NON-EXISTENCE OF HOPF ORDERS FOR A TWIST OF THE
ALTERNATING AND SYMMETRIC GROUPS
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ABSTRACT. We prove the non-existence of Hopf orders over number rings for two
families of complex semisimple Hopf algebras. They are constructed as Drinfel’d
twists of group algebras for the following groups: A,, the alternating group on n
elements, with n > 5; and Sa,,,, the symmetric group on 2m elements, with m > 4
even. The twist for A,, arises from a 2-cocycle on the Klein four-group contained
in A4. The twist for Sa,, arises from a 2-cocycle on a subgroup generated by
certain transpositions which is isomorphic to Z5'. This provides more examples
of complex semisimple Hopf algebras that can not be defined over number rings.
As in the previous family known, these Hopf algebras are simple.

INTRODUCTION

The theory of orders lies at the intersection of algebra and number theory. As
stated in the preface of Reiner’s fundamental book [19], "the beauty of the subject
stems from the fascinating interplay between the arithmetical properties of orders
and the algebraic properties of the algebras containing them”.

This interaction is particularly strong in the representation theory of finite groups.
For a finite group G, the group ring ZG in the group algebra CG is one of the most
significant examples of order. An important result here, depending on the existence
of such an order, is Frobenius’ Theorem: the degree of any complex irreducible
representation of G divides the order of G, [6, Proposition 9.32]. When CG is viewed
with its customary Hopf algebra structure, ZG is indeed a Hopf order of CG.

Kaplansky predicted that Frobenius’ Theorem holds for complex semisimple Hopf
algebras, namely: for a complex semisimple Hopf algebra H the dimension of every
irreducible representation of H divides the dimension of H. This statement, known
as Kaplanky’s sixth conjecture, remains unanswered.

Larson introduced Hopf orders in [11] as a first attempt to bring number-theoretic
techniques into the representation theory of semisimple Hopf algebras. He proved
there that if H admits a Hopf order over a number ring, then H satisfies Kaplansky’s
conjecture. For a long time it was an open question whether a complex semisimple
Hopf algebra always admits a Hopf order over a number ring. We settled this in
the negative in [4] for a family of Hopf algebras studied by Galindo and Natale in
[10]. (Nevertheless, they satisfy the conjecture.) Our result revealed an essential
arithmetic difference between group algebras and semisimple Hopf algebras: complex
semisimple Hopf algebras may not admit Hopf orders over number rings.
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In the present paper we further explore this phenomenon. We prove the non-
existence of Hopf orders over number rings for two more families of complex semisim-
ple Hopf algebras. Similarly to the previous family, they are constructed as Drinfel’d
twists of certain group algebras. The twist is in turn constructed using the following
method due to Movshev [16].

Let M be an abelian subgroup of G. Let K be a number ﬁeld Suppose that K is
large enough so that the group algebra KM splits. Denote by M the character group
of M. For ¢ € M let eg be the associated idempotent in KM. If w : M x M — K~
is a normalized 2-cocycle, then

Jo= Y w,v)ey®ey
ppEM

is a twist for KG. The twisting procedure alters the coalgebra structure and the
antipode of KG but leaves unchanged the algebra structure. So, as algebras, these

Hopf algebras are group algebras.

Here we deal with the following two families of groups and twists:

(1) The alternating group A,, on n elements, with n > 5. Consider the double
transpositions di = (12)(34) and dz = (13)(24). The subgroup M is gener-

ated by them. The character group M is generated by ¢;, for i = 1,2, given
by ¢i(d;j) = (=1)%. The 2-cocycle w is the bicharacter:

(P est el eht) = (=), a5 € {0,1).
This family was introduced by Nikshych in [17] and provided the first non-
trivial examples of simple and semisimple Hopf algebras.
(2) The symmetric group So,, on 2m elements, with m > 4 even. For 1 <i <m
let t; denote the transposition (2i—1 2i) of Sop. The subgroup M is generated
by t; for 1 < i < m. The character group M is generated by ;, for 1 < i < m,
given by ¢;(t;) = (—1)%. The 2-cocycle w is defined by the formula:

Wl gl Gy = (—1) =i By, 85 € {0,1).

This famlly was introduced by Bichon in [2] and further discussed by Galindo
and Natale in [I0]. These examples are also simple.
Our main results, Theorems [3-3] and [£.5] are abridged in the following statement:

Theorem. Let K be a number field with ring of integers Or. Let R C K be a
Dedekind domain such that O C R. Let G be one of the above groups and J
the twist arising from the corresponding cocycle. If the twisted Hopf algebra (KG) s
admits a Hopf order over R, then % € R.

As a consequence, (KG)y does not admit a Hopf order over any number ring.

This theorem implies that the complexified Hopf algebra (CG); does not admit a
Hopf order over any number ring.

The strategy of the proof can be outlined as follows. Hopf orders are inherited to
Hopf subalgebras and quotient Hopf algebras (Proposition . For our purposes,
this fact allows us to focus immediately on As in the case of A,. The case of So,,
needs several reductions to subgroups and quotient groups to focus ultimately on
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Sg. Assume now that H is a Hopf algebra over K and X is a Hopf order of H
over R. Consider the dual Hopf algebra H*. The dual order X* consists of those
¢ € H* such that ¢(X) C R. The dual order is a Hopf order of H* (Proposition.
Another technical result we rely on is that any character of H belongs to X* and
any cocharacter of H belongs to X (Proposition . In particular, any group-like
element of H lies in X.

As in our previous paper [4], the main idea of the proof is to construct elements
p € X* and x € X, by a subtle manipulation of characters and cocharacters, such
that ¢(z) = s/2, with s an odd number. For the characters we directly use the
character table of A5 and Sy respectively. For the cocharacters the argument is more
involved since the twisting procedure makes the coalgebra structure more difficult
to handle. In Proposition we invoke a decomposition of (K@) at the coalgebra
level by means of the double cosets of the subgroup M in G, which was established
by Etingof and Gelaki in [7]. Given 7 € G the subspace K(M71M) spanned by the
double coset MTM is a subcoalgebra of (KG);. We prove in Proposition that
if M N (rM77t) = {1}, then K(M7M) is isomorphic to a matrix coalgebra; and
the irreducible cocharacter of (KG); associated to it is |[M|e.Te.. Here e. is the
idempotent of KM attached to the trivial character.

In the case of As the preceding ideas and results do all the work. The case of
Sg requires an additional tool, which does not appear in [4]. We replace the twist
J of KSg by a cohomologous twist 7. The Hopf algebras (KSs); and (KSs)r are
isomorphic, but T has a computational advantage: we are able to show that 7" and
T~! belong to X @ X. Then, X can be twisted by T—! (Proposition [2.4)), thus
obtaining a Hopf order of the group algebra KSs. Hence Sg is contained in X. A
permutation of Sg is used to construct the desired element = in X N (KSy) to which
we apply a character of Sy to settle the statement.

These Hopf algebras, as those studied in [4], are examples of simple Hopf algebras;
i.e., they have no proper normal Hopf subalgebras. In light of our results we wonder
if a non-trivial simple and semisimple complex Hopf algebra ever admits a Hopf
order over a number ring. In another direction, we ask if a complex semisimple Hopf
algebra that is lower-semisolvable, as defined by Montgomery and Witherspoon in
[15], always admits a Hopf order over a number ring. Some other questions arising
from our previous results on orders in semisimple Hopf algebras can be found in [4]
page 2548| and [5, page 954|.

