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SEMIGROUP IDENTITIES OF TROPICAL MATRICES
THROUGH MATRIX RANKS

ZUR IZHAKIAN AND GLENN MERLET

ABSTRACT. We prove the conjecture that, for any n, the monoid of all n x n tropical matrices satisfies
nontrivial semigroup identities. To this end, we prove that the factor rank of a large enough power of a
tropical matrix does not exceed the tropical rank of the original matrix.

INTRODUCTION
Tropical matrices are matrices over the max-plus semiring [28], that is T := Ru {—o0} equipped with
the operations of maximum as addition and summation as multiplication:
a v b := max{a, b}, a + b := sumf{a, b}.
This semiring is additively idempotent, i.e., a v a = a for every a € T, in which 0 := —o0 is the zero
element and 1 := 0 is the multiplicative identity. More generally, one may consider T as an ordered

semiring whose addition is determined as maximum, e.g., a semiring obtained from an ordered monoid
(S, ) by setting the addition to be maximum and - as multiplication. M, (T) denotes the monoid of
all n x n square matrices with entries in T, and induced multiplication. These matrices correspond
uniquely to weighted digraphs (see [4, 24] for recent expositions), which play a central role in algebraic
methods, applications to combinatorics, semigroup representations, automata theory, and many other
methodologies.

Any finitely generated semigroup of tropical matrices has polynomial growth [3| [33]; thus the free
semigroup on two generators is not isomorphic to a tropical matrix sub-semigroup. Growth rate of groups
is an important subject of study in combinatorial and geometric group theory, delivered to semigroup
theory as well, involving semigroup identities [34]. While Gromovs theory [12] implies that every finitely
generated group having polynomial growth satisfies a nontrivial semigroup identity (since it is virtually
nilpotent), Shneerson has given examples which show that this does not hold for semigroups [32].

Tropical matrices enable natural linear representations of semigroups; therefore, the question whether
tropical matrices satisfy nontrivial semigroup identities arises immediately [19]. If they do satisfy iden-
tities, then any faithfully represented semigroup inherits these identities, and complicated computations
are saved [16]. As well, these identities define varieties of tropically represented semigroups [29, Ch. VII],
where matrix view may provide a classification (or bases) for these varieties. Birkhoff HSP Theorem states
that varieties are the only classes of semigroup stable under homomorphisms, submonoids, and products.
In addition, by the one-to-one correspondence, matrix identities are carried over to labeled weighted
digraphs, with multiplication replaced by walk composition, and are interpreted as the impossibility of
word separation in automata theory [8]. (See Section [[4] for details.)

Semigroup identities have been found for certain submonoids of tropical matrices, including triangular
matrices, and for arbitrary 2 x 2 and 3 x 3 matrices [14] (17, 19, B1] 27]. In this paper we prove the
existence of identities for all n x n tropical matrices, for any n, to wit:

Theorem 3.7l The monoid M, (T) satisfies a nontrivial semigroup identity for every n € N. The length
of this identity grows with n as ™) | for some C < 1/2 + In(2).

This theorem further supports the insight that, in many senses, the behavior of tropical matrices is similar
to that of matrices over a field [2, [13] 18, 20 21l 22| 23], and has immediate consequences in semigroup
representations.

Corollary Any semigroup which is faithfully represented by M, (T) satisfies a nontrivial identity.
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Our semigroup identities arise from an idea of Y. Shitov [31], resulting in Lemma B, which paves
the way to constructing identities for matrices by induction on their size. The further step towards this
aim is detecting new relations for those matrices which cannot be factorized to a product of matrices of
smaller size, said to have factor rank n. Unfortunately, Shitov was only able to deal with matrices having
maximal determinantal rank, and thus to conclude the existence of identities only for 3 x 3 matrices. (See
Definition [[3] for various notions of rank and [I] for an extensive survey.)

To prove Theorem [B.7] we rely on tropical rank and give a generalization of the first author’s result [17]
to obtain identities for matrices of maximal rank (Theorem [34]), based on identities of triangular matrices
([I4, Theorem 4.10] or [27]). Since tropical rank is the smallest among other notions of ranks [I], especially
smaller than determinantal rank, this is not enough to construct identities for M,,(T), and additional
ingredient is needed. Specifying a new relationship between tropical and factor rank is then a crucial
obstacle, confronted in this paper. We introduce two results of similar flavor.

Proposition Let A€ My(T) and 7w = lem(1,...,n). If ke (A™) < n, then tke(A™) < n for any
t>=3n—2.

Theorem ke (A?) < tkiy(A) for any Ae M,(T) and t = (n—1)% + 1.

The proof of the latter is based on the so-called weak CSR, expansion — a method developed by T. Nowak,
S. Sergeev, and the second author in [26]. The former is proven in the same spirit, but the simplification
derived from the power 7 allows for a self-contained exposition of graph theoretic arguments.

These results are interesting for their own sake, as they introduce new relationships between different
notions of rank, concerning also their tendency to unite for large powers. Indeed, in their earlier paper [11]
the authors have shown that, taking powers of a matrix, at the limit all notions of rank coincide. This
limit is reached for irreducible matrices, but the exponent can be arbitrary large.

The paper is organized as follows. Section [ recalls the relevant setup and results to be used in
the paper. Section 2] introduces the relationships between the factor rank of a matrix power and its
original tropical rank. Section Bl applies these relationships to prove the existence of semigroup identifies

for M, (T).

1. PRELIMINARIES

As the paper combines several areas of study, we provide the relevant background.

1.1. Semigroup identities. Given an alphabet A, i.e., a finite set of letters, the free monoid of finite
sequences generated by A is denoted by A*. The elements of A* are termed words, its identity element
is the empty word, denoted by e. The length of a word w, denoted by £(w), is the number of its letters.
We write #,(w) for the number of occurrences of a letter a in w. Both ¢(w) and #,(w) are nonnegative
integers. The free semigroup A" is obtained from A* by excluding the empty word.

