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On Unipotent Radicals of Pseudo-Reductive Groups

MICHAEL BATE, BENJAMIN MARTIN,
GERHARD ROHRLE, & DAVID I. STEWART

ABSTRACT. We establish some results on the structure of the geo-
metric unipotent radicals of pseudo-reductive k-groups. In particular,
our main theorem gives bounds on the nilpotency class of geomet-
ric unipotent radicals of standard pseudo-reductive groups, which are
sharp in many cases. A major part of the proof rests upon consider-
ation of the following situation: let k" be a purely inseparable field
extension of k of degree p¢, and let G denote the Weil restriction of
scalars Ry /4 (G”) of a reductive k’-group G’. When G = Ry /1 (G"),
we also provide some results on the orders of elements of the unipo-
tent radical %, (G ,;) of the extension of scalars of G to the algebraic
closure k of k.

1. Introduction

Let G be a smooth affine algebraic k-group over an arbitrary field k. Then G
is said to be pseudo-reductive if G is connected and the largest k-defined con-
nected smooth normal unipotent subgroup %, x(G) of G is trivial. Tits [ ;

] introduced pseudo-reductive groups to the literature some time ago in a
series of courses at the College de France, but they have resurfaced rather dramat-
ically in recent years thanks to the monograph [ ], many of whose results
were used in B. Conrad’s proof of the finiteness of the Tate—Shafarevich sets and
Tamagawa numbers of arbitrary linear algebraic groups over global function fields
[ Thm. 1.3.3]. The main result of that monograph is [ Thm. 5.1.1],
which says that unless one is in some special situation over a field of characteris-
tic 2 or 3, then any pseudo-reductive group is standard. This means that it arises
after a process of modification of a Cartan subgroup of a certain Weil restriction
of scalars of a given reductive group (we assume that reductive groups are con-
nected). More specifically, a standard pseudo-reductive group G can be expressed
as a quotient group of the form

G = Ry /k(G") x C) /Ry i (T")

corresponding to a 4-tuple (G, k'/k, T’, C), where k' is a nonzero finite reduced
k-algebra, G’ is a k’-group with reductive fibers over Speck’, T’ is a maximal
k’-torus of G’, and C is a commutative pseudo-reductive k-group occurring in a

Received April 24, 2017. Revision received September 7, 2018.
The authors acknowledge the financial support of EPSRC Grant EP/L005328/1 and Marsden Grant
UOA1021.

277


http://www.lsa.umich.edu/math/outreach/michiganmathematicaljournal

278 M. BATE, B. MARTIN, G. ROHRLE, & D. I. STEWART

factorization
o] ¥
Ry /x(T") = C = Ry i (T'/ Zg) (%)

of the natural map @ : Ry (T') — Ry /i (T'/Zg'). Here Zg is the (scheme-
theoretic) center of G’ (note that @ is not surjective when Zg has nonétale fiber
at a factor field k] of k" that is not separable over k), and C acts on Ry (G”)
via ¥ followed by the functor Ry / applied to the conjugation action of 7'/ Z ¢/
on G’; we regard Rk//k(T/) as a central subgroup of Rk//k(G’) x C via the map
h— (i(h)~', ¢(h)), where i is the natural inclusion of Ry /i (T') in Ry /1 (G).

The structure of general connected linear algebraic groups over perfect fields
k is well understood: the geometric unipotent radical %, (Gy) = %M’ i(Gp) de-
scends to a subgroup %, (G) of G, and the quotient G™ := G /%, (G) is reduc-
tive. If we further insist k be separably closed one even has that G™ is split, so
G™ is the central product of its semisimple derived group Z(G) and a central
torus with G4/ Zs semisimple—in fact, the direct product of its simple factors.

Most of this theory goes wrong over imperfect fields k, hence in particular
the need to consider pseudo-reductive groups, whose geometric unipotent radicals
may not be defined over k. To understand the structure of a given smooth affine al-
gebraic group G over k, it is therefore instructive to extend scalars to the (perfect)
algebraically closed field k and analyze the structure of G, where, for example,
we see the full unipotent radical. We pursue this approach in this paper and discuss
the structure of G where G is a standard pseudo-reductive group arising from a
4-tuple (G',k'/k, T', C). The reductive part Gr]fd = G/Z%u(G}) is not especially
interesting in that the universal property of Weil restriction implies that G%ed has
the same root system as G’. Further results [ Thm. 3.4.6, Cor. A.5.16]
even furnish us, under some restrictive conditions, with a Levi subgroup for G, a
smooth subgroup H such that Hj is a complement to the geometric unipotent rad-
ical %, (G). However, the precise structure of %, (G) is rather more mysterious.
Although we know that there is a composition series of %, (G) whose composi-
tion factors are related to the adjoint G;;—module g = Lie(G;;) (see Lemma 3.1),
it is unclear what the structure of %, (Gy) is qua group. Since %, (Gy) is a p-
group, we may consider some standard invariants, which measure the order of
its elements and the extent to which it is non-abelian. One major purpose of this
paper is to show that as soon as the root system associated with G is nontrivial
and k’/k is finite and inseparable, then %, (G}) is almost always non-abelian (in
a way that depends on the characteristic of the field amongst other things).

To state our results, let (G’,k’/k, T', C) be a 4-tuple giving rise to a pseudo-
reductive group G and denote the separable closure of k by k. Then k; = k' ®y ks
is a finite nonzero reduced k -algebra, isomorphic to a product of factor fields
[ ki, where each k;/ks is a purely inseparable extension. Let G; (resp., T;)
denote the fiber of G;g’, (resp., Tk/s) over k;. By standard results, Ry /4 (G')i, =
Ryt /i, (G') (see Lemma 2.1). If

p=2 and G;=SL;xS
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for §” a torus and r > 0, then we say G is unusual. We define a number ¢;
depending on G; and k; . First, if G; is commutative, then set £; = 1. Now, for each
field k;, form the k,-algebra B; = k; ®y, k;. Each B; is a local k;-algebra, which
by virtue of the pure inseparability of k; / k; means that its maximal ideal, m; say,
consists of nilpotent elements. Hence there is a minimal n such that m} = 0; in
case G; is not unusual, let £; :=n — 1. In case G; is unusual, define ¢; to be the
minimal n such that (>m;)" 1. ml-2 =0, where (*>m;) is the ideal of squares in m;.
Finally, define the integer
N :=max;{¢;}.

THEOREM 1.1. Let G be a noncommutative standard pseudo-reductive group over
a field k of characteristic p, arising from a 4-tuple (G',k'/k,T', C) with k' a
nonzero finite reduced k-algebra. Let the G| (resp., the T}) be the fibers of G’
(resp., T") over the factor fields of ks, as before. Suppose that for every unusual
fiber G, the map ¢ in the factorization (=) is an injection on restriction to T/ N G.
Then the nilpotency class of %,(Gp) is N.

What the theorem indicates is that the precise structure of %, (Gy), including its
nilpotency class, appears to depend in a very particular way on the nature of the
extension k’/k used in Weil restriction, rather than on, for instance, the reductive
group G’ (provided that the reductive group contains at least one fiber that is not
unusual or commutative).

