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Abstract

Ductile metals undergo a considerable amount of plastic deformation before failure. Void nucleation,
growth and coalescence is the mechanism of failure in such metals. a — 8 titanium alloys are ductile
in nature and are widely used for their unique set of properties such as specific strength, fracture
toughness, corrosion resistance and resistance to fatigue failures. Voids in these alloys have been
reported to nucleate on the phase boundaries between a and 8 phase. Based on the findings of crystal
plasticity finite element method (CPFEM) investigations of the void growth at the interface of @ and 8
phases, a void nucleation, growth, and coalescence model has been formulated. An existing single-
phase crystal plasticity theory is extended to incorporate underlying physical mechanisms of
deformation and failure in dual phase titanium alloys. Effects of various factors (stress triaxiality, Lode
parameter, deformation state (equivalent stress), and phase boundary inclination) on void nucleation,
growth and coalescence are used to formulate a phenomenological constitutive model while their
interaction with a conventional crystal plasticity theory is established. An extensive parametric
assessment of the model is carried out to quantify and understand the effects of the material
parameters on the overall material response. Performance of the proposed model is then assessed
and verified by comparing the results of the proposed model with the RVE study results. Application
of the constitutive model for utilisation in the design and optimisation of the forming process of a —
B titanium alloy components is also demonstrated using experimental data.

Keywords: Crystal Plasticity, Dual Phase Titanium Alloys, Ductile Damage, Metal Forming, Forming
Limit Prediction

1. Introduction

Dual-phase a — # titanium alloys are used to a greater extent than any other titanium alloy. The unique
properties and mechanical behaviour of dual-phase a — fFalloys, including specific strength, high and
low cycle fatigue resistance, ductility, toughness, corrosion resistance make them an ideal candidate
for the applications in areas ranging from aerospace, automotive, energy, and oil & gas sectors. a — 8
titanium alloys have a and 8 phases present in the microstructure in various morphologies which
undergo considerable plastic deformation before failure. Their deformation behaviour has been linked
and found to be greatly influenced by the underlying microstructure [1]—[3]. Furthermore, void
nucleation, growth and coalescence has been reported as the failure mechanism in dual phase o - S
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alloys [4], and it was also identified that voids nucleate on @ — 8 phase boundaries [5]. Such
phenomena were studied by Asim et al. [6], [7] utilizing a crystal plasticity finite element method
(CPFEM) approach based on a representative volume element. It is a purpose of the current paper to
present a homogenised constitutive model of the Gurson-Tvergaard-Needleman (GTN) type that
encompasses not only the elastoplastic response of dual phase « - Stitanium alloy, but also the special
nature of void nucleation, growth and coalescence at phase boundaries in such alloys that leads to
their ductile failure. We also verify, validate and characterise the constitutive model, and illustrate its
application to sheet metal forming, including the forming limit associated with ductile necking and
fracture.

A brief but broad review of prior efforts to develop constitutive models that can predict the elastic-
plastic deformation behaviour of a — 8 titanium alloys is presented in the following.

CPFEM based studies to understand the effect of microstructure morphology for dual phase titanium
have been performed in the past [6], [8]-[15] using a representative volume element based approach
(for details see ref [6], [7] and references therein). We note that most of the research to formulate
constitutive models of & — 8 titanium alloys is focused on high temperature elasto-plastic deformation
[16]-[27]. The constitutive models for this alloy can be classified into those that are empirical or semi
empirical models [16]-[19], [23], [24] and those that are physics based [20]—-[22], [25]-[27]. Empirical
or semi empirical models have the advantage of lesser number of parameters. However such models
cannot capture microstructural evolution and deformation mechanisms at the crystalline level. The
relevant research [16]-[27] has focused on predicting work hardening [16]-[20], [22], [23], [27],
dynamic recrystallisation [16], [21], [24]—-[26], and ductile damage [21]. Most of these works were
focused on uniaxial tension or compression simulations and did not consider loading complexities,
such as the effects of stress triaxiality and the Lode parameter, that are associated with sheet metal
forming processes [6], [7], [28], [29].