A (nontrivial) semigroup identity is a formal equality u = v, written as pair (u, v), where v and v
are two different words in AT, cf. [34]. For a monoid identity one allows w and v to be the empty word
as well, i.e., u,v € A*. The length of (u, v) is defined to be max{¢(u), £(v)}. An identity {u,v) is said to
be an n-letter identity, if u and v involve at most n different letters from .A.

A semigroup S := (S, ) satisfies a semigroup identity {u,v), if

é(u) = ¢(v) for every semigroup homomorphism ¢ : A — S. (1.1)

The set of all semigroup identities satisfied by S is denoted by Id(S). Note that even if S is a monoid or
a group, u, v are still taken to be elements of the free semigroup A*. With this setting, {ab,€) is not a
legal semigroup identity, but it is a monoid identity.

Theorem 1.1 (|14, Theorem 3.10]). A semigroup that satisfies an n-letter identity, n = 2, also satisfies
a 2-letter identity of the same length.

In this view, regarding existence of semigroup identities, one may restrict to a 2-letter alphabet.
Therefore, in the sequel, we always assume that A = {a,b}.

Notation 1.2. Given a word w € A" and elements s',s" € S, we write w [s', 8" ] for the evaluation of w
in S, obtained by substituting a — ', b — s”. Similarly, we write {u,v)[[s',s"] for the pair of evaluations
uls’,s"] and v[s',s"] in S of the words u and v.

In the certain case that S = AT, to indicate that for u,v € A" the evaluation w [u,v] is again a word
in A%, we use the particular notation w [u,v]. Similarly, we write {(u,v) [u,v] for (u,v) [u,v].
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With these notations, condition (1) reads as
{u,vy e Id(S) iff w [[s’, s”]] =0 [[s’, s”]] for every s’,s" € S.
Note also that, if (u,v) € Id(S), then {(u, v) [w1,ws ] € Id(S) for any wy,ws € A*.

1.2. Tropical matrices. Tropical matrices are matrices with entries in T := R u {—00}, whose multi-
plication is induced from the semiring operations of T as in the familiar matrix construction. The set of
all n x n tropical matrices form the multiplicative monoid M,, := M,,(T). The identity of M,,, denoted
by I, is the matrix with 1 := 0 on the main diagonal and whose off-diagonal entries are all 0 := —oo0.
Formally, for any nonzero matrix A € M,, we set A% := I. A matrix A € M,, with entries A; ; is written
as A = (A;;), where i,j = 1,...,n. We denote by U,, := U,(T) the submonoid of all (upper) tropical
triangular matrices in M,,. We write M, ,, := My, o(T) for the set of all m x n tropical matrices. A
permutation matrix is an n x n matrix P, = (P; ;), with 7 a permutation over {1,...,n}, such that
P; i) =1 foreach i =1,...,n and P;; = O for all j # 7(i).

Definition 1.3. Given a tropical matriz A € M,,.
(i) The permanent of A is defined as:

per(A) = \/ ZAi,ﬂ-(i)v

TES, 1

where S, denotes the set of all the permutations over {1,...,n}. The weight of a permutation
T €8Sy is w(m) = 25 Ai i), so that per(A) = \/ g w(m).

(i) A is called nonsingular, if there exists a unique permutation T4 € S,, that reaches per(A); that
is, per(A) = w(ra) = D, Ai i) - Otherwise, A is said to be singular.

(i1i) The tropical rank of A, denoted vk (A), is the largest k for which A has a k x k nonsingular
submatriz. Equivalently, tke,(A) is the mazimal number of independent columns (or rows) of A
for an adequate notion of independence [20].

(iv) The factor rank (also called Schein/Barvinok rank) of A, denoted rke.(A), is the smallest k for
which A can be written as A = BC with B € M, and C € My, . Equivalently, rke.(A) is the
minimal number of vectors whose tropical span contains the span of the columns (or rows) of A,
or the minimal number of rank-one matrices A; needed to write A additively as A = \/, A;, cf. [1].

(v) The trace tr(A) = Y, A;; is the usual trace taken with respect to summation, although it corre-
sponds to the tropical product of diagonal entries in T.

By definition of rky,, a matrix A € M,, is nonsingular iff rki,(A) = n. From the last characterization
of rke. it readily follows that this rank is subadditive:

ke (A v B) < rkee(A) + rkee(B). (1.2)
As known, the above notions of rank do not coincide [2] §8]. Nevertheless, the inequality
rker (A) < rkeo(A) (1.3)

holds for every A € M,, [9, Theorem 1.4].

It is easily seen that per(A4) = tr(A) and tr(AB) = tr(A) + tr(B) for any A, B € M,,. Furthermore,
for products of matrices, we have the following.

Theorem 1.4 ([13] Theorem 2.6], |21, Theorem 3.5], [25] Proposition 3.4]). Any A, B € M,, satisfy
per(AB) = per(A) + per(B).
If AB is nonsingular, then A and B are nonsingular, per(AB) = per(A) + per(B), and Tap = Tp © TA.

1.3. Digraphs and automata. Any matrix (4;;) € M, is uniquely associated with the weighted
digraph G(A) := (V,€) over the set of node V := {1,...,n} with a directed arc ¢;; := (i,5) € £ of
weight A, ; from i to j for every A; ; # 0. With this one-to-one correspondence, we say that G(A) is the
graph of the matrix A, and conversely that B is the matrix of the weighted digraph G', if G’ = G(B).

A walk v on G(A) is a sequence of arcs €;, j,, ..., i, jm, With ji = igq1 for every k =1,...,m — 1.
We write v := v, ; to indicate that v is a walk from ¢ = ¢; to j = j,,. The length of a walk v, denoted
by £(7), is the number of its arcs. Formally, we may consider also walks of length 0, one on each node.
The weight of 7, denoted by w(7), is the sum of weights of its arcs, counting repeated arcs.
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We write v; j ;5 for the composition of the walk ~; ; from ¢ to j with the walk v, from j to h. Simi-
larly, (p)* denotes for the composition po---op of a loop p repeated k times. A walk vy = &;, 4,,. .. s € i
may also be viewed as the sequence of nodes (i1,42,...,%m,jm). For convenience, we use this point of
view as well, depending of context, and write ¢ € y to indicate that the node i appears in ~.