REMARKS 1.2. (i) There is one set of cases we have excluded. After passing
to an appropriate direct factor of a fiber of G’ over k’, this happens when G
arises from a 4-tuple (G',k'/k, T’, C), where G’ = SL;. The kernel of the map
Ry /i (T") = Ry /i (T' [ Zgr) is Ry i (m2) (see [ Prop. 1.3.4]). For exam-
ple, let us suppose in the factorization Ry /(") 2 C f) Ry /i (T'/Zgr) that
ker(¢) = Ry//x(u2) and ¢ is injective. Then we may regard C as a subgroup
of Rk//k(T//ZG/) sitting in between Rk//k(T/)/Rk//k(/,Lz) and Rk//k(T//ZG/).
If C = Rk//k(T/)/Rk//k(/LQ), then G = Ry /i (SL2)/Ryr/x(142), and the nilpo-
tency class of the unipotent radical of Gy is at most the minimal n such that
(Cm)" L. mi2 = 0 (see Remark 3.8)—in other words, it is bounded above by the
nilpotency class of the unipotent radical of Ry /x(SL2)z. If C =Ry /i (T'/ Zg),
then G = Ry (PGL) (cf. Remark ), so the unipotent radical of G has
nilpotency class n — 1 for the minimal »n such that m” = 0. These numbers are
usually different. In between these two extremes, there is a range of possibili-
ties: there may be many subgroups C sitting in between Ry (T") /Ry /1 (112) and
Rk//k(T//ZG/)—note that the quotient Rk’/k(T//ZG’)/(Rk’/k(T/)/Rk’/k(M2)) is
a smooth commutative unipotent group—and we have, a priori, no control over
these.

(i1) Given any standard pseudo-reductive group G, by [ Thm. 4.1.1],
we may find a standard presentation for it; that is, a 4-tuple (G',k'/k,T', C)
giving rise to G through the standard construction such that G’ has absolutely
simple, simply-connected fibers over Speck’. In this case, we may simplify the
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statement of the theorem somewhat, since then a fiber of G; of G’ is unusual
precisely when (G}), = SL, and p =2.

To prove the theorem, we reduce to the case that G is a Weil restriction, but in
order to deal with cases where the center Z5 of G’ is not smooth, we show how
to present G through the standard construction, starting from a central extension
G’ of G’ such that the center of G’ is smooth (see Section 3.5). This may be of
independent interest.

In Section 4, for G of the form Ry, (G’), we consider another invariant of
%,(Gp) usually attached to p-groups—the exponent, that is, the minimal integer
s such that the p*-power map on %, (Gp) factors through the trivial group. For
this invariant, we do not have as precise a result as we do for the nilpotency class,
but we establish some upper and lower bounds and identify a possible form of a
precise result; cf. Question

Finally, let us remark that part of the proof of Theorem reduces to
some bare-hands calculations with matrices arising from the Weil restriction
Ry7/k(GL2) and may be of interest to anyone who would like to see some ex-
amples of pseudo-reductive groups in an explicit description by matrices.

2. Notation and Preliminaries

We follow the notation of [ ]. In particular, k is always a field of character-
istic p > 0. All algebraic groups are assumed to be affine and of finite type over
the ground ring, and all subgroups are closed. Reductive and pseudo-reductive
groups are assumed to be smooth and connected.

Let us recall the definition of Weil restriction and some relevant features. We
consider algebraic groups scheme-theoretically, so that an algebraic k-group G
is a functor {k-algebras — groups}, which is representable via a finitely pre-
sented k-algebra k[G]. Let k' be a nonzero finite reduced k-algebra. Then for
any smooth k’-group G’ with connected fibers over Speck’, the Weil restriction
G =Ry (G’) is a smooth connected k-group of dimension [k’ : k]dim G’, char-
acterized by the property G(A) = G’ (k' ®; A) functorially in k-algebras A. If H’
is a subgroup of G’, then Ry (H') is a subgroup of Ry« (G"). For a thorough
treatment of this, we refer to [ A.5]. Important for us is the fact that Weil
restriction is right adjoint to base change; that is, we have a bijection

Homy (M, Ry /(G") = Homy (M, G')

natural in the k-group scheme M. We need two particular cases. First, if M = G =
Ri/k(G"), then the identity morphism G — G corresponds to a map g’ : Gy —
G’. When k' is a finite purely inseparable field extension of k and G’ is reductive,
then by [ Thm. 1.6.2], g’ is smooth and surjective, ker g’ coincides with
PRy 1 (Gr), and Z, 1 (Gy) is a descent of %, (Gf) (so Z,(Gy) is defined over
k'); it follows from the naturality of the maps concerned that if H' is a connected
reductive subgroup of G', then ker gy C kerqg/, 80 %y k' (Hy) € %y 1 (Gyr). In
particular, dim %, ' (Gy) = ([k' : k] — 1)dim G’. Second, if H is a reductive k-
group and M = G’ = Hy, then the identity morphism Hy — Hjs corresponds to
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amapip : H— Ry /x(Hy). When k' is a finite purely inseparable field extensmn

of k, then by [ Cor. A.5.16] the composition Hy (—)> Rk//k(Hk/) —> Hy
is the identity, so we may regard H as a subgroup of Ry /¢ (Hy/) viaig; in fact, H
is a Levi subgroup of Ry /¢ (Hy).

Let k' = ]_[:': 1 ki be a nonzero finite reduced k-algebra with factor fields ;.
Then any algebraic k’-group G’ decomposes as a product G’ = [];_; G; where
each G is an algebraic k;-group (it is the fiber of G’ over Speck;). In such a
situation, we let %, x(G’) denote the unipotent subgroup []i_; %k, (Gi). We
have Ry /x(G") = [i_; Rk, /k(G}); in particular,

n
PR Ri k(G = l_[%’u,k/ R k(G
i=1
This allows us to reduce immediately to the case that k' is a field in the proof of
Theorem

Suppose now that H is a smooth connected algebraic group over k, and let
[g,h] = ghg~'h~! denote the commutator of the elements g, 1 € H (k). Let M,
K be smooth connected subgroups of H. Then the commutator subgroup [M, K]
is a smooth connected subgroup of H, and we may identify [M, K](k) with the
commutator subgroup [M(k), K (k)]. Moreover, [My, K] = (M, K1) for any
field extension k'/k (cf. [ 1.2.4]). In particular, we may form the lower
central series {Z,,(H)}m>0 in the usual way, and D (H) (k) is the mth term in
the lower central series for the abstract group H (k). We say that H is nilpotent
if there exists an integer m such that Z,,(H) = 1. The nilpotency class cl(H) of
H is the smallest integer m such that %,,(H) = 1. These arguments show that
extending the base field does not change the nilpotency class of H.

In proving Theorem |.! and intermediate results, we usually want to reduce to
the case that k is separably closed, guaranteeing that k; / k is purely inseparable
for k; a factor field of k’. This also allows us to assume that the group G’ has
split reductive fibers. We denote by k the separable closure of k in its algebraic
closure k, and we set ki = k' ® kg, a nonzero finite reduced k,-algebra. Note that
even when k' is a field, &} need not be a field.

LEMMA 2.1. Let G be a standard pseudo-reductive group arising from (G, k' / k,
T',C). Then

@) GkY is isomorphic to the standard pseudo-reductive group arising from
k/’ s/kSs Tk//v Cks)
(ii) «%’u,k/(Gk/)k; =RBux, (Gi.)-
Proof. (i) We have G = (Ry/x(G") x C) /Ry (T"). To see that
G, = Ry /i, (G}CQ) X Cks)/ng/kx(TIQ_),
it suffices to see that: (a) the sequences

I— Rk’/k(T/) — ka/k(G/) xC—-G—1
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and
1— Rk//k(G’) — Rk//k(G’) XC—C—1

remain exact after taking the base change to kg, with the second remaining split;
and (b) the formation of the Weil restriction Ry//x(G’) commutes with base
change to k;.

These facts are standard: for (a), this follows since algebras over a field k are
flat, and (b) is [ A5.2(D)].