The paper is organized as follows. Section 1 collects basic material on Hopf orders.
The Drinfel’d twist is recalled in Section 2, together with Movshev’s method of
constructing a twist for a group algebra from a 2-cocycle on an abelian subgroup.
Here we present the coalgebra decomposition of the twisted group algebra in terms of
double cosets. We also describe the irreducible cocharacter for a simple subcoalgebra
provided by a double coset. In Section 3 we prove the non-existence of Hopf orders
for the twist of the alternating group. For the symmetric group this is done in Section
4. Several final questions are formulated in Section 5.
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1. PRELIMINARIES

In this section we fix notation and gather together several results on Hopf orders
from [4, Subsection 1.2| that we will use later. We refer the reader to there for their
proofs.

1.1. Notation. Throughout H is a finite-dimensional Hopf algebra over a base field
K. Vector spaces, linear maps, and unadorned tensor products are over K, unless
otherwise indicated. The identity element of H is denoted by 1z and the coproduct,
counit, and antipode by A, e, and 8 respectively. The dual Hopf algebra of H is
denoted by H*. For ¢ € H* and h € H we sometimes use the duality pairing
notation (p, h) instead of p(h). Our references for the theory of Hopf algebras are
[14] and [1§].

1.2. Hopf orders. Let R be a subring of K and V a finite-dimensional vector space
over K. An order of V over R is a finitely generated and projective R-submodule
X of V such that the natural map X ® g K — V is an isomorphism. The submodule
X corresponds to the image of X ®gr R.

A Hopf order of H over R is an order X of H such that 1y € X, XX C X,
A(X) C X ®r X, e(X) C R, and 8(X) € X. (For the coproduct, X ®pr X is
naturally identified as an R-submodule of H ® H.) Then, X is a Hopf algebra over
R, which is finitely generated and projective as an R-module, such that X @p K ~ H
as Hopf algebras over K.

In the next two results K is a number field and R C K is a Dedekind domain
containing the ring of algebraic integers Og. Hopf orders are over R.

Proposition 1.1. [4, Propositions 1.1 and 1.9] Let X be a Hopf order of H.
(i) The dual order X* :={p € H*: o(X) C R} is a Hopf order of H*.
(ii) The natural isomorphism H ~ H** induces an isomorphism of Hopf orders
X ~ X,
(1ii) If A is a Hopf subalgebra of H, then X N A is a Hopf order of A.

(i) If m: H — B is a surjective Hopf algebra map, then w(X) is a Hopf order of
B.

The proofs of our main results are based on the following:

Proposition 1.2. [4, Proposition 1.2| Let X be a Hopf order of H. Any character
of H belongs to X* and any character of H* (cocharacter of H) belongs to X. In
particular, any group-like element of H belongs to X.

2. COALGEBRA STRUCTURE OF TWISTINGS ARISING FROM ABELIAN SUBGROUPS

We discuss here Movshev’s idea [16, Section 1| of deforming a group algebra
through a 2-cocycle on an abelian subgroup and the link between the deformed
coalgebra structure and the double cosets of the subgroup set up by Etingof and
Gelaki in [7, Section 3|.

We start by recalling the general deformation procedure, due to Drinfel’d. An



NON-EXISTENCE OF HOPF ORDERS 5

invertible element J := 3" JM ® J@) € H® H is a twist for H provided that:

(Ilg@JJ)(Ido A)(J)=(J®1g)(A®Id)(J), and
(e®Id)(J)=Id®e)(J)=1§x.
The Drinfel’d twist of H is the new Hopf algebra H; defined as follows: H; = H as
an algebra, the counit is that of H, and the new coproduct and antipode are given
by:
Ay(h) =JAMR)Jt  and  8;(h)=U;8(h)U;*  Vhe H.

Here Uy := 3" JW§(J@) and U, = 32 8(J~ M) J~2) where for the latter we write
J1=7W0gj O,

Two twists J and J’ for H are said to be cohomologous if there is v € H invertible

such that J' = (v ® v)JA(v™!). In this case, the map f: Hy — Hy, h — vho!is
a Hopf algebra isomorphism.

Let GG be a finite group and consider the group algebra KG. Let M be an abelian
subgroup of G. Suppose that char K { |M| and that K is large enough so that KM

splits. Denote by M the character group of M. For ¢ € M, the corresponding
idempotent in KM is given by:

e:L mm
$ |M‘Z¢( ym.

meM

Ifw: M x M — KX is a normalized 2-cocycle, then

Jo= Y w(g,)es®ey

ppeM

is a twist for KM. Since KM is a Hopf subalgebra of KG, it is also a twist for
KG. This way of twisting a group algebra plays a key role in the classification of
triangular and cotriangular Hopf algebras (8|, [I], and [9]) and in the construction
of simple and semisimple Hopf algebras ([17] and [10]).

If w and w' are cohomologous cocycles, then the corresponding twists J, and

J,» are cohomologous in the above sense. Concretely, let ¢ : M — K* be a map
such that w’ = wd(q), where 9 is the coboundary map. The element v is given by
v =2 senrd(d)eg.

In the sequel we just write J for the twist J,. The following result delves into the
coalgebra structure of (KG);. The first item is [7, Proposition 3.1] and the second

one is a reinterpretation of [7, Proposition 4.1]. The proofs are included since they
contain constructions and formulas that we will use later.

Proposition 2.1. Let {my}scp be a set of representatives of the double cosets of M
in G. Then:

(i) As a coalgebra, (KG); decomposes as the direct sum of subcoalgebras

(KG); = @ K(MrnM). (2.1)
LeA
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(11) The dual algebra of K(MTyM) is isomorphic to the twisted group algebra
K@@ Dl [N¢], where

Ny ={(¢,%) € M x M : 9(m) = ¢(remr, ) ¥m € M (rMr, )},
In particular, if M N (’TgMT[l) = {1}, then N, = M x M.

Proof. (i) That is the direct sum of those subspaces follows from the fact that
{M1yM}cp is a partition of G. To see that K(M7,M) is a subcoalgebra of (KG)
bear in mind that Aj(c) = J(o ® 0)J ! for every 0 € M7,M and J is supported
on M ® M. Nevertheless, we will compute explicitly the coproduct of ey7yey for a
later application:

AJ(G¢T£€¢) = JA(ed)Tgew)Jfl

@ J( Z exTep & 6A1¢T@€p1w> J!
)x,pG]/W\
=2 2 D> W@ T Y epeatiepeyn
ApeM ¢ p'eM ¢ y"eM
®6¢/€>\—1¢Tgep—1w6¢//
Z WA AT P)w ™ (p, p M) erTre, ® ex—1gToe -1y (2.2)
)\,peﬂ
We used here that:
@ {%}qjej\? is a complete set of orthogonal idempotents in KM

@ Afeg) = > e ® ex-14-

AeM

(ii) The dimension of K(M1yM) equals the cardinal of the double coset M7, M.
This is given by the formula:

lle

|M|?
|M O (reMy )]
Notice that K(MT,M) is spanned by {%Tl%}(
it holds that

| M7y M| =

)N AT For m € M N (M7, ")
Y(m)eyTrey = egTymey, = ¢(Tng[1)6¢Tg€¢.