A walk ~ is simple (or elementary) if it has no repeated nodes, i.e., a node appears in v at most once,
except possibly as first and last node. A (simple) walk that starts and ends at the same node is called
a (simple) cycle. An arc p; := ¢, is called a loop. A 1-cyclic walk is a walk which contains simple
cycles of length at most 1.

A digraph G is called strongly connected, if there is a walk from i to j for any nodes i, 7. Maximal
strongly connected subgraphs of G are called strongly connected components (s.c.c.’s). When there
are no arcs between different s.c.c.’s, G is said to be completely reducible.

The cyclicity cyc(G) of a strongly connected digraph G is the greatest common divisor of the lengths
of its cycles. If G is not strongly connected, then its cyclicity cyc(G) is the least common multiple of the
cyclicities of its s.c.c.’s. It is well-known that the lengths of all walks on G which start at a same node ¢
and end at a same node j are congruent modulo cyc(G).

Remark 1.5. A permutation w € S,, uniquely corresponds to a disjoint union © of simple cycles 01, ...,0,
that cover all the nodes of G(A). We say that 0; is a cycle of m, and write w(©) = >, w(6:), so that
w(®) = w(m). The permanent of A is the highest weight w(©) over all such ©. Accordingly, a matriz
A e M,, is nonsingular, if G(A) has a unique covering © of highest weight by simple cycles.

The spectral radius of a matrix (4; ;) € M,, is the value

=\ Aiviy + Aiﬂ'sj* ot Aigiy (1.4)

that is, the maximal mean weight of (simple) cycles in G(A). A simple cycle of G(A) is called critical, if
its mean weight equals A(A). A node of G(A) is said to be a critical node, if it belongs to some critical
cycle. The critical graph of A, denoted by G*(A), is the union of all the critical cycles of G(A), over
the node set V. If G(A) is acyclic, then A(A) = 0 and G*'(A) has no arcs. We may also view G (A) as
a subgraph of G(A) over a subset of nodes in V.

A* = \/A’“.

keN
(Some entries might be +0, unless A is normalized by A(A) < 1.)

The kleene star of A is the matrix

Remark 1.6. Taking a power A' of a matriz A € M,,, it is easily verified that the entry (A'); ; is the
highest weight of walks from i to j of length t on G(A). Thus, the (i,j)-entry of A* is the supremum of
the weights of all walks from i to j on G(A). Obviously, the supremums are reached and A* € M, (T) if
the weight of the cycles are nonpositive, that is if A\(A) < 1.

While powers of a single matrix correspond to walks on G(A), to deal with products of matrices, G(A)
needs a generalization. We restrict to products of two matrices, which suffices our purpose.

Definition 1.7. The labeled-weighted digraph G(A, B), written lw-digraph, of matrices A, B € M,,
is the digraph over the nodes V := {1,...,n} with a directed arc €; ; from i to j labeled a of weight A; ;
for every A; ; # 0 and a directed arc from i to j labeled b of weight B; ; for every B;; # 0. A walk v =
€ivjrre -1 Eimim 0N G(A, B) is labeled by the sequence of arcs’ labels along «y, from &;, j, to &;,, j.. , which
is a word in {a,b}". (In particular, every walk labeled by w has length £(w).) The weight w(y) of v is
the sum of its arcs’ weights.

Note that G(A, B) may have parallel arcs, but with different labels, and that G(A, A) = G(A). With
this definition, we have the following proposition.

Proposition 1.8. Given a word w € {a,b}" of length £(w) and matrices A, B € M, the (i,j)-entry of
the matriz w[A, B] is the mazimum over the weights of all walks 6;; on G(A,B) from i to j labeled
by w.

lw-digraphs are the core of weighted automata — a widely studied extension of standard (i.e.,
boolean) automata. (See [10] for an overview on automata theory.)
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Remark 1.9. In automata theory, nodes are called states, arcs are called transitions, and one consider
set of walks (also called runs) from an initial to a final state. The initial and final state might also have
weights. Thus, a weighted automaton is defined by (G(A, B),r,c), where r is a row vector and ¢ is a
column vector. The weight of a word w is the sum (here mazx) of weights of walks labeled by w, given by
r(w[A,B])c.

1.4. Word separation. Due to Remark[L.9] existence of a nontrivial semigroup identity for M,, can be
understood as the impossibility to separate two words by weighted automata. Recall that a standard
automaton is said to separate a pair of words (u,v) if it accepts u but not v. Determining the size of the
smallest automaton that separates a pair of words is an old open problem in automata theory. See [8]
for a survey on the subject. Let sep(m) be the smallest size of automata, in terms of state number n,
necessary to separate all pairs of words of length m (or at most m, since separating words of different
length is easier). The best known upper bound is sep(m) = O (m?5 In*?(m)) [30, Theorem 3].

Since there are finitely many automata having n = sep(m) states, and 2™ words of length m in {a, b}*,
obviously, there is a pair of words that cannot be separated by such an automaton. This simple argument
on cardinality gives words of length 22n°+o(n)  This means that there exists a nontrivial semigroup
identity of length 22”2“("), satisfied by the monoid M,, of n x n boolean matrices. Analyzing powers
of boolean matrices, shorter identities of order e”+°("™) are obtained, so that sep(m) = In(m) + o(In(m)).
To the best of our knowledge, this is the best lower bound.

A weighted automaton is said to separate two words, if it assigns these words with different weights.
As there are infinitely many weighted automata having a given number of states, it is not obvious that
not all pairs of words can be separated by automata of a given size. Denote by sepg(m) the smallest
size of weighted automata, having weights in the semigroup S, necessary to separate all pairs of words
of length m (or at most m). It follows from Remark that sepg(m) > n iff there exists a semigroup
identity for M,,(S). Theorem 3.7 implies that sepy(m) = ¢In'/?(m) for some ¢ > 0. As far as we know,
there is no better upper bound than the one for boolean matrices.