(ii) Without loss, we can assume that K’ is a field. Write k; =[];;

Ry 10 (G = %u(Gp) = Zu(Gr)ip) = Zu(Gr)i) = Pu ki (G
we have %, 1 (Gp)k; = Pu k; (Gi;) for each i € I. The result now follows. O

k;. Since

3. Proof of Theorem
3.1. Upper Bound

The following result provides an upper bound for the nilpotency class of
KRy /k(G"y) in case k' is a purely inseparable field extension. We will later
reduce to this case.

PROPOSITION 3.1. Let G =Ry (G') for k" a purely inseparable field extension

of k. Then B := k' ®; k' is local with maximal nilpotent ideal m. Suppose n is

minimal such that m" = 0. Then %, (G) has a filtration %£,(Gy) =U; 2 Uy 2

--- D U, =1 satisfying the following:

(a) the successive quotients are G%-equivariantly isomorphic to a direct sum of
copies of the adjoint G;;-module;

(b) the commutator subgroup [Uy, U;] C Uiy for any i > 1. In particular, we
have cl(%,(Gp)) <n — 1.

Proof. Following [ A3.6], we can identify Gp = Ry /x(G')r with
Rp/i(G’) where B := k' ®; k'. For the convenience of the reader, we repro-
duce some of the constructions from [ Sec. A.3.5] in this setting.

We begin with some basic observations and notation. The maximal ideal m of
B is the kernel of the map B — k' that sends b; ® b, — b1by, so m is generated
by elements of the form » ® 1 — 1 ® b. This is an ideal of nilpotent elements
(everything is killed by a suitably high power of p), so there is n € N such that
m” = {0}; choose n minimal subject to this. Note that n < [k’ : k] since B has
dimension [k’ : k] as a (left) vector space over k’, so this is the largest possible size
for a strictly decreasing chain of proper subspaces of B. Denote the quotient B /m’
for 1 <i <n by B; and let G; := RBi/k’(G/Bi)- Note that since By = B/m =k,
we have that G| = G/, and since m” = {0}, we have that G, = Gy . It is proved
in [ Prop. A.3.5] that the canonical surjection B; — B;_; for each 1 <
i <n gives rise to a surjective homomorphism of algebraic groups G; — G;_1;
let V; denote the kernel of this map for each i. Let A := k'[G'] Q¢ B denote
the coordinate algebra of G, and let A; := k'[G’] ® B; denote the coordinate
algebra of G}}i for each i (recall that A,, = A).



On Unipotent Radicals of Pseudo-Reductive Groups 283

In[ Prop. A.3.5], Oesterlé observes that each V; is a vector group nat-
urally isomorphic to the additive group Lie(G’) ®y m'~! /m’. We recall how to
see this. Given any k’-algebra R, the identity element of G; (k) gives a homo-
morphism of Bj-algebras A; — B;, which we can compose with the canonical
injection B; — R ®;’ B; to get a homomorphism e; : A; — R ®y B;. Note that an
R-point v € V;(R) corresponds to a B;-algebra homomorphism v : A; — RQy B;
whose difference with e; has image in R ®p m'~! /m’.

The ring R @ m'~!/m’ is also an A;-module via the identity element of
G;(k'): multiplication by an element a € A; under this action coincides with mul-
tiplication by ¢; (a) in R ® m!~!/m’. Now, given a, b € A;, we write

(ei —v)(ab) = ej(a)ei(b) — v(a)v(b)
= (ei —v)(a)ei(b) +ei(a)(ei —v)(b) — (e; —v)(a)(e; —v)(b).

The last term is a product of terms in R Q- mi! /mi, so is zero, and hence we
can conclude that ¢; — v acts like a B;-linear derivation § : A; — R @ m!~! / m!
(with the A;-module structure we have given). Conversely, any such derivation
will give rise to an element of V;(R) by reversing the above process.

Any B;-linear derivation of A; in R ® m'~! /m’ will kill the ideal (m/m’)A;
in A; (since it is B;-linear and multiplication by m/m’ in R ®y m~!/m!
kills everything); this means that we can identify this set of derivations with
the k’-linear derivations of A;/(m/m')A; = k'[G’] in R ® m!~! /m!—write
Dery (k'[G'], R ®p m!~!/m) for this set. Further, since the A;-module struc-
ture on R @ m'~! /m’ comes from the identity element in G;(R) = G’'(R ® B;),
we see that the induced k’'[ G']-module structure permits an identification

Dery (K'[G'], R ®p m' ! /m’) = Dery (K'[G'], k') Qi R @p m' ! /m?.

Now the set of derivations on the right-hand side is just Lie(G’), so we have the
required identification of V; (R) with Lie(G') Qu R @, mi~! /m'.

We now show that the identifications in the previous paragraphs turn group
multiplication in V;(R) into addition. Given vy, vz € V;, the idea is to rewrite

e —vivy = (e; —v1) + (6 —v2) — (e; —v1)(e; —v2)

and then to note that when we apply this equation to a € A;, the final term is zero
in R@m'~!/m’. To justify this, given a € A;, let ),  a, ® a, denote the image
of a under the comultiplication map A; — A; ® A;. Then recalling that e¢; comes
from the identity of G; (k), we can write:

(e; —viv2)(@) = Y _(eilar)ei(as) — vi(ar)va(ay))

r,s

=Y (eilay)eilas) — vilar)e;(ay))

r,s

+ ) (eilay)eias) — ei(ar)va(ay))

r,s
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=Y (ei(ar) — vi(ay)(ei(as) — va(as))
r,s

=(e; —v)(a) + (i —v2)(a),

where the third sum on the penultimate line is zero in R ® m’~!/m!, being a
sum of products. So we see that each successive quotient V; is a vector group as
claimed.

We now recall that there is a natural copy of G’ inside G;; on the level of
R-points for a k’-algebra R, this comes from the observation that any k’-algebra
homomorphism k'[G'] — R has a canonical extension to a B;-algebra homo-
morphism A; = k'[G'] ® B; — R ® B;. This copy of G’ acts on V; by conju-
gation, and the replacement of v € V;(R) with ¢; — v is clearly equivariant with
respect to this action. On the other hand, under the identification of Lie(G”) with
Dery (k'[G'], k'), the adjoint action comes from the action of G’ on k’[G'] induced
by the conjugation action of G’ on itself. This in turn gives rise to the action of
G; on A; = k'[G'] ® B; induced by conjugation after Weil restriction, and the
canonical copy of G’ acts via its action on the first factor in this tensor product.
Hence we see that the isomorphism of vector groups we have established above
is G’-equivariant.

Once this is established, we show how to piece together the V; to give the
claims in the proposition. Since the natural map B = B, — B; foreach 1 <i <n
is the composition of the natural maps B, — B,—1 — --- — B;, we also have
surjective maps Gy = G, — Gj; let U; denote the kernel of this map for each i.
Then U is the geometric unipotent radical of G and Uy D Uy D --- D U,,. We
also see that U;/U;+1 = V41 foreach 1 <i <n — 1. So we have a filtration of
the unipotent radical with successive quotients equal to the groups V;.