If (¢,9)) ¢ Ny, there is m € M N (M7, ") such that ¢(m) # ¢(rem7; ). Then

egTeey = 0. Therefore, {egTrey} (g p)en, spans K(M7,M). On the other hand,

identify naturally M x M with M x M. Consider the following subgroup L of M x M
L= {(m,Tng[l) :meMN (TgMT[l)}.

Then, (¢,1)) € Ny if and only if (v, ¢~!) € L+, the perpendicular subgroup of L.

We have:
M x M| |M|?

LI (M (M)
This implies that {egmvey } (s p)en, is a basis of K(MT,M).

[N = |LH] =

= |MmM]|.
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Let {u(p,p)}(,0)en, denote the dual basis of {eg7ey } (4 p)en, in K(M7eM)*. We
compute the product of two such elements:

<u(¢1,¢1)u(¢2,¢2)’ e¢7—f€¢> = <u(¢>171/11) @ Uy o) AJ(€¢TEG¢)>
@ > WA W (0, 07 ) (1,1 TECD ) U ) EX-19TEEp13,)

)\,pEM

= w(¢1, d2)w ™ (91, 12)81.69,6 1 0
= (w(¢1, dp2)w ™ (1, V) U by o1 ) > ESTEER ) -
Hence,
Uiy o) U ibn) = W(D1, D2)w ™ (V1,02 U651 g 1) -
This is precisely the product of K<~ Dl [N]. O

We will need the following known facts on the twisted group algebra:

Let N be a finite abelian group. Recall that a normalized 2-cocyclec: Nx N — K*
is non-degenerate if the skew-symmetric bilinear form 062_11 : Nx N — K*,
(g9,h) — c(g,h)c t(h,g) is non-degenerate. An element g € N is c-regular if
c(g,h) = c(h,g) for all h € N. The set consisting of c-regular elements, denoted
by Rad(c), is a subgroup of N.

Suppose that char K { |[N|. The twisted group algebra K°N = @®gcnKug is then
semisimple. Assume that K is large enough so that K°N splits as an algebra. The
center of KN is spanned, as a vector space, by the set {ug : g is c-regular}. Thus,
the following statements are equivalent:

(1) KN is simple;
(2) 1 is the only c-regular element;
(3) c is non-degenerate.

The algebra K°N decomposes as a direct sum of | Rad(c)| matrix algebras, each of
dimension |N/Rad(c)|. Hence, all irreducible representations of K°N are of dimen-
sion \/|N/Rad(c)|. The details about this can be found, for example, in [I3] Section
9.1].

The Hopf algebra (KG) s is cosemisimple by [I, Corollary 3.6]. There is a special
case in which K (MtyM) provides a simple component of its Wedderburn decompo-
sition. We assume that K is sufficiently large so that (KG); splits as a direct sum
of matrix coalgebras.

Proposition 2.2. Let M and 7 be as before. If M N (eM7; ') = {1} and w is
non-degenerate, then K(MtyM) is isomorphic to a matriz coalgebra of size |M]|.
Moreover, the irreducible cocharacter of (KG)y attached to K(MtyM) is | M |e-Tree.

Proof. Since M N (,M7; ') = {1}, by the above result, K (M7,M)* is isomorphic
to K(“’wil)[]\/f X ]\7] This is in turn isomorphic to Kw[]\/i\] ® Kwil[]\/i]. Under
the assumption on K and w, the algebra K¢ []\/4\ ] is isomorphic to a matrix algebra.
Hence K“[M\] ® K“il[]/w\] is so as well.
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We next prove the second statement. The character of the regular representation
of K@« DM x M] maps

LM (6,0) = G0,
@v) 0 if (p,9) % (c,e).

This is because for (¢',9') # (e,¢), the multiplication by wg 4 permutes (up to
a non-zero scalar) the basis {u(¢7w)}¢ veir Without fixed points, and |M|? is the
dimension of the algebra. The regular representation of a matrix algebra of size |M |

is the direct sum of |M| copies of the unique irreducible representation. Then, the
character I" of the irreducible representation of K (w"fl)[M x M is given by

D(uggp) = [ M|0pedpe, Vo0 € M.

*

Recall that {u(fﬁvw)}qﬁ,weﬁ is the dual basis of {%Tf%}(ﬁ,weﬁ' Identifying K (M1, M)*
and K (MTyM) via these bases, I corresponds to |M |e.Tse.. O
Remark 2.3. Our previous discussion on the corepresentations of (KG); only in-
cludes those aspects needed for our purposes. The irreducible corepresentations of
any subcoalgebra K(MT,M) are described by Etingof and Gelaki in [7, Theorem
3.2]. The proof of that result requires deeper arguments. We refer the interested
reader to there.

The last result of this part relates the twisting procedure and Hopf orders. It will
be crucial in establishing Theorem [£.5]

Proposition 2.4. Let H be a Hopf algebra over K and J a twist for H. Let R be
a subring of K and X a Hopf order of H over R. Assume that J and J~! belong to
X ®r X. Then, X is a Hopf order of Hj.

Proof. We must show that X is closed under the operations of H ;. Since the algebra
structure of H; remains unchanged, we only need to deal with the coalgebra structure
and the antipode. For the former, notice that the hypothesis J*' € X ®r X implies
Aj(X) = JA(X)J™t € X ®p X. For the latter, notice that U;,U;' € X and

8,(X)=U,;8(X)U;* C X. O
As done for Hopf algebras, we write X ; for the twisted Hopf order.
3. TWISTING OF THE ALTERNATING GROUP

We next illustrate Propositions and with the twisting of the alternating
group studied by Nikshych in [17, Subsection 5.2].

For n > 4 let A,, be the alternating group on the set {1,...,n}. Consider the
abelian subgroup M = {id, (12)(34), (13)(24), (14)(23)}. Choose a = (12)(34) and
b = (13)(24) as generators. The character group M consists of the following elements:

1 a b ab
€ 1 1 1 1
o1 |1 -1 1 -1
e |11 -1 -1
Y192 1 -1 -1 1



NON-EXISTENCE OF HOPF ORDERS 9

The orthogonal idempotents giving the Wedderburn decomposition of KM are:
1 . 1.
egzz(zd—l—a—#—b—{—ab), ecplzz(zd—a—#—b—ab),
1 1
emzz(id—l—a—b—ab), ecplwzz(id—a—b—i—ab).

Assume that K contains a primitive 4th root of unity £ and consider the cocycle
w: M x M — K* defined by the following table:

‘ € Y1 Y2 P1p2

5 1 1 1 1

er |11 & =€

w2 |1 =& 1 3

pre2 |1 & =€ 1

Take the twist
T= > w(ed)es@ey (3.1)
ppEM

for KM afforded by w.

We compute the Wedderburn decomposition, at the coalgebra level, of the twisted
Hopf algebra (KAs) .

Proposition 3.1. Let T denote the subset {(12345), (13524), (23)(45)} of As. Then:
(i) The Hopf algebra (KAs); decomposes as a direct sum of simple subcoalgebras:
(KAs)y = ( D Kg>@<@K(MTM)>.
geEA, 7T

All subcoalgebras K(MTM) are isomorphic to the matriz coalgebra M§(K).