2. RANKS OF LARGE POWERS OF A MATRIX
In this section we assume that A is a matrix in M,,, and set 7 = lem(1,...,n).
2.1. Direct approach.
Lemma 2.1. If rke,(A™) = n, then per(A™) = tr(A™).
Proof. Follows from Theorem [[4l (See also [17, Lemma 2.8] or [31], Corollary 4].) O
We start with an easy lemma that links weights of permutations to weights of simple cycles.

Lemma 2.2. Given a permutation T € S, let p; be the average weight of the unique (simple) cycle of T
that contains the node i. Suppose
w(®) < 3, (2.1)
€6
for every simple cycle 0 of G(A) which is not a cycle of T, then A is nonsingular and 7 = 74.
Proof. A permutation w € S,, corresponds to a disjoint union of simple cycles 61, ..., 0, (cf. Remark [[H]).
If 6; is also a cycle of 7, then u; = j((g:)) for every i € 0;, by definition of p;. Therefore w(6;) = Zieet L

Using (27]), we see that

m m n
w(r) = Zw(9t) < Z Z Wi = Zui = w(7),
t=1 t=1icf, i=1
where equality can only be reached if all cycles of 7 are cycles of 7; that is, if 7 = 7. This implies that 7
is maximally unique; hence, A is nonsingular and 7 = 74. 0

Remark 2.3. The critical nodes of G (A™) and G (A) are the same, while G (A™) also has a loop at
each node belonging to a critical cycle of A.

More generally:

Lemma 2.4 (|24, Lemma 3.6]). The matriz of G (A") is the t th power of the matriz of G (A), for any
t = 1. Moreover, \(At) = tA\(A).

From this simple lemma, in the spirit of [26], we deduce:
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Lemma 2.5. Suppose that B = A™ for some A€ M,,, and that t = 2n — 2. For every (B"); ; # O there
exists a walk 7y, ; from i to j on G(B), with weight (B'); ; and length t, of the form

Viij = Vih © P° O Yhojs (2.2)
where p is a loop at node h, and v; n, yn,; are simple walks, possibly emptyE

Proof. Proof by induction on the matrix size n. The case of n = 1 is trivial.

Assume n > 1. Since B! = A™ for (B'); ; # 0 there is a walk 79 on G(A) from i to j of length ¢m
and weight (B"); ;. Note that G(A) and G(B) have the same critical nodes (Remark 23], so we often
say critical node without specific details. There are two cases.

Case I: vy passes through a critical node c.

Let 6 be a simple cycle, possibly a loop, on G (A4) which contains ¢. We insert 0 repeated 7/ £(0) times
in vo to obtain a walk 41 on G(A). This walk has length (¢ + 1)7 and weight B; ; + TA(A), where A(A4)
is the spectral radius of G(A) defined by (T4).

The sequence of nodes positioned at 0,7,27,...,(t + 1)7 in 71 determines a walk v2 on G(B) that
passes through a critical node ¢’ (not necessarily ¢). This walk has length ¢ + 1 and weight at least
B@j +ﬁ)\(A) = B@j + )\(B)

— If ¢’ appears twice (or more) in 79, then the closed subwalk from the first occurrence of ¢’ in 73 to
last occurrence can be replaced by loops on ¢'.

— If a node k appears twice (or more) on the same side of the occurrence of ¢’ in 72, then the closed
subwalk from the first occurrence of k to last occurrence can be replaced by loops on ¢'.

These exchanges do not decrease the weight of s, since the loop at ¢ is critical. They provide a new
walk ~3 which can be decomposed as in (Z2), but has length ¢ + 1 and weight at least (B*); ; + A\(B) =
(BY)i,j+ Be,c. Since t+1 = 2(n—1)+ 1, while simple walks have length at most n — 1, 3 has at least one
loop p which can be removed to get the desired walk ~4 of the right length. The weight of 74 is proved
to be at least (B'); j, but, clearly, it cannot be strictly greater.

Case II: vy does not pass through any critical node.

Then, vy is a walk on the graph G(/T), where A is the matrix obtained by deleting from A the rows
and columns corresponding to critical nodes. Thus, (B'); ; = (gm)m and, by the induction hypothesis,
(Bt);; is the weight of a walk 7;; of length ¢ on G(A™) of the form (Z3). By definition of A and

Remark [[.G] the weights of the arcs of G(A™) are at most the weights of the corresponding arcs of G(B),
so that the weight of 7; ; as a walk on G(B) is at least (B"); ;. As it cannot be strictly greater, ~; ; has
Weight (Bt)i)j. O

Proposition 2.6. If rky (A™) < n, then rki.(A™) < n for any t = 3n — 2.

Proof. Set B = A™ and t > 3n — 2. Assume that rky(B) < n. Since B is singular, by Lemma [2.2] applied
to the identity permutation, there is a simple cycle 6 on G(B), which is not a loop, whose weight is at
least the sum of weights of loops at its nodes. Let ¢ be a node of # whose loop has minimal weight, and
let hy be the node proceeding ¢ in . We prove that for any i, j:

(B < \/ ((B)in + (B)n;) - (2.3)

h#c
If (B");; = 0, then this inequality holds trivially. Otherwise, let v;; = v, © p* 0 v,; be a walk

given by Lemma [2.5] where h is a node of ~; ;. Since 7, 5, and =y, ; are simple walks, they have length at
most n — 1, so that all nodes of v; ; at positions n to ¢ —n + 1 are the same, namely h.

