as n — oo, where s,(X) is evaluated at an i.i.d. sequence drawn from F' and s de-
notes the corresponding population value of s, (X) at F'. Any estimators sg)(X ) and
sg)(X ) which estimate possibly different population values s; and ss, respectively, at
a given distribution F', and which obey the dilation property (C2) in Section 1, can
be compared efficiency-wise by standardizing them through their respective population
values. We define the asymptotic relative efficiency of SS)(X) with respect to s (X)
at the population distribution F' as

_ASV(si(X); F)/s3

ARE (X0, 800 F) = 2 o (B %), P o

Even in the univariate case with normally distributed data, the integrals underlying
the parameters mj;, mie, and mgs in (6.2) do not admit straightforward analytical
expressions. Nevertheless, by means of numerical integration, we can obtain values for
the asymptotic variance of V, (X)) for given population distributions and thus deduce
properties of the efficiency of V,,(X) in relation to other widely-used estimators of scale.

In Table 1, we provide the asymptotic relative efficiency of the distance stan-
dard deviation with respect to the respective maximum likelihood estimator at the
normal distribution, the Laplace distribution, and ¢, distributions with v = 5 and

23
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Distribution, F Sample size, n
5 10 50 500 00
N(0,1) E(V,) 0.663 0.658 0.640 0.634 0.633
E(ﬁn) 0.701 0.665 0.639 0.634 0.633
nVar(V,,) 0.297 0.276 0.255 0.255 0.256
nVar (IA) ) 0.359 0.298 0.259 0.255 0.256
L(0,1) E(V,) 0.888 0.861 0.790 0.767 0.764
E(ﬁn) 0.942 0.864 0.785 0.766 0.764
nVar(V,) 0.955 0.836 0.668 0.605 0.613
nVar (]7 ) 1.136 0.858 0.663 0.604 0.613
ts E(V,) 0.818 0.799 0.744 0.727 0.725
E(f)n) 0.866 0.804 0.741 0.727 0.725
nVar(V,) 0.761 0.632 0.474 0.432 0.424
nVar (]7 ) 0.931 0.655 0.471 0.432 0.424
t3 E(V,) 1.003 0.960 0.861 0.817 0.810
E(An) 1.074 0.967 0.855 0.816 0.810
nVar(V,) 5.762 2.001 1.089 0.777 0.680
nVar(lj ) 8.420 2.177 1.067 0.774 0.680

Table 2: Simulated finite-sample values of the mean and the vari-
ance of the distance standard deviation V, (X)) for n = 5,10, 50, 500
compared to asymptotic values (last column); V,(X) refers to the
version based on the unbiased estimates /Wn(X ) and A,(X); 10000
repetitions.

v = 3. The maximum likelihood estimator of scale in the location-scale family gen-
erated by the N(0,1), or standard normal, distribution is the standard deviation. In
the Laplace model, the analogous estimator of scale is the mean deviation c?n(X ) =
n~t Y 1 Xs — my(X)], where m,(X) denotes the sample median of X. In the case
of the t,-distribution, the maximum likelihood estimator of the scale parameter does
generally not admit an explicit representation.

In Table 1, the asymptotic efficiencies of the distance standard deviation are com-
pared with those of the standard deviation 7,(X), the mean deviation c/l;L(X ), and
Gini’s mean difference ﬁn(X ). The asymptotic variance of the maximum likelihood
estimator of the scale parameter for the ¢,-distribution is (v + 3)/2v. The population
values and asymptotic variances of the other estimators mentioned at the respective
distributions are given by Gerstenberger and Vogel [10, Tables 2 and 3].
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While the distance standard deviation has moderate efficiency at normality, it turns
out to be asymptotically very efficient in the case of heavier-tailed populations. For the
t5- and t3-distributions, the distance standard deviation outperforms its three competi-
tors considered here and moreover is very close to the respective maximum likelihood
estimator.

In Table 2, we complement our asymptotic analysis by finite-sample simulations. For
sample sizes n = 5, 10, 50, and 500 and the same population distributions as above, the
(simulated) expectations and variances (based on 10,000 observations) of the empirical
distance standard deviation V,(X) = [W,(X) + A2(X)]"/? and the alternative version
V(X)) = [Wo(X) + A2(X)]'/2 are given along with their respective asymptotic values.
The corresponding values for the competing estimators 3,(X), d,(X), and A, (X) are
also provided by Gerstenberger and Vogel [10]. Table 2 indicates that V,(X) indeed is
to be preferred over 17n(X ) in terms of bias as well as variance.
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