The final step is to check that the commutator [Uy, U;] € U;4 for each i, so
that this filtration is compatible with the lower central series for U . For this, given
a k’-algebra R, let u € U;(R) and v € U;(R) and as usual identify # and v with
B-algebra homomorphisms A — R ® B. Analogously with above, we want to
rewrite the commutator in a nice way. Recall that in this setup, we have denoted
by e; the homomorphisms A; — R ® B; coming from the identity of G; (k). To
ease notation, denote e,, = e. Note that for each i, ¢; coincides with e modulo m!,
and the homomorphisms e, u, and v have the same domain and codomain. Then
one equation to use (of the many possible) is

1 -1

e—uvu vl = (e — v_l)(e — vu_lv_l) —(e—u)(e— v)u_lv

Apply this to a € A. Note that since u € Uy, (e — u)(a) € R ® m. Similarly,
since v € Uj, (e —v) € R Qy m! modulo m!{*!. Therefore the second term on
the right-hand side is zero modulo m‘*!. Similarly, the first term is zero, noting
that vu—!v~! € Uj. Therefore, the whole right-hand side, and hence the left-hand
side, is zero in U; / U; 41, which is what we wanted. Again, this calculation can be
justified using the comultiplication. O

When G’ is not unusual—that is, it is noncommutative, and either p # 2 or G’ is
not a direct product of some copies of SL; with a torus—then we show in the next
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sections that the upper bound for cl(%, (G¢)) in Proposition is in fact also a
lower bound.

ExaMpLE 3.2. Note that the filtration from Proposition need not exist for
an arbitrary standard pseudo-reductive group. For example, if p =2, G’ = SLo,
k'/k is a purely inseparable field extension of degree 2, and G is the standard
pseudo-reductive group Ry /4 (G") /Ry /x(112), then G has dimension dim G’ - [k’ :
k]—(p—1)=35;see| Ex. 1.3.2]. Since G’ = SL, is defined over k, there
is a canonical copy of G’ inside Rk//k(G’)k/. Factoring out by Ry, (u2)x kills
the copy of w; inside G’, so we obtain a copy of PGL; inside Gy . This gives
rise to a copy of Lie(PGL,) in Lie(Gy), so we see that Lie(%,(G)) cannot be
a sum of copies of Lie(G’), just for dimensional reasons. (Similar examples can
be given for any G’ whose center is not smooth.)

3.2. Lower Bound

Let k'/k be a purely inseparable field extension, and set B = k' ®; k' with max-
imal ideal m. In this section, we do a calculation in GL,(B), which shows that
Zu Ry (GL2)f) has nilpotency class exactly n — 1, where n is minimal such
that m” = 0. (Of course, the upper bound has already been established in the pre-
vious section.)

Let G = Ry (GLy). It suffices to compute the nilpotency class of Ry 1 (Gy)
since this is a k’-form of the geometric unipotent radical. As in the proof of Propo-
sition 3.1, we have Ry/;(GL2)p = Rp,r(GLy), and the k’-radical of this is the
kernel of the map induced from B — k' with kernel m. Thus the k’-points of
Ry 1 (Gy) are simply the matrices

<1+m1 my

ms 1+m4> for m; € m.

By minimality of n we can find m € m and m; € m for 1 <i <n — 2 such that
m-my---my_p # 0. Certainly, it suffices to find the desired lower bound for
cl(Z4(Gy)) on the level of the k’-points of %, ' (Gy), so it suffices to see that

there exist z, y1, ..., Ya—2 € Zu k' (Gi) (k') with [y1, [y2, [. .., [ya—2, 21111 # 1. In
the light of that observation, take

(1 m o 1+m; O . )
z.—(o 1) and y,.—< 0 1) forl <i<n-2;

then an elementary calculation yields

[yv1, [y2, [- -5 [yn=2, 2]lll = ((1) m-mj .1. .mn_2> 21,

Combining with the lower bound from Proposition 3.1, we have proved the
following:
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LEMMA 3.3. Let k'/k be a purely inseparable field extension. Then
el Zu(Ry /1 (GL2))p)) =n — 1,

where n is minimal such that m" = 0.

We wish to deduce the analogous result for PGL, and SL; (the latter when p # 2).
To do this, we need the following two lemmas, which we also use in the proof of
Theorem

LEMMA 3.4. Let k'/k be a finite field extension, and let G' be a semisimple k'-
group such that Z' := Z ¢ is smooth. Let G|y = G'/Z’', and let G := Ry (G).
Then there is a natural isomorphism

Rk (Gir) = R o Ri 11 (Gog)ier)-

Proof. Since Z’ is smooth, there is a smooth isogeny giving rise to the exact
sequence

1-7 -G 3G

ad — 1.

By [ A.5.4(3)] Weil restriction preserves the exactness of this sequence,
and so there is an exact sequence

’ Rk//k(n) ’
1—>Rk//k(Z)—>G —> Rk’/k(Gad)_)l-

This gives, after base change to k’, an exact sequence

, Rk’/k(”)k’ ,
1= Ry/p(ZNp — Gy —> Ry (G — 1.

Now Z’ is a smooth finite group scheme, so Z’ = Ry / «(ZN as algebraic
groups. This implies that Ry () is a smooth isogeny. It follows that the map
Ry jp(m@i: Gg —~ Rk//k(ng),; obtained by base change to k gives rise to an iso-
morphism from %, (Gy) to Z,(Ryjx(G0)p)- But Z,(Gp) and Z, Ry /1 (G 1))
are defined over k', so Ry () gives an isomorphism from 2%, x(Gy) to
R Ry 11 (G k), as required. O

LEMMA 3.5. Let k', k, G', Z', and G| be as in Lemma 3.4, but without the
assumption that Z' is smooth. Further, let C be a commutative pseudo-reductive
k-group occurring in a factorization of the map Ry ;i (T") — Ry /1 (T'/ Z") for T’
a maximal k'-torus of G'. Then:

(i) We have

(P (Riry1(G') 1 C) /Ry (T))) < l(Zu (R k(G x C)p))
= cl(Zu Rk (G)HP).
(i1) If moreover Z' is smooth, then we have
1Pk (Riry1(G') % C)p)) = WPy i Ry 1(G i)
=l (i (R /1 (G") 3 C) /Ry ik (T)i)),
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where in the final term we quotient by the usual central copy of Ry i (T")
occurring in the standard construction.

PVOOf. (1) Let H .= (Rk//k(G/) X C),; and G = ((Rk//k(G/) D! C)/Rk’/k(T/))jg'
We have an epimorphism f : H — G. Let U = %,(H). Then U’ := f(U) is
a smooth, connected normal unipotent subgroup of G, and so we get an epi-
morphism from the reductive group H/U onto G/U’. But H/U is reductive,
so G/ U’ must be reductive. This means that U’ contains (and therefore equals)
%,(G). Thus U’ is a quotient of U, and so cl(U’) < cl(U), proving the inequality.

For the equality, we have trivially cl(U) > cl(Z, 1 Ry /x(G")x')), so we will
be done if we can show that Z(U) € 2(%, Ry /k(G")f)). Now C factorizes the
map Ry /i (T") — Ry (T'/Z"), whose kernel is Ry /1 (Z') (due to left exact-
ness of Weil restriction). If A is any k-algebra and g € C(A), then for any g €
Ry /k(G')(A), we can find h € Ry, (T')(A) such that hgh™! = ggg~". In partic-
ular, [Z, 1 Ri /i (G, Cil S [P i R ji (G )i s R o Ry 1k (G, as re-
quired.

(ii) Let ¢ : Rk//k(T/) — C be the map in the factorization. Set Z = Ry (Z").
Thanks to the isomorphism of groups Z’ = Z;, arising from the hypothesis on Z’,
we have by the arguments of Lemma 3.4 a smooth isogeny

1> Z' x pp(Z") = Ry k(G % Cir = Ry i (G X C [ (Z1) — 1
or, equivalently,
1= Z' x o (Z") - Ry /i(G) X O = Ry jp(Gog) X D) — 1, (%)

where we write D in place of C/¢(Z). The argument of Lemma yields an
isomorphism

R it Ry 11:(G") X C)r) Z Ay i (Rir k(G lpg) X D).