— When h # ¢, [23)) follows from

(B")ij =w(iy) =w (%‘,h ° Pnil(%’h’)) +w (Ptinie(%’j) ° Wh,j) < (B")in + (B ")y

INote that 7i,j needs not be 1-cyclic.
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— If h = ¢, then p is the loop at ¢. We have n — 1+ {(y,5) + £(6) < 3n — 2 < t and, by definition of ¢,
w(8) = L(B)w(p), so that
(Bt)i,j = w(/}/z,]) = w (/yi,h o pn_l_é('ﬁ’,h)) + w (pf(é)) + w (pt_(n_l)_é('yh,j)_g(‘g) o /Yh,j)

w0 (1o 0 1) 00 (6) 4+ (IR0 6, )
w (’Y’Lh o) pnflfe(’)’i,h) o 9 o pt‘f’l*nfl('}’h,j)*l(e) o ’th)
(Bn)iﬁo + (Bt_n)hmj'
Thus, inequality (23] holds in all cases. Since the reverse inequality always holds, B is the tropical sum
of the n — 1 matrices ((B™); + (Bt*")h,j)i ; With h 7 c. Each of these matrices has rank 1, as it is the
tropical product of a row of B™ by a column of B'~". Therefore, Definition [31(iv) of factor rank implies
rke(BY) < n. O

A

N

2.2. CSR approach. To prove Theorem[2.20] below we use the so-called weak CSR expansion of powers,
developed by T. Nowak, S. Sergeev and the second author [26]. We first recall the relevant setup and
results.

Definition 2.7. For a completely reducible subgraph H of G(A), A€ M,,, we set
My = (= A(4) + 4)¥ )
and define the matrices C = Cy,S = Sy, R = Ry in M, as follows

Mi' f 7 H; Al ) '7. H; Mi' if @ H;
I Ch T A

‘ . : (2.4)
0 otherwise, 0 otherwise, 0 otherwise.

The matrices Cy, Sy and Ry are named the CSR terms of A with respect to H.

This CSR expansion provides a useful tool for analyzing tropical matrices, especially their powers.
For this purpose, we are interested in products Cy(Sy)! Ry with ¢ € N, whose interpretation in terms of
walks on G(A) is given by Theorem 210 below.

Remark 2.8. If G(A) is acyclic, then A(A) = 0 and the matrices My, Crg, S, Ry are not defined
by @4)). In this case, G (A) has no arcs, and we formally set these matrices to be zero matriz, which is
consistent with Theorems and below.

Alternatively to [24)), when A(A) # 0, the matrices Cy and Ry can be extracted respectively from the
columns and the rows of My which are indexed by the nodes of H, while Sy can be obtained from the
square submatriz indexed by the critical nodes of G™(A). The products Cy (Sy) Ry obtained with this
approach are the same as those obtained via [24)). Note that My, Cy and Ry remain unchanged when
(tropically) multiplying A by any « € R, but Sy is multiplied by .

The matrix B[A] is defined by

(B[A])i,j = {

In graph view, the digraph G(B[A]) is the subgraph of G(A) induced by the set of non-critical nodes,
i.e., the digraph obtained from G(A) by omitting all arcs incident to critical nodes, in particular all arcs
of G"(A). Therefore, if G(A) is acyclic, then B[A] = A.

Theorem 2.9 ([26, Theorem 4.1)). Given A € M,,, let Cy, Sy, Ry be the CSR terms 24) of A
for H =G (A), and let B[A] be the matriz [Z5l). Then

Al = Cy(Sy)tRy v (B[A])", foranyt>(n—1)%+1. (2.6)

Note that G(A) is a completely reducible subgraph of G(A), unless G(A) is acyclic. In the latter case,
all matrices in (2.6 are zero, so the equation holds obviously.

A main approach for proving CSR results, for instance Theorem 2.9 is the interpretation of a product
Cu(Sy)!Ry in terms of walks on G(A), based on the following notations (N denotes a node subset):

0 if ¢ or j is a critical node in G (4),
(2.5)
A; ;i else.

e Wt(i — j) is the set of all walks from 4 to j of length ¢,

2It is called the Nachtigall matrix subordinate to A in [26], denoted there by By .
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¢ Wi B ) = Usprace (ik © Yo | ik € Wi — k), iy € W 2 (k — 4)),
SN ko
¢ WHi 25 j) = Upen WG 5 ),
wr N b N
o WH(i = j) =Upo W' (i =),
. Wt'fp(iﬁ»j) = {veW*(iLj)V(W):f modp}7 with p e N.

Theorem 2.10 (|26, Theorem 6.1]). Let A € M,, be a matriz with A(A) = 1, and let Cy, Spy, Ry be
the CSR terms of A for H a completely reducible subgraph of G (A). Let p € N be a multiple of cyc(H),
and let N be a subset of nodes of H that contains at least one node from each s.c.c. of H. Then, for
every i,j=1,...,n and t € N:

(C(Sw)'Rar), ; = max{w(y) | ye W(i %5 j)}. (27)
The theorem has the following corollaries

Corollary 2.11 (|26, Corollary 6.2]). Cy(Sy)t!Ry depends only on the set of s.c.c.’s of G™(A) inter-
secting H — a completely reducible subgraph of G (A).

Corollary 2.12 (|26, Corollary 6.3]). If Hu,...,Hy are the s.c.c.’s of H, then

q
Cu(Su)' Ry = \/ Cu(Su)' R (2.8)
£=1

Definition 2.13. Let H be a subgraph of G(A), and let p € N. The cycle removal threshold T% (H)
(resp. strict cycle removal threshold rT];(H)) of H is the smallest T € Nu {0} for which the following

holds: for each walk v € W* (i 4, j) of length = T there is a walk 6 € W*(i 4, j) obtained from vy by
removing cycles (resp. at least one cycle), and possibly inserting cycles from H, such that £(6) < T and
£(0) = £(y) mod p.

Proposition 2.14 (|26, Proposition 9.5]). Given a subgraph H of G(A) with m nodes, then
TP (H)<pn+n—m—1, foranypel.
Corollary 2.15. For a simple cycle 0 of G(A) with £(8) < n — 1 the following holds:
TED(O) < €@)n+n—00) — 1= £(0)(n —2) +n+£(0) — 1 < (n— 1) + 1+ (£(0) — 1).
Corollary 2.16. For a node i of G(A) and p < n the following holds:
T (i) <pn+n—2+41<n+(p—1).
The next proposition allows to deal with Hamiltonian cycles.
Proposition 2.17 (|26 Proposition 9.4]). For a simple cycle 0 of length n in G(A) the following holds:
To0)<n®—n+1=mn—-172+1+0)—1).
Remark 2.18. The above bounds on T%. are applied to produce from a given walk 1 € W (i A, i)

a new walk o € WHP(4 A, J) with £(v2) < T, and the bound TY.(H) < T, by omitting cycles from 1
and possibly inserting cycles of H.