In the context of analytical and numerical modelling of ductile behaviour of general porous metallic
materials, a detailed description of the state of the art has been recounted in earlier work [7] and is
summarised here to justify the novelty of the current paper. The pioneering works of Rice & Tracey
[30] and Gurson [31] are the backbone of almost all subsequent models [9], [23], [29], [32]—[53]. Some
recent and relevant works are discussed briefly below and the reader is directed to the references
therein for further details and history. Stewart & Cazacu [36] developed a macroscopic yield criterion
including the effects of material anisotropy, incompressibility and tension-compression asymmetry. A
macroscale homogenisation based model, accounting for the stress triaxiality and the Lode parameter
to understand evolution of void shape and orientation, was presented by Danas and Ponte Castafieda
[38]. The localisation of plastic flow around a void in a rate-independent, isotropic, elastic-plastic Levy-
von Mises material was studied by Dunand and Mohr [40] under different stress states considering
shear loading and the Lode parameter. Similar studies were carried out by Tekoglu et al. [41] and Torki
and Benzerga [42]. Zhou et al. [9] enhanced the GTN model by combining volumetric and shear
damage in low-stress triaxialities. Song and Ponte Castafieda [43], [44] presented a macroscale
homogenisation-based constitutive model for a porous, single phase, polycrystalline material, while
Niordson and Tvergaard [46] developed a macroscale constitutive model for porous materials based
on strain gradient plasticity theory. In addition, Siddig [29] incorporated the effects of various
parameters including initial porosity, stress triaxiality and crystal orientation on void growth and
failure in a porous crystal plasticity constitutive model for single phase FCC material using the results
obtained from an extensive RVE study of the same material [54].

It can be seen that previous works have concentrated mostly on single phase materials with the
majority of the constitutive models being at the macroscale. Such models do not consider void



nucleation and growth mechanisms inside the grains and at the grain/phase boundaries and hence
cannot be used to accurately predict failure in single- or bi-crystals. Also, these models do not take
into account the combination of various effects that can be important, such as state of deformation
(equivalent strain), stress triaxiality, Lode parameter and phase boundary inclination (PBI), on the void
growth at the interface of the @ and 8 phases of dual phase titanium alloys. PBI is defined as the angle
between the normal to the bicrystal interface and the major loading direction. In the text, PBI refers
to the abbreviation of phase boundary inclination, and pbi as the quantity.

As noted above, it is a purpose of the current paper to present a comprehensive homogenised
constitutive model for a dual phase « - g titanium alloy. Based on work carried out earlier on the
modelling of dual phase titanium alloy [6], [7], it was established that a constitutive model for this
material needs to take into account anisotropy, other relevant microstructural features, and the
effects of deformation state (equivalent strain), stress triaxiality, Lode parameter and PBI with
particular reference to void nucleation, growth and coalescence at the interface of the a and 8 phases
of the dual phase titanium alloy. In the previous studies of void growth at the interface of dual-phase
a-f titanium alloy [6], [7], a non-porous crystal plasticity model was calibrated for single crystals of
each of the two phases (@ and 8) using experimental data from the literature. In addition, the research
[6], [7] showed that the terminal mechanism for dual phase titanium alloys is ductile failure, and must
be incorporated in the constitutive model to make it effective for the design and optimisation of
forming processes which are used for the fabrication of parts and components. In the present paper,
results from these studies [6], [7] are used to extend the non-porous single phase crystal plasticity
model to include the effects of various factors including stress triaxiality, the Lode parameter,
deformation state (equivalent strain), and PBI on void nucleation, growth and coalescence in dual
phase titanium alloys. The resulting constitutive model is able to capture elastoplastic deformation
and failure, and so can be used to predict performance of the alloy in processes such as sheet metal
forming. As noted above, in this paper we verify, validate and characterise the constitutive model, and
illustrate its application to sheet metal forming including failure at the forming limit.

The article is organised as follows. In Section 2, we present the crystal plasticity based constitutive
model which accounts for void nucleation, growth and coalescence. In Section 3, we present a
parametric assessment of the proposed model. The model verification and validation are presented
in Section 4 followed by constitutive model application in the context of forming limit curve
simulations in Section 5. We finally present the conclusions in Section 6. The numerical
implementation of the proposed model is described in detail in Appendices.