(i) For each T € T, the irreducible cocharacter of (KAs)y arising from K(MTM)
18!

Wy = decTe..

(iii) The coproduct of pur is:
1
M) = A = 5 X oo0

Proof. (i) We particularize the decomposition ([2.1)) to this example. We must de-
termine all double cosets of M in As. We start by analyzing the case of an element
g € Ay. Since M is normal in Ay, the double coset M gM is just the coset Mg. We
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next verify that Kh is a subcoalgebra of (KAs); for every h € Mg:
Aj(h) = JA(h)J_1
=D > wdhw () egh)ey @ (T eph)eys
opeM ¢ €M
: Z Z h - (;5// <ht ,h - 1/)// < h” ) (gf)/, w/)he¢//e¢/ (%9 h6¢//6¢/
¢/ wleM (z)// w//eM
Z Z gb” '(p” ((b/, w/)h€¢//€¢/ X hed,//ew/
¢/’w/€M d)//’,lp//GM
= Y w(d ) (d,v)hey @ hey
ppeM
=h® h.
In this computation we have used:
® The idempotent h_16¢h must be some ey for a unique ¢” € M. Indeed,
¢" =h~!' = ¢ < h, where (h™1 = ¢ < h,m) = (¢, hmh™1) for all m € M;
@ The cocycle w is invariant under conjugation by elements in A4; namely,
wh=¢" <h ' h=y¢" <h™ ) =w(@" ¢, V¢ ¢ eM.
(This shows in fact that KA remains unchanged when twisted by J.)

On the other hand, notice that M N (tMt=1) = {id} for every t € A5\ A4. Hence,
each double coset outside A4 contains exactly 16 elements. This implies that there
are 3 double cosets outside A4. We can choose as a set of representatives

T = {(12345), (13524), (23)(45)}.

Since w is non-degenerate, by Proposition , K(MTM) is isomorphic to the
matrix coalgebra M§(K).

(ii) Apply also Proposition
(iii) Finally, we compute A j(ur):
Aj(pr) = 4A (ecTes)
4 Z wMA Hw (p, p Heate, ® ex-1T€)-1
A peM
=4 Z exte, ® exte, (asA=X"land w(A\,A\) =1 VA€ ]\7)
A\, pEM
= A(de.Te:)
= Apr)-
Substituting e. = %Zk’l a¥bt in pr = de.Te. we get the expression

1
pr =7 Z aFblra’be.
k,lr,s
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Using the previous computation, we arrive at:

Ay(pr) = Alur)

= — d*v'ra’ b @ afblra’ b

g

Remark 3.2. The previous proof uses in an essential way the concrete form of the
cocycle w. This was our reason for doing this choice. However, for our purposes, we
do not lose generality since cohomologous cocycles produce isomorphic Hopf algebras.
The following cocycle w’ on M has the advantage of being defined over Q, so the
fourth root of unity is dispensable:

W (e, ol en?) = (1), ;85 € {0,1}.
Put L = K(&). Both cocycles are cohomologous over L: defining ¢ : M — L~ by
e—1, @i—=1, @a—1  @rp2—E,

we have w = w/'0(q). Let J' be the twist for KA5 arising from w’. Then, (LA5);
and (LAs) ;s are isomorphic. Now, if X is a Hopf order of (KAs); over O, then
X ®0, 0Or, is a Hopf order of (LAs); over Op,.

We are now in a position to formulate and prove our first main result:

Theorem 3.3. Let K be a number field containing a primitive 4th root of unity. Let
R C K be a Dedekind domain such that O C R. Forn > 5 consider the twist J for
KA, giwen in (3.1). If (KA,); admits a Hopf order over R, then % € R.

In consequence, (KA,); does not admit a Hopf order over any number ring.

Proof. Since (KAs)y is a Hopf subalgebra of (KA,,), it suffices to prove the state-
ment for (KAs); in virtue of Proposition [L.1](iii). Let X be a Hopf order of (KA4s),
over R. The strategy of the proof consists in constructing v € X* and z € X
such that v(z) = 27; a number lying in (10x)\Og. By definition of X*, we have
v(z) € R. Thus % € R and from this it follows that 3 € R. The elements v and z
will be constructed from characters and cocharacters of (KAs) .

Put 7 = (12345). In Proposition [3.1ii) we saw that p := 4e.Te. is a cocharacter
of (KAs),. By Proposition[1.2] we have € X. Then, A;(n) € X ®p X because X
is a Hopf order. We know from Proposition [3.1fiii) that

AJ(M):% Z o®o. (3.2)

A direct calculation shows that
MM = {(12345), (14325), (15)(24), (135), (14532), (12534), (153), (24)(35),

(13)(45), (254), (15432), (12354), (245), (13)(25), (15234), (14352)}. (3:3)
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We next work with several characters of (KAs);. The twist operation does not
alter the algebra structure of the Hopf algebra, so the characters of (KAs) s are those
of KAs. Recall from [20, Section 18.6, p. 156| the character table of Aj:

id (12)(34) (123) (12345) (13524)
X1 1 1 1 1 1
Yo |3 -1 0 s 16
s |3 -1 0 =5 1
Ya | 4 0 1 -1 -1
x5 | 5 1 ~1 0 0

The conjugacy class of (12)(34) contains all double transpositions of As. All 3-cycles
belong to the conjugacy class of (123).
Consider the character
X = X1+ x4+ 2x5.
Proposition [I.2] yields x € X*. Observe that y gives 3 when evaluated at any double
transposition and y vanishes at the conjugacy classes of either (123),(12345) or
(13524). By construction, the following element y belongs to X:

y = (X ®r Idx)A (1)

B2 1

B2 5 e
ceMTM

3

1 ((15)(24) + (24)(35) + (13)(45) + (13)(25)).
Since X is a Hopf order, 32 belongs to X as well. A computation gives:
9
== (4-id + (15243) 4 (13425) + (15423) + (13245) + (135) + (153)

0 + (452) + (425) + (14253) + (13524) + (12453) + (13542)).

Finally, applying x4 to y? we get the desired value,

X4(?J2):1%(4-4+4-1+8-(—1)) ==

which resides in R as y4 € X*. O

Remark 3.4. In view of Proposition (iii), the thesis of Theorem holds for
(KG)j, where G is any finite group containing As. In particular, it holds for the
symmetric group S, and for the projective special linear group PSL(2,5"), with
r>1.

The same argument exhibited in the proof of [4, Corollary 2.4| establishes:

Corollary 3.5. For n > 5 the complex semisimple Hopf algebra (CAy); does not
admit a Hopf order over any number ring.

Remark 3.6. The proof of the non-existence of Hopf orders for (CA,,) is simpler
than for By, 4(¢), the first family for which we proved this property in [4, Theorem
2.3]. Here we use neither the character supported algebra, |4, Definition 1.5 and
Proposition 1.6], nor the preservation of Hopf orders under surjective Hopf algebra
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maps. Compare also the computations here with those in the intricate proof of [4]
Proposition 2.1], which is the support of the main result.

4. TWISTING OF THE SYMMETRIC GROUP

In this section we study the existence of Hopf orders for a twist of the symmetric
group that was introduced by Bichon in [2] and further discussed by Galindo and
Natale in [I0, Section 3].