The next lemma (included implicitly in [26]) completes Theorem for matrices A € M,, that are
not normalized, i.e., have A\(A) # 1.

Lemma 2.19. Given Ae M,, te N, and indices i,j =1,...,n.
i g (Se)'Ry). . = w(vi) for any completely reducible subgrap o and any wa
Cu(Sy)tR i Vi j Yy letely reducibl bgraph H of G (A d any walk
b H .
Yig € Wi —j);
1 ssume 0 15 a stmple critical cycle. If t = (n — + 1, then there extsts ;. ; € 1 — J) suc
(ii) A 0 is a simple critical cycle. Ift > (n—1)% + 1, then th ists vi; € WHi S 5) such
that (CO(SG)tRG)iyj = w(Vi,5)-
Proof. Both in (i) and (ii), since (Cy(Su)'Ru);,
by (—=A(4)) + A, we may assume that A\(4) = 1.
(i): Follows immediately from Theorem

; and w(v;,;) decreases by tA(A) when replacing A
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(i1): Take v, € WH9(q N, j) having weight (Co(Se)'Rp); ;, cf. Theorem If £(0) = n, apply
Proposition [ZT7 otherwise use Corollary 218 to get a walk 2 such that £(y2) = ¢ mod £(f) and
U(y2) < t+£(0)—1, s0 £(7y2) < t. If needed, insert additional copies of 6 to get a walk v3 of length exactly ¢.
Since A(A) = 1, w(72) = w(y1). Since 6 is critical, w(y3) = w(v2). Thus, w(yz) = w(v1) = (Co(Se) Re); ;
The reverse inequality is given by (7), so that 7; ; = 3 has the desired properties. O

We are now ready to prove the main result of this section.
Theorem 2.20. rkg(A') < rki (A) for any t = (n —1)% + 1.

Proof. Fix t > (n —1)* 4+ 1, and apply Theorem 2.9 recursively to get A’ as the sum of Cp, (Su,)' Ry,
defined by successive matrices subordinate to A. Explicitly, we start with A; = A and define inductively
Agy1 = B[A¢]. At each step, we set C¢ = Cp,, S¢ = Su,, Re = Ry, to be the CSR terms of A with
respect to He = G (A¢).

By definition ([20) of B[A¢] we get a sequence of nested digraphs

G(A) = G(A;) 2 G(A2) 2 G(A3) 2 -+, (2.9)

such that for any £ > ¢, G(A¢) is the subgraph of G(A;) obtained by removing all the arcs of G(A.) that
are incident to some node that is critical for some A¢, where £ > ¢ > ¢. Thus, G(A¢) can be viewed as a
digraph on a subset of nodes of G(A), i.e., as an induced subgraph.

Since G(A;) has finitely many nodes and G*(A¢) and G“(A¢) are arc-disjoint for any { # ¢, the
sequence (2.9)) stabilizes after finitely many steps, when G(A¢) is acyclic. Therefore, (2.9) restricts to
matrices Ay, ..., A, with strict inclusions, where Afl = 0, since G(4,) is acyclic. Applying Theorem 2.9]
recursively, we obtain

\/ Ce(Se)'R

If £ < g, then H¢ is not acyclic; hence H¢ is completely reducible. Let O¢ be a collection of simple
cycles of H¢ that contains one cycle from each s.c.c. of H¢, each of them having minimal length. By
Corollaries 2.11] and 2.12] we have

Ce(Se)'Re = \/ Ca(S)" R,
0eO¢

where Cp, Sp, Ry are CSR terms of A¢ with respect to § € O¢. Namely, the collection © = | J; O¢ of
node-disjoint simple cycles gives

= \/ Co(Ss)' Ry, (2.10)

0eO

where Cy, Sy, Rg are the CSR terms of the unique A¢ such that 6 is a simple cycle of G*(Ag¢). The factor
rank is subadditive, cf. (I2)), and thus (2I0) implies

rkee(A") < ) rkee (Co(Sp) Rg) < D 4(6 (2.11)
0e© 0e©
(Later we show that some terms can be omitted to get >, o €(0) < rki(A).)
Let ® be a subcollection of © for which (ZI0) holds as well. Assume that

D70(0) > rkir(A). (2.12)

fed
Denote by N the set of nodes of all § € ®, and by @ the principal minor of A indexed by the nodes in N.
Since the 6 € ® are node-disjoint simple cycles, N has strictly more than rkg,(A) elements; hence Q is
singular. By Lemma 2.2 applied to the permutation of N' whose cycles are the 6 € ® (cf. Remark [LT),

G(Q) has a simple cycle 8 ¢ ® such that
0)=>1 ) MAg). (2.13)

€0 Heai

(The right part runs over all nodes ¢ € 6 and for each i accumulates the spectral radius A\(A¢) for the
unique He containing 4.)

Let I and m be respectively the smallest and largest & such that § N Hy # . Note that 6 is a simple
cycle belonging G(4;), since all its node occur in He for some & > [. Assume first that | = m. Then,
w(8) = L(0)A\(A;) by 2I3), implying that # is a simple cycle of H;. Since each simple cycle in ® n 6,
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belongs to a different s.c.c. of Hj, all nodes of 6 appear in the same simple cycle 6 in ® N O;. Since 0 ¢ P,
there is an arc of § that does not belong to 6. Starting with this arc and going back along the arcs of 0,
we build a cycle of H; shorter than 6. This contradicts the minimality of the length of 6.