2. Constitutive model
2.1 Updated kinematics

The total deformation gradient is multiplicatively split into elastic and plastic parts and the elastic part
is further split into an elastic stretch, V¢ and a rigid body rotation, R¢ using the following relations:
F = F°FP; F = VéR°®FP (1)

Figure 1 shows the decomposition of the total deformation gradient. The rigid body rotation and the
plastic part of the deformation gradient can be combined to form an unloaded intermediate
configuration given by:

F =V®F*; F* = R°FP (2)
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Figure 1:The multiplicative decomposition of total deformation gradient

The plastic deformation gradient can further be split into the part dealing with shape change due to

plastic slip, F?, and volume change without shape change due to void growth, Ff;, using:

F? = FJF} (3)
This decomposition follows the classical work of Gurson [31] and consequent models based on his
work. The total velocity gradient, [, is given by:
l=FF1=veye " velve™ (4)
Here L* is velocity gradient in the intermediate unloaded configuration which can be related to the
plastic velocity gradient, LP, using:
I* = F'F*~' = R°R°" + R°IPR°" (5)
The plastic velocity gradient can then be divided into the slip and the void growth parts using the
following relation:
I[P = FPFP™! = FPFP T 4 FPIRFY (©)

Here iﬁ is the velocity gradient due to void growth. The velocity gradient due to slip, if, can berelated
to shear strain rate due to slip, y%, using:

N
2 =R =) prsr @ m ")
x=1
Here s¥ and m” are the unit vectors along the slip direction and normal to the slip plane in the crystal
coordinate system and & is the outer or dyadic product. The velocity gradient due to void growth is
related to the rate of change of a non-dimensional strain like quantity, &, which depends on the
amount of void growth, using the following relation:

- 1 .
1D = 24,1 ®

Here A, is a material parameter and 1 is the second-order identity tensor.



The total plastic velocity gradient can then be defined by:

N
P XS QX 4 FP L4 E1pP
LP = Y S ®m +FS§AT1.E]'FS (9)
x=1
Since the void growth part of the velocity gradient only deals with volume change, transformation of

the volume part using F? will have no effect and the total plastic velocity gradient will then be:

N
Ir = Z YA sX @ mX + %Anél (10)
x=1
The relation for the total velocity gradient given in (4) can be rearranged to give the velocity gradient
in the intermediate configuration and can then be additively decomposed into the pure elastic stretch,
the rigid body rotation and the plastic deformation as:

L=velwve=ve ve + I* (11)
Spin due to the rigid body rotation, ¢, can then be defined and substituted in (5) as:
L' =0°+R°IPR°"; Q°=R°R°" (12)
The value of L? from (10) can then be substituted into (12) to obtain:

N
- ~ 1 .
I*=Q0°+R° Z yX 5% @ inX R°*" + R® §An€1R"’T (13)
x=1
Again, since the void growth part of the velocity gradient is volumetric, rotation, R¢, will not affect
it. But the rotation of 5% and m# by R¢ will yield:

N
- ~ 1 .
L*:ne+21ﬂf§%®m%+§Anfl (14)

x=1

Here $% and 4 are given by:

§X = ResX, X = inXReT (15)

The total velocity gradient can be decomposed into symmetric, d and skew, w parts given by:
l=d+w (16)
The rate of deformation tensor, d and the spin tensor, w can then be defined using (4) as:
d=sym(Veve ) +ve 'Dve™,  w=skew(Veve ) +veTTwrveTt (1)
Here D* and W* are given by:
D* = sym(CeQ°) + ReDPRe”, W* = skew(C¢Q°) + ReWPRe” (18)

where G¢ = veTye and, in the next equation, C¢ = FeTFe are the elastic right Cauchy-Green tensors,
and D? and WP are defined below:

D? = sym(C°LP) = sym{C°(LY + L)}, WP = skew(C°LY) (19)

It can be seen in (19) that the rate of deformation tensor due to plastic deformation, D?, depends on
both the slip and void growth based plastic deformations, but the spin tensor due to the plastic
deformation, W?, only depends on the deformation due to slip, because void growth does not change
the shape of the lattice.



The definition of L given in (11) along with D = sym(C®L) can be used to get D = V¢" dV¢ in which
the value of d can then be substituted from (17) to get:

D =ve (sym(veve ™) + veTTDve T )ve (20)

This relation can then be reduced with the help of Ee = VeT(VeVe_l)Ve obtaining the following
relation:

- e o~ Y —r (22)
D = E° + D* = E° + R°DPR¢
v .
Here D* is then transformed into D? using R® and E¢ = E° + E¢Q°¢ — Q°E® is the Green-Mclnnis-

Naghdi type rate of E€ based on the elastic spin of lattice, Q¢.