The map C — Ry (T'/Z") gives rise to a map « : D — Ry (G)y).
We claim that the map 7 : Ry /i (G,y) X D — Ry k(G.;) x D given on
the level of A-points by (g,d) — (gk(d),d) is an isomorphism. To see
this, first recall that (g,d)(h,e) = (gk(d)hk(d)~"', de). Then (g,d)(h,e) —
(gk (d)hk(d)" 'k (de), de) = (gk (d)hk (e), de), which is the product of (gk (d),
d) and (h«k(e), e) in the direct product, as required.

With this in mind, we get

R it Ry 11:(Grog) ¥ D)) Z Ry o (Ri 11 (Glog) X D)ier)
= R Ry 11 (G o) X Ry i (Dyr);

but the commutativity of D implies that cl(%, ' ((Ry/x(Ghy) * D)) =
cl(Zu i Re k(G g)i)). This proves the first equality of the lemma.

To see the second equality, observe that Ry, (T'/Z") =Ry 1 (T")/ Z since Z'
is smooth. We see that the map (Ry//x(G’) x C)p = (Ry/k(Gy) X D)y from
(+) takes the copy of Ry /¢ (T")x onto the copy of Ry (T'/Z")yr, so the induced
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map of quotient groups yields an isogeny
1— N — Ry /(G x O /Ry /(T
— R /i (Glg) X D) /R 1 (T' | 2Ny — 1
for some N. This isogeny is smooth because the canonical projections to the quo-
tient groups are smooth. By the argument of Lemma 3.4 again, we get an isomor-
phism
Ruie (Ri 11 (G") % Ot /R k(T er)
i (R (Glog) 0 D) /Ry (T [ Z ).

Now ¢ induces a map ® from Ry« (T’/Z");r onto a smooth subgroup of D, and
it is easily checked that t gives rise to an isomorphism

R/ (Gog) X D) /Ry k(T [ Z') Z Ry 11 (Grg) X D/ PRy 1 (T'/Z1).
The commutativity of D again gives the result. (]

We can now tackle the following:

PROPOSITION 3.6. Let k'/k be a purely inseparable field extension, and let G =
Ry /k(G"), where G' is one of GL, or PGL; or SL; (the final case only if char k 3
2). Let n be minimal such that m" = 0. Then cl(%,(Gg)) =n — 1.

Proof. In the cases considered, Zg/ is smooth, so by Lemmas and
the nilpotency classes of %, v Ry i (GL2)x), Zu i Rk (PGLy)y), and
Ry i Ry (SLp)y) are all equal. Lemma now supplies the result. O

3.3. SL, in Characteristic 2

In this section, we wish to study the case G’ = SL; and G = Ry /k(G’ ), Where
chark =2, and k’/k is a purely inseparable field extension.
We will show

LEMMA 3.7. Let k'/k be a purely inseparable finite field extension, and let B =
k' @i k' with maximal ideal wm. Furthermore, denote by >m the ideal generated by
the squares of the elements in wm. Suppose n is the minimum such that (*m)"~! .

m? = 0. Then cl(%,(Gy)) = n.

Proof. By Lemma we may assume that k = k;. We use arguments analogous
to those in the previous section. First, we establish the upper bound. Recall that
we have R := R, 1 (Gy) = kerg, where ¢ : Gy — G’ is the map induced by
reduction modulo m. Since we will be working with commutator subgroups, it is
convenient to work with the k-points of R. Set B= B ® k = k' @ k and m =
m ® k. Then B is local with unique maximal ideal m and quotient field k. The
ideal m is nilpotent, and the minimal n with m"” = 0 is the same as the minimal n
with m" =0.
Define the ideals I, and J, of Bforr>0by Ip=Jo=m, I, = =(Cm) -m

forr > 1, and J, = Cm)"' - m? for r > 1. Set I, = I, ®krk—(2m)’ m and
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also J, = J, i’ k= (Cm)! .m2. It is clear that J.=0 (resp., I :_O) if_and

only i_f Jr = 0 (resp., I, = 0)_f0r each r. Observe that I, € J,, >m - I, C Iry1,
“m.J, CJyy,andm- I, C J,4q forall r.

Define R, C G (k) by

R — 14+ my my
T ms 14+ my

my,ma € Jp,may, m3 € Iy, my +my +myma + moms =0}-

It is easily checked that Ry = R(k) and each R, is a subgroup of R (k). Let M =

(lj’n’:‘ lfrfu) € R, for some given r. Consider the following matrices of Ry:

Mﬁ:CT) with m e m:

0
14+m 0 . _
M> _< 0 (1—|—m)1> with m e m.
We have M~ ! = (ljn’;“ . f}fﬂ ), and so we find the commutator
2.2 2 2 2
(M. M] = 1+mm3+mm5m3+m m3 mm7 +m m3 +m-mim3 .
mm3 1 +mms3 + mmims

We see that [M1, M] belongs to R,;1. By symmetry the commutator [MIT, M]
also belongs to R, (here MlT denotes the transpose of M7). Similarly, noting
that (1 +m)~' =1 +m + m’ for some m’ € *m, we have

1+ m2mams m2(1 +m)mz
(m* +m)m3(1+ma) 1+ m*+(m)ymams3 )’

which belongs to R,1. These calculations together show that if n is such that
J, =0, then [X1,[X2,...,[Xn, gl1] =1 for arbitrary g € R(k) and arbitrary X;
chosen from elements of the form M|, M lT, and M.

Let (U’)~ denote the lower root group of G’, T’ denote the diagonal torus,
and U’ denote the upper root group, and set U := Ry (U"), C := Ry (T,
U~ := Ry ((U')7). Then the multiplication map p : U~ x C x U — G
is an open immersion by [ Cor. 3.3.16]. Moreover, the intersections
Ry /(Wi N Ry, Ry (T N Ry, and Ry (U ™) N Ry have codimension 1 in
Ry /i (D)g, Ry (T)g, and Ry (U ™), respectively; this can be seen by look-
ing at the kernel of the restriction of ¢; to these subgroups, where ¢ is the
map above. It follows that uz(D) has codimension 3 in Ry, (G');, where
D := Ry (U)g N Rp) x Ryyi (T N Rp) x Ry (UT)g N Rp). In particu-
lar, 1z (D) is an open subset of R; and hence generates Rj. But, in light of the
identity [x, zy] = [x, y] - [x, z]¥ and the fact from the previous paragraph that
(X1, [ X2, ..., [ X4, R(IE)]]] =1 for generators X; of R(IE), we are done for the
upper bound.

For the lower bound, we exhibit an explicit nonzero commutator in an anal-
ogous way to Lemma 3.3. Let n be as in the statement. If n = 1, then there is

[Mz,M]=<
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nothing to do, so suppose n > 1. Since we assume that n is minimal such that

J, =0, we may pick myp,...,m,_» € mand m, m" € m such that m% . 'mi_zmm’

is nonzero. Take

(1 m , (1 0 (1+m 0
=lo 1) FT\w 1) YT 00 aamp!

for 1 <i<n—2.Setw=/[y1,[y2,[...,[Yn—2, z]11]. Then a calculation yields
1 m?...m? .om
_ 1 n—2
o=(o )

L+m?--m2 _mm’ 0
/ — 1 n—2 1
E < 0 1+ m% e mi_zmm’ # L.

and

This gives the lower bound. O

REMARK 3.8. Consider the pseudo-reductive group Ry (SL2) /Ry (p2) with
k'/k inseparable. The canonical projection Rg//x(SL2) — Ry/x(SL2) /Ry (142)
is surjective on E-points, SO %,4((er/k(SLg)/er/k(ug)),;)(l;) is a quotient
of %, Ry /k(SLz),;)(IE), so the nilpotency class ¢ of the latter is at most n
(where n is as in Lemma 3.7). The image of the commutator w from above in
,%’u((Rk//k(SLz)/Rk//k(Mz)),;)(lz) does not vanish, so c¢ is at least n — 1 (note
that we may identify %, (Ry' /i (112) ,;)(l;) with the group of matrices of the form
(Hm 0 ) with m € W and m? = 0). The image of [z/, w], however, does vanish.