We are left with the case where [ < m. Let 0, with £ = I, m, be a simple cycle in G (A¢) that belongs
to ® such that 0 n 0 # &, and let k¢ be a node of this nonempty intersection. It remains to show that

Cem (Sem)tRe < Cel(Sgl)tRel. (2.14)

Fix indices ¢ and j, for which (Cq,, (Ss,,)" Re,,); ; # 0. By Lemma[2ZT9, there is a walk v € W*(i b, 7)
on G(4,,) such that w(y;) = (Cy,, (ng)thm) ;.j- In particular, v intersects 6,,, and 6y, intersects ¢ at

some k,,. Insert 6, into 71 to get a walk ~, € W tHOm)(; Fom, J). Note that 3 lives on G(4,,), so it
visits at most n — 1 different nodes, since all arcs incident to H; do not belong to G(A4,,).

By Corollary 216, applied to p = £(8) and i = k,,, there is another walk v3 € W 4(0m)(; Fm, i)
on G(A;,), of length at most (n—1)?+£(6,,) — 1 (cf. Remark 2ZI8). But £(v3) =t mod £(6,,), and thus
{(v3) < (n—1)? < t. Inserting copies of 6,,, into v3 at ky, , we get a walk v, € W (i Fm, 7). Namely, v4
is obtained from ~; by adding a copy of § and copies of 6,,, and removing cycles having average weight
at most A(A,,), which is the average weight of 6,,. Therefore w(va) = w(v1) = (Co,,(Ss,.)" Ro,,); ;-

Now we reduce 74 (cf. Remark [ZT8), and then insert copies of 6 at k,, to produce a new walk 4 €

Wt(i 25 j) for which
w(v6) = w(v1) = (Co,,(S0,,) Ro,.); - (2.15)
Note that 4 is a walk on G(4,,), so it visits n < n — 1 different nodes, at most n — () of which do not
belong to 6, as v, is also a walk on G(A).
— When 72 < n — 1, we apply Proposition 214 with p = £(6) to get a walk v5 € W 540 (; 4, j) of length
at most (7. — 1) £(0) + n — 1 < (n — 1)? < t. Then, we insert at least one copy of  to get a walk g

of length t. Since the average weight of 6 is larger than A(A,,) by (2I3), and thus larger than the
average weight of each cycle of 74, inequality (ZI5]) holds.

— The equality 7 = n—1 implies that 6; is a loop at k;. In this case, we apply Proposition 2.4l with p = 1
and get v5 € W*(i Fom, j) of length at most n —1+n—1= 2n— 2. Then we insert 6 once and enough
copies of the loop 0; to get a walk g of length ¢. Since 6; is a critical cycle for A;, its average weight
is A(A4;), while A(A;) = A(Ay,); thus (2I5) holds.

Finally (ZI4) follows from (ZI3) by Lemma (i), and we have proved that the sum Y, 4 ¢(6) is
not minimal, as long as this sum is strictly larger than rke,(A). Thus, the inequality rke.(A") < rke,(A)
follows from (2.11]), applied to a minimal subcollection ® that satisfies (Z.10). O

3. SEMIGROUP IDENTITIES OF TROPICAL MATRICES

The following auxiliary results lead to Theorems and B We begin with an idea of Y. Shitov [31],
implemented in the following lemma.

Lemma 3.1. Let A, B,C € M, such that A = PQ, where P € Myuxi, Q € Mgxn, k < n, and let
w € {a,b}". Then (wa) [AB,AC] = P(w[@BP,QCP])Q

Proof. Straightforward by induction on the length of the word w. O

To deal with matrices that cannot be factorized as above, we use Theorem [3.4] which extends a result
from [I7]. To this ends additional results are needed, based on the following conditions: A pair of matrices
A, B e M, and a word w € {a, b} " satisfy (PR) if:

per(A) = tr(A), per(B) =tr(B), and rky(w[A4,B])=n. (PR)
Lemma 3.2. Assume that (PR) holds for A,B € My, w € {a,b}", and write w = wiws - - - W) as a
sequence of letters. For each index i = 1,...,n we have
L(w)
(w[A,B] )“ = Z (w¢ [A, B] )“ = #o(w)A;; + #o(w)By i, (3.1)

t=1

i.e., the i’th diagonal entry of w[A, B] is #4(w)Ai; + #s(w)B
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Proof. Applying Theorem [[4] as (PR]) holds, we have

£(w) L(w)
per(w[A, B]) = Z per(w; [A,B]) = Z tr (wy [A,B]) < tr (w[A4, B]),
t=1 t=1
implying the equality
L(w)
tr (w[A,B]) = Z tr(wy [A, B]), (3.2)
t=1
since per(w [A, B] ) = tr (w[A, B]). Proposition [.§ obviously implies
L(w)
(w[A, B] )“ > Z (w¢ [A, B] )“ = #o(w)A;; + #o(w)By i , (3.3)
t=1

since the right hand side corresponds to the weight of the walk from ¢ to itself, composed of loops only.
On the other hand, since w [A, B] is nonsingular, we have

n w

Z w[A,B]),. =tr(w[A, B]) Z (w; [A, B])

=1 t=1

n

= #q(w) tr(A4) + #p(w) tr(B) = Z (#a(w)A;; + #(w0) By i),

i=1
so that the inequality in ([B3]) cannot be strict for any i. Hence, (3] holds. O

Lemma 3.3. Assume that (PR) holds for A,B € M,, w € {a,b}*. For each entry W; ; # 0 of
W = w[A, B] there is a I-cyclic walk 7; ; on G(A, B), labeled by w of weight W, ;.