In a similar way, the spin tensor in the intermediate configuration can be evaluated using the total
spin tensor, w and then additively split into the elastic and the plastic part.

W =veTwye = skew(VeTVe) + W (22)
Anisotropic elasticity is used to calculate the 2" Piola-Kirchhoff stress from the elastic strain tensor.
Here C€ is fourth-order stiffness tensor.

§=CeFe (23)

The final relations for the plastic part of the deformation rate, containing both slip based and void
growth parts, along with lattice rotation, can then be found using (10), (18) and (19). Here Z¥ is the
Schmid tensor in the intermediate configuration and is equal to §4 @ m~*.

N
B* = sym(€0) + ) jAsym(TZY) + 3 Ausym(Te),
x=1
N
W' = skew(C0°) + ) 7% skew(T°Z%) )

=1
An assumption of small elastic strains is made because their)r(nagnitude will be negligible compared to
strains associated with plastic flow. The small elastic strains assumption for V¢ was introduced using:

Ve =1+ €, ||ef]l « 1 (25)

The following results can be obtained using the above relations:

ve=¢6, Vel =1-¢€"+0|e|? (26)
An infinitesimal difference will be left between the final state and the unloaded intermediate state.
The following relations can be derived using these assumptions along with the consideration that
higher-order terms, O||€?||? and terms like (m)€e® and €4(m), as compared to (m), will be negligible
[55]:

D~d, W=w, skeW(VeTVe) ~ skew(€¢€e®)

C°~1, E°=~e¢, S=~1
N
_ _ , o1,
D" ~ 2sym(e°Q®) + Z yXsym(ZX) + §An61,
x=1
N
W~ 8+ ) % skew(Z¥) )
x=1



After incorporating the results given in (27), (21) and (22) can then be written as:

vV, ~ v ~ ~
d=¢€°+DP, € =€+ €°Q° - 0°° (28)
w = —skew(é%€€) + Q¢ + WP,  Q° = R°R°”
The elastic constitutive equation given in (23) can then be updated to:
T=C¢¢€° (29)
And the plasticity relations can then be written as:
N
- — T . - 1 .
D? = R°DPR®" = Z yXsym(Z*) + 34né1
x=1
N
WP = REWPReT = Z )‘/Xskew(zx) (30)

x=1
For the case of elastically isotropic and rigid metals, the above porous crystal plasticity formulation
converges to a simpler version which is given in Appendix A.

2.2 Void volume fraction evolution

2.2.1 Nucleation and growth

The void volume fraction f, normalised by the initial value of void volume fraction f,, is treated as a
strain like quantity, ¢ that represents the volumetric plastic deformation of a material point due to
void growth. The void volume fraction evolution is treated in two steps, namely nucleation/growth
followed by coalescence. The nucleation and growth stage, ¢, is found to be a function of the applied
equivalent strain, €eqy the stress triaxiality, X, and the Lode parameter, L among others. This is based
on the experimental findings and the RVE studies discussed in the introduction. Power law functions
are used for these quantities to relate their effect on the evolution of ¢, given by:

foasna(Se) oz . i
_ C A _p ’ ={D, L>0 (31)
1+L

— eq

I  @+L)P 1+x ' %e, 0, L<0

The condition in (31) implies that the effect of the Lode parameter will only be present when its value
is positive and greater than 0, otherwise it will not affect void growth. This feature is based on the
findings of representative volume element studies that showed that void growth slows down at values

of L higher than 0 in contrast to void growth when L is negative [41], [52], [53], [56].

Stress triaxiality is defined as the ratio between the hydrostatic stress, p;, and von Mises stress and is

given by X = —L25—— equivalent strain is defined as €eq = E deve: deve and the Lode parameter
%devr:devr
isgivenby L = _27__ldevy]

2 %devr:devr

The values of material parameters A and C, in (31), are found to be the functions of the phase
boundary inclination angle (pbi) in the case of void growth at the interface of the two phases in dual
phase alloys [7]. They are related to pbi using:

A = Esech(F(pbi) — G) (32)

C = Hsech(I(pbi) — J)
Here £, F, G, H, J and J are material parameters. Their values are found using RVE calculations [6],
[7] and depend on the mechanical behaviour of the two phases and the value of the initial porosity.