0 1+4+m
It follows that c is either n or n — 1; we do not know which in general.

EXAMPLE 3.9. (i) Consider the case that k' = k(¢) with t> € k \ k?. Then m?> =0,
so J; = 0. We can calculate:

<1+m1 my )<1+m’1 my >_<1+m1+m’l my + m/ >
m3 1+my my L4+my )\ m3+m) 14 mq 4 m)
for all m; € m. Thus the unipotent radical is abelian in this case, so the nilpotency
class is indeed 1.

(ii) Now let k¥’ = k(s, t) of degree 4, where s2itek \ kZ. We see that Zm =0
but m? #0,s0 J; #0 and J, =0. Choose m; =s® 1 + 1 ® s e m and mp =
t®1+4+1®1tem. Note that m;my # 0, and hence if we set

L 1 ni
=1 1)
(1 ©
Uz = my 1)°

then we have ujuy # usu1, so the unipotent radical in this case is not abelian. In
fact, we see from Lemma 3.7 that the nilpotency class is 2.
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3.4. The Case of Weil Restrictions

We will treat here the case that G is a Weil restriction Ry /k(G/ ) for G’ a reduc-
tive k’-group, where k' is a finite reduced nonzero k-algebra. We deal with some
special situations relating to the case where some fiber of G’ is unusual.

LEmMMA 3.10. Suppose p =2. Let H' = SL; and suppose G' = S'H' is a split
reductive group, where S’ is a central torus of G'. Then either the product map
S’ x H' — G’ is an isomorphism, or G’ contains a copy of GL,.

Proof. The group G’ has semisimple rank 1, so by [ Thm. 21.55], G’ is
isomorphic to one of SLy x T/, GLy x T’, or PGL, x T’ for some torus 7. The
result follows. O

LEMMA 3.11. Let k' be a field, and let G’ a noncommutative split reductive k'-
group. Then exactly one of the following holds:

(1) G’ has a subgroup isomorphic to GL; or PGL;;
(ii) G’ = (SLy)" x S’ for somer > 1.

Proof. Suppose G’ has no subgroup isomorphic to GL; or PGL;. If G’ contains
a subgroup of type A;, then G’ contains a copy of GL;, which is impossible; note
that this also implies that G’ does not contain a subgroup of type G,. If G" has a
simple factor H' of type B,, then the long-root Levi subgroup of H' is isomorphic
to GL; if H’ is simply connected and to G,, x PGL; if H' is adjoint, which gives
a contradiction in both cases. So every simple factor of G’ is isomorphic to SL;.

Let H{,..., H/ be the simple factors of G, and let §’' = Z(G")°. Multiplica-
tion gives a central isogeny ¢: H{ x --- x H/ x § — G’. Suppose ¢ is not an
isomorphism. Then the projection of ker(¢) to H{, say, must be nontrivial. Let
T’ be a split maximal torus of H) x --- x H] x §’. Since ker(¢) is contained in
a maximal torus of H{ x T’, we must have that ¢ is not injective on H| x T'. It
follows from Lemma that H{7' C G’ contains a copy of GL,. O

We can now prove Theorem for the case of Weil restrictions of reductive
groups. Note that such groups are of course standard pseudo-reductive, taking
C =Ry (T'), and ¢ an isomorphism.

PROPOSITION 3.12. Theorem 1.1 holds when G =Ry (G").

Proof. By Lemma we may assume that k = k. Since G is a direct product
of R, /x(G}) for some inseparable field extensions k; /k and fibers G of G’ over
k', we clearly have cl(%,(G})) = max; (%, Ry, /k(G}))). Hence it suffices to
show that the nilpotency class of the unipotent radical of G; := Ry, k(G;.) is the
number ¢; from the introduction. The case that G is commutative is obvious,
so assume that G/ is noncommutative. It is of course split since k = k;. If G
is not unusual, then Lemma says that G/ contains a copy of PGL; or GL;.
In this case, Proposition gives cl(Z, ((G;)g)) = ¢; and Proposition gives
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cl(Z,((Gi)p)) < ¢;. Lastly, if G; is unusual, then by Lemma G; is isomor-
phic to Ry, /x(SL2)" x Ry, /« (S") for some torus S’ and some r > 1. Then the result
follows from Lemma 3.7. O

3.5. Centrally Smooth Enlargements

The following is essentially a definition from [ 1.

DEFINITION 3.13. Let G’ be a reductive k'-group, where k" is a field. A centrally
smooth enlargement of G is a reductive k’-group G’ such that Z(G’) is smooth,
G’ C G/, and G’ is generated by G’ and a central torus.

LEMMA 3.14. Let G’ be a split reductive k'-group. There exists a centrally smooth
enlargement G’ of G'.

Proof. This follows from [ Thm. 4.5]. The result in loc. cit. is stated only
for algebraically closed fields, but the proof works for arbitrary split reductive
groups by the existence and isogeny theorems for split reductive groups [

16.3.2,16.3.3]. 0

REMARK 3.15. There is also another, simpler, proof, which works for the nonsplit
case as well: embed Z(G’) in a torus S’: for example, we could choose S’ to be a
maximal torus of G’. Then set G/ = (G’ x 8")/N, where N is the image of Z(G’)
under the obvious diagonal embedding. (Since N N (1 x §’) =1, S’ appears as a
subgroup of G’ J)

Let (G',k'/k, T’, C) be a 4-tuple corresponding to a standard pseudo-reductive
group
G = Ry/k(G") x C) /Ry 1 (T,

with factorization Ry /4 (T") 4 C Y Ry /i (T'/Zgr). Assume that & is a field.
Suppose G =G'S is a central enlargement of G’, where S’ is a central torus
of G. Set 7' = Z(G", 7 = Z(G’) and 7' = T S It is _easy to see that
7'=7'ScG'S. Therefore the composition 7" — T’ — T'/Z’ induces an iso-
morphism 8: T'/Z' — T'/Z.

LEMMA 3.16. cl(%y 1 (Gi)) < cl(Zu i Ri /1 (G)).

Proof. The idea is to embed Rk//k(G/) x C in a group of the form Rk//k(a/) X 6

arlsmg from a 4-tuple (G/ k' /k, T/ C) and a factorization Ry /k(T/) —> c —>
Rk/ / k(T/ / 7' ); the latter group is easier to understand than the former because
7 is smooth Define the homomorphlsm k: Ry (T') = C x Ry /k(T’) by
K =¢ X (", where ¢: Rk//k(T) — Rk//k(T’) is inversion, and we identify
Ry /k(T/ ) naturally as a subgroup of Ry /k(T) say via a map iys. Note that
« maps Ry, (T") isomorphically onto its image, which we denote by N. Set
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=(C x Rk//k(Tl‘\’))/N andletg: C x Rk//k(f’) — C be the canonical projec-
tion. We claim that C is pseudo-reductive. To see this, let V denote the preimage
of %,k(é) in C x Ry k(f’). Projection onto the second factor here maps N iso-
morphically onto the natural copy of Ry« (T") in the second factor. Hence if we
project to the second factor and then quotient by this copy of Ry« (T”), then the
subgroup V gets mapped to a smooth unipotent k-subgroup of the commutative
group Ry /¢ (f’ )/Ri /i (T"). Since this last group is a subgroup of the commutative
pseudo-reductive group Ry, k(f’ /T"), it is pseudo-reductive, and hence we con-
clude that the projection of V' to the second factor of C x Ry, k(f’ ) is contained
in the projection of N. Hence V € C x Ry /1 (T").