Proof. An (i, j)-entry of w[A, B] corresponds to the weight of a walk o := v; ; from ¢ to j on G(A, B)
labeled by w, by Proposition Assume 7 is not 1-cyclic, which means that g returns to a node h
which it has already left. Let 1 be the subwalk ~; of 7y which starts at the first occurrence i and ends
at the last occurrence of h. Let v be the factor of w labeling ;. Since v [A, B] is a factor of w[A, B],
it follows from Proposition [L4] that vk (v [A, B]) = n, and A, B,v satisfy (PR)). Hence, by Lemma
the walk ~- labeled by v that stays at h has weight at least as that of 7;. Then ~; can be replaced by
Y2 in 9 to obtain a walk 73 that does not return to h after leaving h and whose weight is at least as
that of 79. Repeating this process sequentially for each recurrent node, we receive a 1-cyclic walk v with
weight at least as that of . Since v cannot have a strictly larger weight, we are done. O

We are now ready to prove:

Theorem 3.4. Suppose that (u,v) € Id(Uy,), with u,v € {a,b}*, and that A, B € M, satisfy
per(A) = tr(A) and per(B) = tr(B); (3.4)
tki(u A, B]) =tk (v [A, B]) =
Then, u[A,B] =v[A, B].
Proof. We prove that the following inequality holds for any entry (4, j):
(u [A, Bﬂ)i,j < (v[A4, Bﬂ)i,j . (3.6)

The case of (u[A,B]), ; = 0 is obvious. Otherwise, Lemma [3.3] gives a 1-cyclic walk v; ;, i.e., 75 ; never
returns to a node which it has already left. Thus, the nodes of G(A, B) can be permuted, say by 7 € Sy,
in a way that ~; ; has only arcs that go forward. Let P := P, be the matrix associated to 7, and let T
and Tz be the upper triangular matrices obtained respectively from P~!AP and P~'BP by setting all
entries below the diagonal to 0. Then the matrix P~tAP satisfies

(w[P7rAP,PT'BP]) ) = (@TaTB]) ) o,
and we can compute
(u [[AvBﬂ)i,j = (“ [[P_lAP P_IBP]])ﬂ (8),7(5)
= (wlTa.T]) ) vy = @ITATB]) )
< (v[P7'AP,PT'BP]) = (w[A,B]),;.
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Thus (3.6) holds for each entry (i,7). The reverse inequality holds by symmetry, so that u[A, B] =
v[A, B]. O

To apply Theorem B3] matrices which satisfy (34 should be detected; this is done by Lemma 211

Remark 3.5. LemmalZl, and consequently Theorem[3.4), also hold if the mazimality condition of tropical
rank is replaced by maximality of the so-called determinantal rank, which is larger. As well, modifying the
notion of nonsingularity accordingly, Theorem[I.7] holds, cf. [31l, Theorem 2]. Nevertheless, Theorem [2.6]
holds for tropical rank, which suffices our needs.

We can finally prove our main result:

Theorem 3.6. Givenn e N, letm = lem(1,...,n). For anyt > (n—1)2+1 and every {u,v) € Id(M,,_1),
where u,v,p, P, q,q,7,7 € {a,b}T, the following hold:

(i) If {q, 7> € 1d(Uy), then

Cua,vay [((gr)) [, 07 ], ((gr)'r) [a™, 67 ] | € Td(M,,); (3.7)
(i) If (pgp, pp) € 1d(Uy), then
(ua,vay [(wip) [a™, b7 |, (wip) [a™,6™ ] ] € TA(M,,) (3.8)

with w = (pgprp)t.
Proof. (i): Let A, B € M,, and let
X =((gr)") [A",B"], Y = ((gn)'r) [A",B"] = XR, with R=r[A",B"],
be matrices in M,,.
— If rkee (X) < m, then X = PQ for some matrices P € My, ,,—1 and Q € M,,_1,,. (Add columns and

rows of 0, if rke. (X) <n —1.) Hence QP,QRP € M,,_1, and using Lemma [3.1] we obtain
(ua) [X,Y] = P(u[QP,QRP])Q = P(v[QP,QRP])Q = (va) [X, Y],
since (u,v) € Id(M,,_1) by assumption. Therefore,
(ua) [X,Y] = (va) [X,Y]. (3.9)
— If rkee (X) = n, then rke, ((gr) [A™, B"|) = n by Theorem 20, implying that
rki, (q [[Aﬁ, Bﬁ]]) = rk¢y (r [[Aﬁ, Bﬁ]]) =n

by Proposition [L4l Then g [A", B"] = r [A™, B"] by Theorem 8.4} since (g,r) € Id(U,,). Thus X
and Y are both powers of ¢ [A”, B" |, and hence commute. This implies [3.9), since #4(u) = #4(v)
and #y(u) = #u(v).

Therefore, ([3.9) holds for any A, B € M,,, which means that (3.7 holds true.

(#4): The proof of ([B.8]) follows along the same lines of (i). O

Replacing Theorem 220 in the proof by Proposition [2.6] a similar result is obtained, but with longer
identities, in which ¢ is exchanged by mt and ¢t > (n — 1)? + 1 by ¢t > 3n — 2. Consequentially, by this
change, only a subset of identities is produced.

Theorem 3.7. The monoid M,, satisfies a nontrivial semigroup identity for every n € N. The length of
this identity grows with n as e“™ ™) for some C' < 1/2 + In(2).

Proof. The case of n = 1 is trivial, while [19, Theorem 3.9] proves the case of n = 2. For tropical triangular
matrices there exists an identity {(q,r) € Id(U,,) by [14, Theorem 4.10], or [27, Theorem 0.1]. The proof
then easily follows from Theorem by induction. To bound the length, note that (¢, r) € Id(U,) given
by [14, Theorem 4.10] has length £(q) = £(r) = 2"*°(™) while W = e"*°(™ — a fact that follows from the
Prime Number Theorem. g

Remark 3.8. Decreasing the length of {q,r) € Id(U,,) would lead to a better bound on C. Yet, with this
method whose formulas includes T, such bound cannot be lower than 1/2.

We immediately conclude the following;:

Corollary 3.9. Any semigroup which is faithfully represented by M., satisfies a nontrivial identity.
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Example 3.10. Set p = a®b%a[ab,ba]. Then {pabp, pbap) € 1d(Usz) by [15], while My satisfies an iden-
tity (u, vy of length 17 by [T]. Thus, by Theorem[3.8. (ii), M3 satisfies an identity of length 19,656, while
Theorem[F8. (i) gives a length 24,816. In [31] Shitov pointed out that a matriz A € M3 has either deter-
minantal rank 3 or factor rank at most 2. Consequently, for Mz, Remark[3.3 allows to omit exponent t
in Theorem [38, which reduces the identity length to 4,968 and 5,808, respectively. [31] provides identities
of length 1,795,508.
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