Here it should be noted that, for the case of single crystals, the values of <A and C will be constant and
not functions of pbi.

2.2.2 Coalescence

The void growth rate during the coalescence stage is accelerated using two parameters, a; and a,
that control the rate of void growth and the change in the rate of void growth respectively. A similar
formulation has been used by researchers in the past [29], [39], [50]. It results in a relation which is a
function of §4, and its cut-off value, ;. at which the mechanism will shift from void growth to
coalescence, which is given below:

$coal = Egc +a, (ff;z - fgé) (33)
The condition for the choice between &, and ., is based on the accumulated value of §; if the value

is less than & then it will be calculated using the void nucleation and growth relation given in (31)
otherwise, (33) will be used, and therefore:

(34)

. {fg, £ <&
B gcoal: f = fgc
2.3 Updated flow rule
The flow rule used in the formulation of a non-porous crystal plasticity theory by Marin [55] was
updated to incorporate the effects of void growth in porous single crystals. The lattice tends to soften
with the evolution of the void volume fraction because the presence of a void induces a stress
concentration around the void. This softening is added in the existing flow rule as an exponential
function of &, which will reduce the slip system strength as the void volume fraction increases. Here
the coefficient .8, is a material parameter (a similar relation has been used previously [29]) which
regulates this effect of softening. The resulting relation is given as:

VX =7, [L " sign(z*) (35)
Kg( exp(—5:¢§)

2.4 Updated hardening evolution

The hardening evolution law, given in (37), is the same as the one used by Marin [55], but the value
of the critical resolved shear stress (CRSS), K())( was updated to be a function of stress triaxiality and
PBI. The equivalent stress — equivalent strain results obtained from the RVE simulations [7] showed
that yielding starts at a lower stress magnitude in higher stress triaxialities as compared to the uniaxial
case. An exponential function of stress triaxiality is used to model this behaviour (see (36)), with 3, as
a material parameter which is used to scale this effect. This function is made to have no effect in the

uniaxial case where X=1/3.

As discussed elsewhere [7], the mechanical behaviour of a bicrystal of @ and 8 phases of titanium
alloys is significantly different than the homogenised response of the non-porous crystals of ¢ and 8
phases (i.e. the volume averaged stress, given in Appendix B.4). This is because of the fact that the
deformation of one phase in the bicrystal is affected by the other phase. Also, the effect of PBI further
complicates the situation as the response of the bicrystal will then depend on the relative stiffness of
the single crystals of the @ and 8 phases. The value of PBI defines whether the two crystals have their
deformations (1) constrained to be equal to the total deformation (pbi = 90°), (2) are such that the
sum of their deformations in the major loading direction is equal to the total deformation (pbi = 0°),
or (3) such that the behaviour is in between (0° < pbi < 90°). This anisotropy affects void growth and
the equivalent stress — equivalent strain response in a way that cannot be captured by existing crystal
plasticity formulations. In order to capture this effect, a simple linear function of pbi (taken in radians)



is used. A material parameter, 83 normalised by the CRSS of a selected slip system, K())(lref, is used to
scale this effect. The value of Ké( of a prismatic slip system of the a phase is used as K())(lref. The value

of 85 will be zero for the case of single crystals.

The above results in a relation that takes into account these effects and is:

33 (pbi 1
Kl = {Ké( (1 + 3)((p ))} exp (—52 X — 3 ) (36)
KOlref
The evolution law for the hardening of a slip system [55] is given by:
N I
. Kss — K . LylyXI|me
Kf = hy (ﬁ) Z 23 Kss = Ks,s0 [—X (37)
s,S 5,0 =] Yso

where hy, Ko, K50, }'/S)f) and m' are material parameters. The value of K())( will be used during
integration of (2.37).