We have the map ¥ : C x Ry 1 (T") — C defined by ¥/(c, x) = c¢(x)~! for
ce€ C(A) and x € Ry (T')(A), where A is any k-algebra. Clearly, the kernel of
¥ is N, which is smooth, so i is smooth. Hence ¥ (V) is a smooth unipotent
k-subgroup of C and is therefore trivial. It follows that V C N, so %u,k(é\) =1,
as required.

We have obvious inclusions ic: C — C x Rk//k(T )andi’: er/k(f) - Cx
Rk//k(T ). Define j: C — c by j =ngo ic; then j is an embeddmg of CinC
since N N (C x 1) = 1. Now define ¢> Rk//k(T’) —C by qb mg oi’. It follows
from the construction that j o ¢ = gb o Ry /k(irr).

Consider the homomorphism C x Ry /k(f/) — Ry /k(f’/ 2’) given by the
composition

- ¥ xid P -~
C x Ry /i (T) — R ji(T"/Z7) x Ry 1 (T)
Ryt /1 (BYXRys y (77) ~ ~ ~
— Ry i (T'/Z) x Ry i (T'/ Z") — Ry 1 (T Z7),
where the third map is multiplication, and 77 : T —T / Z' is the canonical pro-
jection. The kernel of this homomorphism contains N, so we get an induced
homomorphism 1} C — Ry /k(f/ / 2/) It follows from the construction that
1//‘0] =Ry /k(,B) w We can now check that the map Ry, (i) x j: Rk//k(G )
C— Rk//k(G’) x C is an embedding of groups, where i is the inclusion of G’
inG.
Now G is a quotient of Ry /£ (G") % C, so

MRy i (Gi)) < WPy (Rir 11 (G') X C)pr)) < Cl(@u,k’((Rk'/k(é’) x C)i))
= NPk Ry 11 (G ZNi)) < N ke Ry 1(Gi));

here the equality follows from Lemma 3.5(ii) applied to (Q/ K/ k, ]’i’\ C), and the
final inequality holds because the canonical projection G’ — G'/Z’ is smooth.
This proves the result. O

Proof of Theorem 1.1. As in the proof of Proposition , we may reduce to the
case that k = ky, and by passing to a fiber of G’ above k’, we may assume that
k' /k is a purely inseparable field extension. Certainly, we are done if G’ is com-
mutative, so assume otherwise.
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If G’ is unusual, then by assumption the map Ry, (7’) — C is a monomor-
phism. As in the proof of Lemma 3.5, we have that the semidirect product
Rk//k(G/) x C is actually isomorphic to a direct product via (g, d) — (gd, d), and
so the quotient by the central subgroup N := Ry, (T") € Ry/x(G") x C from the
standard construction gives the group Ry/x(G") x C’, where C" = C /Ry (T").
In particular, by Proposition the nilpotency class of the unipotent radical is
as claimed. Hence we can assume that G’ is not unusual.

We get an upper bound for cI(%, (Ry//x(G");)) from Lemma . Proposi-
tion applied to G', where G is a central enlargement of G’, then gives the
desired upper bound.

To complete the proof, it suffices to show that cl(%, (R /x(G)i)) <
cl(Zu(Gy))-

By Lemma and Proposition , G’ has a subgroup H' isomorphic to
one of SLy, GL,, or PGL; such that

cl(Zy Rk (GNir)) = l(Zu Ry 1 (H ).

Furthermore, if p = 2, then since G’ is not unusual, it follows that H is GL; or
PGL,. We may regard Ry, ¢ (H') € Ry/1(G') as subgroups of Ry /x(G") x C in
the obvious way. Let 7 : Ry//x(G") X C — G be the projection of the standard
construction. Now ker(w) is a smooth central subgroup of Ry /k(G/ ) x C, and
it follows from the definition of 7 that ker(sw) N Ry /k(G’ ) is contained in the
kernel of the map Ry /x(T") — Ry (T'/Z’), which is Ry (Z) by [

Prop. 1.3.4]. So M :=ker(r) N Ry/x(H') is a central subgroup of Ry /i (H').
Now Ry/x(H')/M is a subgroup of G, so Z,((Ry/x(H")/M)}) is a subgroup of
#,(Gp). But if Zg: denotes the center of H ’, then

(P (R (H) /M) = AR (Ryr jk (H) /Ry i (Z))p)
= cl(Zu Ry (H' | Zu)p))
= cl(Zy Ry /k (PGL2)p))

since Z g is smooth, and we are done by Proposition . (]

3.6. When k' /k is a Primitive Field Extension

Here we work out the consequences of Theorem in case k' = k(r) for g = p°
the order of ¢ in k’/k. As ever, we may assume that k is separably closed so that
k' /k is purely inseparable. In this situation the idealm = (1 ® t —t ® 1) of Bisa
principal ideal, and it is easy to see that the minimal n such that m" =0 is just ¢,
since(1®t—t1DN)1=19t1—1t101=1t1® 1 —1t1® 1=0. Hence the value
of N in Theorem is ¢ — 1. In particular, if G’ is not unusual or commutative,
then cl(Ry/x(G")) =g — 1.

On the other hand, if G’ is unusual, then p =2 and 2m = m2. From this we
readily deduce that the value of N in Theorem is just ¢ /2, and in particular
(% Ry 1k (GHP) = q/2.
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REMARK 3.17. Applying the standard construction to the Weil restriction of
a reductive group can change the nilpotency class of the unipotent radical;
in other words, it can happen that cl(%, (Ry/x(G");)) is strictly less than
cl(%,(Gy)). For instance, suppose p =2 and k’/k is a primitive purely in-
separable field extension of degree g > 4. Let G’ = SL, let T’ be a max-
imal torus of G', and let Z' = Z(G'). Let C = Ry (T'/Z’) and take the
factorization Ry /1 (T") — C — Ry /x(T'/Z') to be the obvious one. Then
G = Ry /k(G") x C) /Ry /i (T") = Ry (PGL2), so cl(%u(Gy)) = q — 1; but
cl(Zu Ry /1 (GN)) = l( %y Ry (SLo)ir)) = % by the previous remarks.

Note, however, that by Lemma —which holds for an arbitrary standard
pseudo-reductive group—the nilpotency class of %, (Gy) is bounded above by n,
where n is the smallest positive integer such that m”* vanishes. This is the case
even where k’/k is not primitive.

4. Orders of Elements in Unipotent Radicals of Weil Restrictions

In this section, we collect some observations about the orders of elements in
unipotent radicals %u(G,;)(IE), where G = Ry/1(G’) is the Weil restriction of
a reductive group G’. More precisely, we wish to say something about the expo-
nent e of G; that is, the minimal integer such that the p®-power map on G factors
through the trivial group. Clearly, e is stable under base change, so by Lemma

it suffices to consider the case where k is separably closed. Of course, we could
let ¥’ be a nonzero reduced k-algebra, but by passing to a fiber it does no harm to
assume that k’/ k is a purely inseparable field extension.