Take n € N even such that n > 2. For 1 < i < n let t; denote the transposition
(2i—12¢) in S,,. Consider the abelian subgroup M of Sz, generated by the elements
t; for 1 <7 < n. It is isomorphic to Z5. The character group M is generated by ¢;,
for 1 < i < n, given by ¢;(t;) = (—1)%.

The bicharacter w : M x M — K* defined as

( ) -1 ifi <y,
w(pi,vj) = o
PP 1 ifi > j,
is a 2-cocycle on M. The general formula for w is

Wt oam Q) = ()i By, By € {0,1)
For (aq,...,ap) € {0,1}", consider the idempotent of KM given by

1
Clat,....an) — M Z <30(111 R gog”,m>m.
meM

Take the twist
T= > w(ed)es®ey (4.4)
ppeM
for KM afforded by w.
The analysis of the existence of Hopf orders for (KSs,)s needs to distinguish two
cases: n = 2 and n > 2. For n = 2 a Hopf order exists. We address this case first.

We will use several arguments that will appear in the general case too, although they
take a simpler form here.

4.1. The case n = 2. The subgroup M of Sy is now generated by ¢; = (12) and
to = (34). The cocycle w on M is given by the following table:

‘ € Y1 P2 P1P2

€ 1 1 1 1
o1 |1 1 -1 -1 (4.5)

w2 |11 1 1

prp2 |1 1 -1 —1

The orthogonal idempotents providing the Wedderburn decomposition of KM are:

1 1,
€(0,0) = Z(’Ld + t1 + to + tita), €(1,0) = Z(Zd —t1 + to — tita),
(4.6)

1,. 1,
€(0,1) = Z(’Ld +t1 — to — t1ta), €(1,1) = Z(Zd — 11 —to + t1t2).
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One can easily check that J reads as:
1 1
J = 5(z’d+ (12)) @ id + 5(z’d— (12)) ® (34). (4.7)
Our aim in this part is to prove the following result:

Proposition 4.1. Let K be a number field containing a primitive 4th root of unity
&. The Hopf algebra (KS4); admits a Hopf order over Ok . Moreover, it is unique.

Proof. We first deal with the existence. Let F' denote the subgroup of S; generated
by (12)(34) and (13)(24). Consider the following idempotents in KF":

1 1
T = 5(z’d —(12)(34)) and y= 5(z’d — (13)(24)).
Observe that z € KF N KM and y ¢ KM. Let X be the Og-submodule of KSy
generated by the set

{zyo, (id — x)yo, z(id — y)o, (id — x)(id — y)o : o € S3}. (4.8)
We check that X is a Hopf order of KS4 over Og. Notice that X is an order of KSy
as the generating set is a basis. It contains ¢d and is closed under the product. For
the latter, bear in mind that x and y are idempotents and that conjugation by o

permutes the elements xy, (id — x)y, z(id — y), and (id — z)(id — y). To see that X
is closed under the coproduct, use that o is a group-like element and the formulas:

Alz)=id@z+2® (12)(34) and A(y) =id®y+y® (13)(24).
That e(X) C Ok and 8(X) C X are clear.

Next, we will obtain a Hopf order of (KS4); from X. If J would belong to
X ®p, X, we could construct the twisted Hopf order X in virtue of Proposition
(notice that J = J~1). However, this is not true, as Remark [4.2|shows. Nevertheless,
that condition can be achieved for a cohomologous twist. We replace the cocycle w
by a cohomologous one, , which is given by the following table:

\ € Y1 Y2 P12

€ 1 1 1 1
v |1 -1 1 -1
w2 |1 =1 1 -1
pipa |11 1 1

Deﬁneq:]\/j—>KX by

e—1, p1—=& a1, Qo & (4.9)

Then, w = kA(q). Let T be the twist for KM afforded by k. There is v € KM
invertible such that the map

£ (KSa)r — (KSu)y, h — vhv ™!,
is a Hopf algebra isomorphism. An easy computation reveals that:
T=(id-z)®id+z®(12). (4.10)

Hence, T € X ®p, X. Since T = T, by Proposition X7 is a Hopf order of
(KS4)T, and so f(X7) is a Hopf order of (KSy) .
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We now tackle the uniqueness. We work in (KS4)r. Let Y be a Hopf order of
(KSy)r over Ox. We will first show that X C Y. By manipulating characters and
cocharacters of (KSy); we will derive that the generating set in (4.8) is included in
Y.

There are 3 double cosets of M in Sy, with cardinalities 4,4 and 16; namely:

M = {id,(12),(34), (12)(34)},
M(13)(24)M = {(13)(24), (14)(23), (1324), (1423)}
= M(13)(24),
M(123)M = {(123),(13), (1234), (134), (23), (132), (234), (1342),
(143), (14), (1432), (124), (24), (243), (142), (1243)} .

Set 7 = (123). Observe that w is non-degenerate and M N (tM7~1) = {id}. By
Proposition K(MTM) is isomorphic to a matrix coalgebra of size 4 and the
irreducible cocharacter afforded by it is p := 4e.Te.. Write Y for the Hopf order
f(Y) of (KS4);. By Proposition . we have 4 € Y. Then, Aj(u) €Y ®p, Y. We
compute:

- ('01(10279014,02)
— 7 7 1 7.¢ ‘7‘7_6 k,l X e A7,7-e el
,ng @1802a901<,02) (@:3) "= (k1) (4,9) TE(k,D)

4 Z U—H{le(f” TE(k,1) &® €3i,5) Te(k,1)- (4.11)
1,5,k

Recall from [20], Section 5.8, p. 43| the character table of Sy:

id (12) (12)(34) (123) (1234)
x1| 1 1 1 1 1
x2| 1 —1 1 1 -1
X3 | 2 0 2 -1 0 (4.12)
x4 | 3 1 -1 0 -1
x5 |3 -1 -1 0 1
We now calculate the element
= (x4 ® Idgs,)As(p),

which will belong to Y. First, we use that x4 is a character in the following way:

X4(e(011,a2)76(,317,32)) = X4(T6(51,52)e(041,042)) = X4(T€(a1,a2))5a1,,@1 5012»52'

Secondly, we observe that:

x4(1) =0, xa(rt1) =1, xa(rt2) = =1, and xu(rt1t2) = 0.

Using the Formula which express e(; ;) in terms of ¢; and 3, we get:

1 1
xa(Te,0)) =0, xalTew,)) = 3 xa(Te,0)) = —3 and xa(Te(,1)) = 0.
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We compute r bearing this in mind. We have:

@i ij
ro =AY (1) (e gy Tek) g TE R
i (4.13)
= 2(e01)Te(0,1) ~ €(1,0)T€(1,0))-

We next write r as a linear combination of elements in S4. A calculation yields:

e0.1)Te0.1) = 1—16((123) + (13) — (1234) — (134) + (23) + (132) — (234) — (1342)
—(1243) — (143) + (124) + (14) — (243) — (1432) + (24) + (142)).

eL0)TEWD) = 1—16((123) — (13) + (1234) — (134) — (23) + (132) — (234) + (1342)

+(1243) — (143) + (124) — (14) — (243) + (1432) — (24) + (142)).
We finally obtain:
r= %((13) — (1234) + (23) — (1342) — (1243) + (14) — (1432) + (24)).

With 7 in our hands, we compute 72 by a direct and tedious calculation (or with
the help of a computer). We get:

r? = %(id — (12)(34)) = =.