Details of numerical implementation and the homogenisation scheme are given in Appendix B. Two
levels of homogenisation may be required for a given problem, (a) the response of individual crystals
having different crystal structure in a bicrystal; for example, alternating lamellae of a (HCP) and B
(BCC) phases in a grain of a-B titanium alloy and/or (b) of an aggregate of multiple grains to simulate
the response of a polycrystalline material. For both of them, volume fractions of each of the
phase/grain is required, and for (b) orientations of each grain is required as well. For the purpose of
sections 3 and 4, homogenisation of only type (a) is required and the volume fractions of a (HCP) and
B (BCC) phases are half and half. Other homogenisation schemes which particularly takes into account
the deformation and consequent texture [57], [58] and delamination [59] of lamella type (sub)grains
can also be used to better model their behaviour.

3 Parametric assessment of the model

An extensive parametric assessment is carried out to study the capability of the model. Elastic and
plastic parameters including, those required for the original flow rule, the hardening law, and the
volume fractions of a and 8 phases of the titanium alloy (Ti-10V-2Fe-3Al) are required for this study.
The values of these parameters are extracted from the RVE study [7]. The elastic constants C;1-Cyq4
are in Voigt notation and follows local crystal reference frame. The values of parameters required in
(31) and (32) have already been found by calibrating the void growth model in (31) (with D=0) using
the RVE results [6]. These two sets of parameters are given in Table 1 and Table 2 and the Euler angles
used in this section for the two PBIs are given in Table 3. The value of D is set to 0 because comparison
will be made with the RVE study results for the Lode parameter value of -1.

Table 1: Material parameters for CPFEM of Ti-1023 a-f3 phases

a phase Properties

Elastic Properties Cu Ci Ci3 Cs3 Cus

(GPa) 143.0 94.0 49.3 191.0 18.0

Plastic Properties Yo m hg ’ K{f ‘ Ks0 ‘ Ks 50 Vso m’
(MPa)

Basal 0.01 0.05 10 190 1 100 5x10* | 0.005
Prismatic 0.01 0.05 10 160 1 60 5x10* | 0.005
Pyramidal 0.01 0.05 10 400 1 420 5x10* | 0.005

P phase Properties
Elastic Properties | Cu C Cas




(GPa) 1200 | 1080 | 300 |
Plastic Properties Yo m hg ‘ Ké( ‘ Ks0 ‘ Ks.50 Vso m’
(MPa)
{110}(111) 0.1 0.05 10 150 1 50 5x10%° 0.005
{110}(112) 0.1 0.05 10 170 1 75 5x10° | 0.005
{110}(123) 0.1 0.05 10 200 1 120 5x10%° 0.005

Table 2: Parameters of the model calibrated for f,=0.01, Ti-1023 alloy

B D E F g H J J
1.20 0 5.30 1.20 1.25 7.00 1.80 2.50
Table 3: The Euler angles of @ and [ phases for different phase boundary inclinations tested
No. pbi a-phase B-phase
7 0 b 7 ) ®
1 90° 0° 0° 180° 324.74° 45.00° 180.00°
30° 180° 60° 0° 231.59° 31.40° 073.67°

The detailed procedure followed to obtain the values of parameters given in Table 1 and Table 2 are
found elsewhere [6], [7], [60], and not repeated here for brevity. The method for the identification of
the rest of the parameters, i.e. for the plastic deformation due to void growth and its effect on slip-
based plasticity, are presented next. The parameters Ay, 81, 82, 83, $4c, a1 and a,, used in (8) and
(33) to (36) were tested for their effects on the equivalent stress — equivalent strain response of a
bicrystal with a void, and on the evolution of normalised void volume fraction with applied equivalent
strain. The effect of all these parameters is studied at two levels of applied stress triaxiality, X= 1/3
and 3, and at pbi=90°, except for the parameter .8, whose results are presented at X= 1 and 3. The
effect of the parameter 85 is investigated at pbi=30° and 90°. Performance of the model for different
values of stress triaxialities at two different values of PBIs, and for different values of PBIs at two
different values of stress triaxialities is evaluated in terms of equivalent stress — equivalent strain
response and normalised void volume fraction evolution (Figure 4 and Figure 5). The values of the
parameters at which this study was carried out and the values of stress triaxialities and PBls at which
the performance was assessed are given in Table 4.