Since k' / k is purely inseparable, Proposition 3. | provides a crude upper bound:
as usual, letting B = k' ®; k¥’ with maximal ideal m, we have a filtration of the
unipotent radical %, (Gy) with n abelian quotients, where » is the minimal posi-
tive integer such that m” = 0. Since each quotient is a vector group isomorphic to
a direct sum of copies of the adjoint module for G, all elements in the quotients
have order p, and we see that p” is an upper bound for the order of elements in
%, (G). Our next result shows that we can immediately do better than this with
quite an elementary argument.

LEmMMA 4.1. With notation as before, let s be minimal such that p* > n. Then the
exponent of %,(G) is at most s.

Proof. Let ‘B and m be as in Lemma 3.7. Since G is smooth, it suffices to consider
elements of G (k), which we can identify with G’(B). By embedding G’ into GL,
for some r, we may assume that the elements of interest are matrices with entries
in B, and we may identify points of the unipotent radical as the kernel of the
map G’(B) — G’ (k) given by reduction modulo m. Then a typical element of the
unipotent radical has the form I + M, where [ is the r x r identity matrix, and M
is an r x r matrix with entries in m. We are therefore after a pth power p°®, which
kills all such matrices M—for then (I + M)?° =1 + MP’ = in all cases.
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Now note that the entries of a power M”" are homogeneous polynomials in the
entries of M of degree p*. Since m" = 0, all such polynomials vanish as soon as
p’ is at least n. Hence, choosing s as in the statement, we are done. O

The following example shows that the bound provided by Lemma is sharp
when the rank of G’ is large enough.

ExAMPLE 4.2. Suppose G’ = GL, where n is as before. Then we can find ele-

ments my, ..., my—1 € msuch that my ---my,_1 # 0, and the element
0O m 0 - 0
0 0 mpy -- 0
x=l0on
O 0 0 - my_
o o o - 0

has x"*~! # 0, so the bound in Lemma cannot be improved in this case.

In contrast to this example, we can see in some easy examples that the bound
provided by Lemma 4.1 can be much too large.

EXAMPLE 4.3. (i) Suppose G = Ry/x(GL;) when p =2 and k'/k is a purely
inseparable field extension of exponent 1 (recall that the exponent of such a purely
inseparable extension is the minimal e such that xP* €k for all x € k’). The fact
that k' / k has exponent 1 means in this case that m? = 0 for all m € m, irrespective
of the value of n. Therefore, if we consider any four elements m1, mop, m3, ms € m

arranged in a 2 x 2 matrix
m; m
v < I 2) ’
m3  my

then we have x* = 0, so the maximal order of elements in %, (G) is 4 in this
situation. However, we can make the minimal n such that m" = 0 as large as we
like (for example, by letting k be a field of rational functions in several variables
T1, Tz, ... and then adjoining elements #; with tiz = T; for each i).

(i) Suppose G = Ry//x(G,,). If the exponent of the extension k'/k is e, then
because the p¢ power map sends (k')* to k™, we see that elements of Z,(G)
have order at most p°, and some elements do indeed have this order (by the argu-
ment for GL, above, taking r = 1). Hence, in this case, the exponent of %, (G)
coincides with the exponent of the extension k'/ k.

Motivated by the previous examples, which show dependence of the extension
k' / k on the exponent, we finish with a bound for matrices, which depends on that
exponent and the rank of the matrices, rather than the number 7.

LEMMA 4.4. Suppose k'/k has exponent e, and let G = Ry 1 (GL,). Then the
exponent of %,(G) is at most s, where s is chosen so that p* > r*(p¢ —1). In
particular, if p > r2, then this exponent is at most e + 1.
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Proof. As before, we are after a power p*, which kills all » x r matrices M with
entries in m. Since the exponent is e, it is true that mP’ =0 for all m € m. Again
observe that a power M?" has entries that are homogeneous polynomials of degree
p* in the r? entries of M. If we take p® large enough so that any monomial of
degree p* in r? variables must contain at least one of the variables at least p°
times, then we know that M?’ = 0. The claimed bound now follows. U

REMARKS 4.5. A few comments on this last result:

(i) When p=2,e =1, and r =2 in Lemma 4.4, we obtain the bound 4 = pe“,
which was observed in Example 4.3(i). On the other hand, for larger e, we
have to go up to p¢*2.

(ii) When r = 1 in Lemma 4.4, we obtain the bound p°, which was already
observed in Example 4.3(ii).

(iii) The bound from Lemma will obviously be much better in some cases
than that provided by Lemma 4.4. The tension between these two observa-
tions seems to be something that merits further study, and we will return to
it in future work.

(iv) Computer calculations suggest that if G := Ry /k(G/ ), then the exponent of
Z#,(Gp) is always the same as the exponent of %, (G;) N By, where B :=
ZuRy 1 (B")) for B' =T’ x U’ a Borel subgroup of G” with split maximal
torus 7" (recall that we assumed k to be separably closed). We do not know a
proof that these exponents are the same—assuming, of course, that it is even
true. In any case, we can make a little more conceptual progress in obtaining
an upper bound for the exponent of %, (Gj) N By, as follows.

The group B is connected and solvable (since B’ is), so any unipotent
subgroup of By is contained in %, (Bg). In particular, Z,,(G) N By is con-
tained in %, (Bg). We now give an upper bound for the exponent of the latter.
Observe that B = C x U, where C := Ry /¢ (T’) and U := Ry, (U’). Then
Py (Bp) = %u(Cy) x Ug. Now from Example 4.3(ii) we get that the expo-
nent of %, (Cy) is precisely e, where ¢ is the exponent of k’/ k. Thus the p®-
power map sends %, (By) into Up; denote the image of this map by J. We
know that the exponent of U’ is the smallest integer s such that p* > h — 1,
where h is the Coxeter number of G'; see [ Order Formula 0.4]. Thus
the p®-power map on U’ factors through 1, and so the p*-power map on
U= Rk//k(U/) also factors through 1. Since J C Uy, the exponent of J is at
most 5. So we get an upper bound of e + s for the exponent of %, (B;) (and
hence for the exponent of %, (Gj) N By) though this bound can be further
improved with knowledge of the structure of k'

Elementary calculations show that when G’ = GL,, we have J = 1 when
k’/k is primitive, giving e as the exponent, and J # 1 when k’/k is imprimi-
tive; since all elements of J have order p, we then get e + 1 as the exponent.
To explain what happens in the imprimitive case, find ¢ € k” with exponent e
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in k'/ k; since k' is imprimitive, we may find also u € k" \ k(¢). We check

(1+1®r—z®1 1®u—u®1>pg

0 1
_(1 Geu-—uehUer—1e 1
(! 1 #1.

More generally, we ask the following:

QUESTION 4.6. Suppose G’ is not unusual and let r = logp([k/ ck(K)P]) — 1. Let
s =max({[log,(hr — 1)1}, where the maximum is over all Coxeter numbers /2,
of Levi subgroups L’ of G” with rank at most r. Is the exponent of Py (By) equal
to max{e + s, [logp(hg/ - 1D1}?

REMARK 4.7. Note that the bounds above fail in the context of a general standard
pseudo-reductive group. For instance, given a finite purely inseparable field ex-
tension k’/ k with exponent e, we can take G to be the standard group arising from
the 4-tuple (G',k'/k, T’, C), where G’ =T’ =1 and C = Ry (G,,) with k" /k
a finite purely inseparable field extension of arbitrarily large exponent f: for then
G = C has exponent f by Example 4.3(ii).
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