Thus, z and id — = belong to Y. Observe that f|y; = Idy. So o and id — x belong
to Y. On the other hand, (12) is a group-like element of (KS4)r. Proposition
entails that (12) € Y. The Formula for T' implies that T € Y ®¢, Y. Since
T =T, the twisted order Y;,—1 is a Hopf order of KS; by Proposition Using
Proposition once more, we have S3 C Y. Consequently, y = (23)z(23) belongs
to Y. This proves that X C Y.

Recall that F' is the (normal) subgroup of Sy generated by (12)(34) and (13)(24).
For simplicity, we denote the idempotents of KF' by ¢;;, for 4,5 = 0,1; where
(12)(34)€;; = (—1)%e;; and (13)(24)€;; = (—1)7€;5. Notice that

€00 = (Zd — x)(zd - y), €10 = x(zd - y), €1 = (Zd - $)ya and €11 = zy.
Then, ¢;; lies in Y for all 4,5 as X C Y.

We next check that Y C X. Pick w € Y. Since Sy = F'S3, we can write w in
the form w = Z” €ijai; with a;; € KS3. In turn, write a;; = Zaesg Nijoo with
Aijo € K. We will prove that \;j, € O and this will yield Y € X. Consider the
element A%(w) (coproduct in KSy). It is:

AQ(w) = Z Z (€11 @ €ig,jo ® 6i1+i2+i,j1+j2+j)A2(aij)'
1, 11,12,J1,j2
Multiply it by €91 ® €19 ® €11 from both sides. We get:
(€01 ® €10 ® €11) A% (w) (€01 ® €10 ® €11) = (€01 @ €10 @ €11)A%(agp) (€01 @ €10 @ €11)

= § A000€010€01 @ €100€10 @ €110€11.
og€ES3
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Observe that the action of Ss by conjugation on {eg1, €10, €11} satisfies the following
property: if o € S3 fixes any two distinct elements, then o = id. Taking into account
this and that these idempotents are orthogonal, we have:

(€01 ® €10 ® €11) A% (w) (€01 ® €10 @ €11) = Aooid€o1 @ €10 @ €11

The left-hand side term belongs to Y ®¢, Y ®¢, Y. So, the right-hand side term
satisfies a monic polynomial with coefficients in Og. Since €y ® €19 ® €11 is idem-
potent, it must hold that A\gp;q € Ox. Arguing as before with o~ 'w we obtain that
Ao € O for all o € Ss.

Finally, by multiplying A%(w) from both sides with other triples of idempotents we
get in a similar fashion that \;;, € Ok for all 7, j, and o. Concretely, use €10® €11 ®e€11
for a19; €91 ® €11 ® €11 for ap1; and €y1 ® €11 ® €g1 for aq1. O

Remark 4.2. The following argument shows that J ¢ X ®g, X. Assume the
contrary. Since X is a Hopf order of KS4 over Ok, Proposition [1.2] gives that
x3 € X* and S; C X. Then, d := J((123) ® (134)) belongs to X ®p, X and,
consequently, (y3 ® x3)(d) lies in Ox. We compute:

%Xg((lz?)) +(23))x3((134)) + %X3((123) —(23))x3((14))

!
=3
And this is a contradiction.

(x3® x3)(d)

Remark 4.3. The root of unity ¢ is not needed to construct the Hopf order Xp of
(KS4)T, but only to claim that w and x are cohomologous (definition of ¢ in (4.9));
that is, to claim that (KS4); and (KS4)r are isomorphic. One could start with &
instead of w and all statements would hold without requiring the existence of (. We
used w just to keep the definition of [10].

The Hopf order of (KS4); can explicitly be described by carrying X through
the isomorphism f : (KS4)r — (KS4)s, h — vhv~!. The only disadvantage is the
cumbersome form of the image of (123). In view of (4.9), we have:

1
v=e0) HEeo) — e Tean = 5 (&id — £(12) + (34) + (12)(34)).

The unique Hopf order of (KSy) s over Ok is the O g-subalgebra of (KS4) s generated
by the elements x,y, (12), and

i((ms) — (13) 4 £(1234) + £(134) — (23) + (132) — £(234) — £(1342)
—£(1243) + £(143) + (124) + (14) — £(243) + £(1432) + (24) + (142)).

Remark 4.4. The following interpretation of the Hopf order X of KS; and its
consequence was explained to us by the referee. Recall that F' is the subgroup of Sy
generated by (12)(34) and (13)(24). The idempotents = and y generate the unique
maximal order A of KF. This is the dual of the minimal Hopf order O F' of KF.
As F is the unique nontrivial normal subgroup of Sj that is a p-group, by [12]
Proposition 3.1 and Corollary 3.8] and [3| Corollary 17.4], X = A(OgS4) must be
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the maximal Hopf order of KS;. There are other (smaller) Hopf orders B in KSy,
for example O Sy. The uniqueness of Xp in (KS4)7r shows that none of them can
satisfy T' € B ®p,, B.

This concludes our discussion of the case n = 2. We next address the general case.
4.2. The case n > 4. Our second main result is formulated as follows:

Theorem 4.5. Let K be a number field and R C K be a Dedekind domain such that
Ok C R. Forn > 4 even, consider the twist J for KSa, given in (4.4). If (KSay)s
admits a Hopf order over R, then € R.

As a consequence, (KSay) does not admit a Hopf order over any number ring.

Proof. Assume that X is a Hopf order of (KSa,); over R. The proof is organized in
several steps and proceeds by various reductions:

Step 1. Reduction to the case n = 4. Decompose M as M = P(Q, with P =
((12),...,(78)) and Q = ((910),...,(2n — 12n)). Consider the subgroup Ss@ of
Son. Since J is supported on M and M C Sg@, we can construct the twisted Hopf
algebra K(Ss@)s, which is a Hopf subalgebra of (KSs,);. By Proposition (iii),

N (K (Ss@).s) is a Hopf order of K (S3@Q))s over R.

The subgroup Sg commutes with @ and Ss N Q = {id}. Identify Sg@ with the
direct product group Sg x ). Projecting on the first factor induces a surjective Hopt
algebra map T : K(53Q)s — (KSs) j, where J = (ro)(J). Identify now M with
P x Q For ¢ € M the idempotent ey € KM equals ey, e, with ¢1 € P and P2 € Q
such that ¢ = (¢1, ¢2). Observe that 7(ey) = e4,0- ¢,- Then, J is precisely the twist
J of Sg afforded by w|p, p. In view of Proposition [1.1(iv), 7(X N (K(S3Q).)) is a
Hopf order of (KSg); over R.

We restrict our attention to (KSg)s. Set H = (KSg); and suppose that X is now
a Hopf order of H over R.

Step 2. Finding several elements in X. In this step we will construct several
elements in X by manipulation of characters and cocharacters of H and applying
repeatedly Proposition [I.2]

Recall that M is generated by t; = (2i — 1 2¢) with ¢ = 1,2, 3,4. Decompose again
M as M = PQ, where this time P = ((12),(34)) and @ = ((56),(78)). Notice
that Sy commutes with @ and Sy N @Q = {id}. Consider the subgroup G = S,Q.
Since M C G, we can construct the twisted Hopf algebra (KG) s, which is a Hopf
subalgebra of H. Put A = (KG),. By Proposition [L.1[iii), X N A is a Hopf order of
A over R. We now focus on A and the Hopf order X N A.