Table 4: Parameter and their values chosen for parametric study (* value of the parameter which is used while testing
another parameter)

Parameter Values Tested at
X pbi
A, 0.0 |0.01*|0.02(0.03| 005 | 0.1 |1/3,3 90°
84 0.0 |0.01*|0.02(0.03| 005 | 0.1 |1/3,3 90°
85 00 | 01* | 02| 03] 05 1.0 1,3 90°
83 (MPa) 0 10 20 | 50 1/3,3 | 30°, 90°
1.1 1.11 | 1.12|1.13|1.15*| 1.2 1/3 90°
$gc 7.50* | 7.75 |8.00|8.50| 9.00 | 10.0 3
. 1 10 20 | 30 50 |100* | 1/3 90°
1 1.0 | 20* | 3.0 | 5.0 | 10.0 3
a, 1.0 11 | 1.2 | 1.3 | 15 2.0 |1/3,3 90°
X 1/3 1/2 | 3/4 | 1 2 3 30°, 90°
pbi 0° 30° | 45° | 60° | 75° 90° | 1/3,3
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It was found that the effect of a certain parameter may differ considerably at the two values of stress
triaxiality. For example, the effect of .8, on the results is very prominent for the case of X=3, unlike at
X=1/3. This is because of a very small difference between the results at different values of a given
parameter (except A,) or because of the physics involved at these different stress triaxialities (in the
case of A,,). The effect of individual parameters is discussed in the following.

Figure 2 (a) and (b) shows the effect of the parameter A,, at X=1/3 and 3. It can be inferred that this
parameter does not have a significant effect for either of these two stress triaxiality values, but it is
almost indiscernible in the case of X=1/3. A,, is the scaling factor for the strain like parameter
characterising void growth &, which in turn affects the volumetric part of the stress as per the relation
given in (8). Since € in the case of X=1/3 is very small (Figure 2 (a)), it does not have a strong effect on
the equivalent stress — equivalent strain response. In contrast, a significant effect of A, can be
observed in the case of X=3 (Figure 2 (b)). The effect of A,, on void growth can also be observed at
both stress triaxialities in Figure 2 (a) and (b), and is found to be insignificant, which is a desirable
condition. Figure 2 (c) and (d) show the effect of the parameter 8; at X=1/3 and 3. This parameter
helps to simulate the effect of stress concentrations around the void which results in the softening of
the crystal, by scaling the CRSS of the crystal. This parameter is a multiplier in the exponential function
of ¢ given in (35) which controls the rate of softening with void growth. In the case of X=1/3, the
magnitude of & is small (Figure 2 (c)) and that is why the amount of softening is small. However, for
the same values of 8; in X=3 case (Figure 2 (d)), softening is very high which is due to the higher
magnitude of £. This parameter does not have a significant effect on void growth as can be seen in
Figure 2 (c) and (d), which is a desirable situation.

The effect of the parameter 8, on the equivalent stress — equivalent strain response and void growth
is shown in Figure 2 (e) and (f) at X=1 and 3, respectively. This parameter is a multiplier in an
exponential function of stress triaxiality which scales the CRSS of a crystal with the change in stress
triaxiality as per the relation given in (36). This relation is formulated such that there is no effect in the
case of X=1/3 but the value of CRSS decreases exponentially with the increase in stress triaxiality and
3, scales the decrease. The reduction in the value of CRSS is smaller for X=1, but a large reduction
was observed for X=3 for the same values of 8,. The parameter 83, having dimension of stress, was
introduced to account for the change in strength of a bicrystal with a change in pbi which was
observed during the RVE study [7]. Its effects on equivalent stress — equivalent strain and void growth
are shown in Figure 2 (g) and (h) for pbi=30° and 90°, respectively at X=1/3 and 3. The parameter 85
is a multiplier of pbi with which the value of CRSS is scaled linearly as pbi increases from 0° to 90°,
(refer to (36)). It can be inferred from Figure 2 (g) and (h) that the value of CRSS increased with an
increase in the value of .85 at both values of stress triaxiality, and this increase is higher in the case of
pbi=90°. This parameter has no effect on void growth, which is a desirable situation.
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Figure 2: Effect of parameter (a) A,, at X=1/3 and (b) X=3, (c) 8, at X=1/3 and (d) X=3, (e) s, at X=1 and (f) X=3, and (g)
83 at pbi=30° and (h) pbi=90° on void growth and equivalent stress — equivalent strain response