Take 7 = (123). We will find a cocharacter of A arising from the subcoalgebra
K(M7M). Observe that M N (rM71~1) = (t3,t4). Consider the following subgroup
of M x M:

N ={(¢,%) € MxM : Y(m) = ¢(rmr ') Yme M N (rM7 1)}
We know that
|M|? 256

= — =64.

N|=|MtM| =
NI = IMTMY = S ) = 4
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A direct computation shows that N is generated by the following six elements:

(e,01)s (€, 92), (@1, 01), (92, 92), (¢3,93), and (P4, @4).

We saw in the proof of Proposition [2.1f that {egTey }(gy)en i a basis of K(MTM)
and that K(M7M)* ~ K@« DIN[N]. Recall also from there that {u(,0) N b0)enN
denotes the dual basis of the previous one. Since N is abelian, the center of
K@« DIN[N] is spanned by the elements Uy, Such that

w(¢,¢) _ w(¢',¢)

o)~ w(i gy OVIEN.

The set of pairs obeying this condition is:

Z = {(g,€), (1203, P19203), (P304, P301), (L1204, P1P2P4) }-

Thus, the center is generated, as an algebra, by w y and

P19203,0102¢3 papapapa) 1t
has dimension 4. All irreducible representations of K< )IN[N] are of dimension
4. Consider the primitive central idempotent
€= 4 (u(&é) T U(p1p203,010203) T U(pspapspa) T u(<P1902<P47<P1<P2<.04))

and the representation V = K@« v [N]e. We know that V' is the direct sum of
four copies of an irreducible representation. We next compute the corresponding
irreducible character. Choose I' C N such that {uggyc : (¢,9) € I'} is a basis of
V. Take y €e I'and v € N. If v € Z, then wyu,c = uyu,c = uyc. If v ¢ Z, then
uyuyc # Puyc for every f € K. Hence, the character of K(w’“’_l)lN[N] associated
to V maps u, to 16 if v € Z and to 0 otherwise. The irreducible character © of
K@« DIN[N] afforded by V must be:

4 ifveZ,

Olw) = {0 it ve 2.

By dualizing, we get the following irreducible cocharacter of K(M71M):

W = 4(€(0,0,0,0)7€(0,0,0,0) + €(1,1,1,0 T€(1,1,1,0) T €(0,0,1,1)T€(0,0,1,1) + €(1,1,0,1)T€(1,1,0,1))

Identify A with KSy ® K@ as algebras. Consider the character § = x4 ® e on
A, where x4 is the character of Sy given in Table[£.12]and eq is the trivial character
on Q. We next calculate the element

x:= (Ida ®0)A; (V).
We first compute A j(V):

AJ(\I/) " 4 Z w((a17a27a37a4)7 <a17a27a37a4))

o1,02,03,00 w((/@h B2, B3, 54)7 (517 B2, B3, 54»
B1.82,83,84

€(ar,02,03,04) TC(B1,62,83,81) © €(a1,a2,a3,04) TE(B1,2,53,64)
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w((ay,ag,as,a4), (a1 +1,a0+ 1,05+ 1,
;Y ellovanosan (Lot st Lay)

o1 oz on W((B1, B2, B3, B4), (B1 + 1, B2 + 1, B3 + 1, Ba))
B1,82,83,84

€(a1,02,03,00) TE(B1,82,83,81) @ €(a1+1,a0+1,a3+1,00) TE(B1+1,82+1,83+1,84)

w((a1, a2, a3,a4), (a1, a9, a3+ 1, a4 + 1
+Z (o1, a9, a3, 04), (a1, a2, a3 4 )

a1,02,03,04 w((ﬁla ﬁ2a B3?ﬂ4)7 (ﬁla B27183 + 1754 + 1))
B1,82,83,84

€(a1,02,03,00) T€(B1,B2,83,81) © €(a1,02,03+1,04+1) T€(B1,82,83+1,84+1)

w((ay,az,as,a4), (a1 +1,a0+ 1, 3,04 + 1
+Z (o1, 0,3, 04), (1 2 3,04 + 1))

orrason W((B1, B2, B3, B4), (B1 + 1, B2 + 1, B3, B4 + 1))
B1,62,83,84

€(a1,az,a3,04) T€(B1,82,83,81) © €(a1+1,a2+1,a3,04+1)TE(B1+1,82+1,83,84+1)

Under the identification of M with P x @, every idempotent ey, € KM can be
written in a unique way as e, e4, with ¢1 € P and ¢ € @ such that ¢ = (41, ¢2).
Then (Idgs, ® €Q)(€g) = €¢,0e,4,- In our notation with tuples this reads as:

(IdK54 ® EQ) (e(m,az,as,az;)) = €(a1,02)00,0300,04 -

We apply Ida ® Idks, ® €g to the previous computation of A;(V¥) and regard the
resulting element in A ® KSy:

(IdA & Ing4 & EQ)AJ(\I/)

Z w((aq,a9,0,0), (a1, asz,0,0))
i w((B1, B2,0,0), (81, B2,0,0))

€(a1,02,0,0) T€(81,82,0,0) @ €(a1,a2) TE€(B1,B2)

=4

+ Z W((Oll,OZQ,l,O),(Oél+1,O[2—|-1,0,0))
w((ﬁl)ﬁ?a 17 0)7 (61 + 1a 52 + 1a Oa 0))
0617(12,61,,82

€(a1,a2,1,0)T€(81,62,1,0) © €(a1+1,a2+1)TE(B1+1,62+1)

OJ((O[l,Oéz,]_,1),(061,052,070))
+a176;1,ﬂ2 w((B1, B2,1,1), (1, £2,0,0))

€(a1,a2,1,1)T€(B1,62,1,1) @ €(ay,a2)TE(B1,62)

+ 2 wlla, a2,0,1), (a1 +1,09 +1,0,0))
1 1 1

a1,a2,81,82 w((’BI’B?’Ov )7 (61 + a62 + ,0,0))

€(e1,02,0,1)T€(81,62,0,1) ® e(al+17012+1)T€(ﬂ1+1,ﬁ2+1)) .

The following argument is similar to that exhibited in the uniqueness part of the
proof of Proposition (just after Table 4.12). We next evaluate Idg ® x4 at this
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element. Since x4 is a character, we have:

X4(€(ar,a2) T€(B1,82)) = Xa(T€(1,85)€(a1,02)) = X4(T€(ar,02)) 001,61 ez 52
We also have:
x4(7) =0, xa(tt1) =1, xa(7te) = —1, and x4(7t1t2) =0.
This implies that
xa(Te,0)) =0, xalTe,) = %» xa(Te,0)) = —%, and x4(7eq,1y) = 0.
Bearing all this in mind, we compute and obtain:
= (Ida®0)A;(¥)
= 2(€(0,1,0,0)7€(0,1,0,0)
+€(1,0,1,0)7€(1,0,1,0) —
1€(0,1,1,1)T€(0,1,1,1)

— €(1,0,0,0)7€(1,0,0,0)
€(0,1,1,0)7€(0,1,1,0)

— €(1,0,1,1)7T€(1,0,1,1)

+€(1,0,0,1)T€(1,0,0,1) — 6(0,1,0,1)76(0,1,0,1))-

Under the identification of A with KS4 ® K@, in the latter this element is:

= 2((6(0 1)TE0,1) — €(1,0)T€(1,0)) @ €(0,0)
+(eo)Tewo0 — €, Te0,1) @ €10)
+e,Te,1) — €1,0Te(1,0) @ €1y
+(eqoTe,0) — €o,1)Tew0,1) ® €o,1))

=2(eo.nTe01) — e0Tewn) ® (0.0 — €wo) — €0.1) T e))-

The idempotents e(; ;y’s in the first tensorand are in K(t1,t2) whereas the ones in
the second tensorand are in K (t3,t4). Notice that the element in the left-hand side
tensorand is just the element r of Equation The computation done there gives:

x = %((13) — (1234) + (23) — (1342) — (1243) + (14) — (1432) + (24)) ® (56)(78).
Using also the computation of 72 there, we obtain the square of x:
z? = %(id — (12)(34)) ® id.
This element, regarded as an element of A is:
22 = %(id ~ (12)(34)). (4.14)

By construction, z = (Ida®6)A (V). Since § and ¥ are a character and cocharacter
of A respectively, and X N A is a Hopf order of A, Proposition yields x € X N A.
Hence 22 € X.

We repeat this argument but viewing now Sy inside Sg as permutations of {3,4,5,6}.
Concretely, we reassign as follows: 1+ 3;2+— 4;3 +— 5;4+ 6;5— 1;6 — 2; and 7
and 8 remain unchanged. Then, we obtain that

5 (id — (34)(56))
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belongs to X. Analogously,

1,
3 (id — (56)(78))
belongs to X as well. Subtracting each of them to id we get three similar elements

in which the minus sign is replaced by the plus one. These elements belong to X
too.

All idempotents €4, ay,a3,04) T €(a1+1,a0+1,a3+1,as+1) 1i€ in X because they can be
obtained from the previous elements as follows:

e(al,ag,ag,a4) + e(a1+1,a2+1,a3+1,a4+1)

= %(id + (=)™ ) % (id + (=1)2+ S toty) o (id + (=1)*F M t3t4).

[N

Step 3. Replacing the twist. Consider the following 2-cocycle k on M:
(Tt ot 4,054) = (—1)aPstasPi (1 | e ot .cpf“).
Observe that w and k are cohomologous: defining ¢ : M — KX as
a(eyt - yt) = (1),

we have k = wd(q).

Let T be the twist for KM afforded by x. We have a Hopf algebra isomorphism
[ (KSg); — (KSg)r. We next express T in the basis {(m, €¢)}meM¢el\7 of
KM ® KM. We first write it as follows:

T = Z H(¢,¢)€¢ R ey = Z ( Z H(¢,¢)€¢) R ey = Z é(w) R ey,
ppeM peM el e
where
L) = k(g ¥)es.
peM

Evaluate € M at L(v):

n(tw) = - Ko, 0)nleq) = n( 3 dnles), ) = w1, ).
oM ¢eM
In the second equality we have set k as well for the bilinear extension of x to
KM x KM. Identify the character group of M with M. Thus we get a map
¢: M — M. Using that & is a bicharacter and {eq} seir @ set of orthogonal idem-

potents, it follows that ¢ is indeed a group morphism. A direct computation shows
that:

Up1) =t3, L(p2) =t1, L(p3) =12, and [l(p4) = titats.
Then:

T =id ® (e(,000) T €,1,1,1)) T 11 ® (€0,1,00) + €1,01,1))
+ 12 ® (e(0,0,1,0) + €(1,1,01)) + 13 @ (e0,1,1,1) + €(1,0,0,0))
+ tita ® (e(0,1,1,0) + €(1,0,0,1)) + t1t3 @ (€0,0,1,1) + €(1,1,0,0))
+ tats ® (e(0,1,0,1) + €(1,0,1,0)) + titats @ (e0,0,01) + €(1,1,1,0))-
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Now, f(X) is a Hopf order of (KSs)7. Since f|xas is the identity, the idempotents

€(a1,02,03,04) T €(a1+1,a0+1,03+1,00+1)

belong to f(X). The transpositions t1,t2, and t3 are group-like elements of (KSg)7r.

They are in f(X) as well thanks to Proposition[1.2] Hence, T € f(X)®gf(X). Since
T = T, the twisted order f(X)p-1 is a Hopf order of KSg in virtue of Proposition
. Set Y = f(X)p-1. Again by Proposition Sg is contained in Y. We showed

in that
%(z’d — (12)(34))
belongs to X N KM, and hence to Y. Thus, the element
é(id — (12)(34)) + (12)(34)(45) (%(id - (12)(34)))(45) -

belongs to Y. Let o = (143)(52). By the same reasons,

%(id — (354))

y = a(%(id - (354)))0—1 - %(z’d — (123))

belongs to Y, and consequently, to Y N (KSy). The latter is a Hopf order of KSy
in light of Proposition (iii). Applying the character x4 of Table and using
Proposition [I.2] for the last time we get:

3

xa(y) = 5 € R;

which implies % e R. O
Similarly to the proof of [4, Corollary 2.4] one can show:

Corollary 4.6. For n > 4 even the complex semisimple Hopf algebra (CSay,) s does
not admit a Hopf order over any number ring.

5. CONCLUDING REMARKS

Nikshych showed in [I7, Corollary 4.3] that if G is a finite simple group, then
(CG)q is a simple Hopf algebra for any twist 2. Therefore, (CA,,)  is simple for
n > 5. These were the first non-trivial examples of simple and semisimple Hopf
algebras. On the other hand, Galindo and Natale proved in [I0, Theorem 3.7 and
Remark 3.8] that (CSa,)s is simple for n > 4 even and not simple for n = 2. Our
results here and in [4] suggest the following questions:

Question 5.1. Let G be a finite group and Q2 a non-trivial twist for CG, arising from
an abelian subgroup, such that (CQG)gq is simple. Can (CG)q admit a Hopf order over
a number ring?

More generally:

Question 5.2. Let H be a non-trivial simple and semisimple Hopf algebra over C.
Can H admit a Hopf order over a number ring?



24 J. CUADRA AND E. MEIR

Group algebras and their duals admit Hopf orders over number rings. Our results
show that the twisting operation does not preserve the existence of such orders.
Another class of Hopf algebras constructed from these two examples is that of lower-
semisolvable Hopf algebras, defined by Montgomery and Witherspoon in [15]. Let
H be a Hopf algebra over C. Recall that a lower normal series for H is a series of
proper Hopf subalgebras

C=H,1CH, C...CHy,C HH =H,

where H;1q is normal in H; for each ¢. It is said that H is lower-semisolvable if
there is a lower normal series for H in which each factor H; /ILHZ‘_F|r1 is either a
group algebra or the dual of a group algebra. It is natural to ask if the property of
admitting a Hopf order over a number ring is inherited from the factors.

Question 5.3. Let H be a semisimple Hopf algebra over C that is lower-semisolvable.
Does H admit a Hopf order over a number ring?

Each term H; is an extension of H;; 1 and Hz/H,Hj:H

We can ask more generally:
Question 5.4. Let C - A— H — B — C be a short exact sequence of semisimple
Hopf algebras. Suppose that A and B admit Hopf orders over number rings. Does H

admit a Hopf order as well?
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