The effect of void coalescence parameters on equivalent stress — equivalent strain and evolution of
normalised void volume fraction is shown in Figure 3 (a) to (f) at X=1/3 and 3. The parameter ¢4 is
the value of € at which the mechanism of void volume fraction evolution shifts from simple growth to
coalescence. Void coalescence is modelled as an accelerated void growth in this formulation. This can
be observed in Figure 3 (a) and (b) where there is a sudden increase in void growth at different values
of § as ¢4 was changed. This switch from void growth to void coalescence accelerated the softening
at the corresponding value of equivalent strain. The softening is more pronounced in the case of X=3
because the magnitudes of ¢ are large and after the onset of coalescence, they become even larger.
The function of parameters a; and a, is to accelerate the void growth to simulate void coalescence.
Their effects on normalised void volume fraction evolution and equivalent stress — equivalent strain
response are shown in Figure 3 (c-d) and (e-f) at X=1/3 and 3. Apparently, their effects seem to be
similar but, in combination, they are used to control the rate of change of normalised void volume
fraction evolution. The parameter a, simply scales the void coalescence rate, but careful use of
suitable values of a, can control the shape of the void volume fraction evolution curve.
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The performance of the model at various values of stress triaxiality and for pbi=30° and 90° was
investigated and the results are shown in Figure 4 (a) and (b), respectively. It can be seen that void
growth has increased with the increase in stress triaxiality for both PBIs. This increase is higher at
pbi=30° as compared to phi=90°, in agreement with the results of the RVE study [7]. Also, it can be
seen in the equivalent stress — equivalent strain response that the case with pbi=30° has higher yield
stresses at all stress triaxialities than the pbi=90° case, because the strengths of the bicrystal are
different in these two orientations.

Figure 5 (a) and (b) shows the performance of the model at different PBls at X=1/3 and 3, respectively.
It can be seen that the yield stresses are changing with variation in PBI; this is due to the fact that (i)
CRSS depends on the crystal orientation, and in order to change the PBI, the bicrystal was rotated
which changes their crystal orientation; and (ii) the CRSS was made a function of PBI to simulate the
results obtained from RVE study [7]. The void growth in the cases of X=1/3 and 3 follows the trends
seen in the RVE study [7].
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Figure 4: Effect of applied stress triaxiality (X) on void growth and equivalent stress — equivalent strain response at (a)
pbi=30° and (b) pbi=90°. Results are shown using markers of X=1/3 (+), 1/2 (x), 3/4 (*), 1 (o), 2 (e) and 3 (o)
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4 Model verification and validation

To demonstrate model performance, validation and verification, results from the RVE study of void
growth in a bicrystal of a a-f titanium alloy (Ti-1023) [7] are compared with those for the model
presented above. Calculations are carried out at a single integration point under the stress states at
which the RVEs were tested [7] and using the proposed model. Details of boundary conditions for
these stress states can be found in earlier work [7]. Sets of material parameters required for this study
include those for non-porous single crystal plasticity, void nucleation and growth. The values of the
first set of material parameters (for nonporous crystal plasticity) are kept the same as used for the
RVE simulation of the bicrystal of a-f phases of Ti-1023 titanium alloy [6], [7] and are given in Table 1
and Table 2. The values of material parameters required for void nucleation, growth and coalescence
were calibrated using the results of the RVE study [7] through an inverse modelling approach and are
given in Table 5. The volume fraction of phases is kept at 0.5 for each of the phases. A comparison is
made for 4 pbi angles and the crystal orientations of each of the two phases of these 4 pbi are given
in terms of Euler angles in Table 6.

Table 5: Parameters for the porous plasticity model calibrated via the results of the RVE study of Ti-1023 alloy [7]

An 81 82 33 (MPa) fgc a a
0.02 0.018 0.16 70 2.4 10 1.1
Table 6: The Euler angles of @ and [ phases for different phase boundary inclinations tested
No. pbi a-phase B-phase
p 0 ) p 0 )
1 90° 0° 0° 180° 324.74° 45.00° 180.00°
2 60° 180° 30° 0° 289.73° 25.70° 138.27°
3 30° 180° 60° 0° 231.59° 31.40° 073.67°
4 0° 180° 90° 0° 210.00° 54.74° 045.00°

The comparison is made on the basis of the equivalent stress — equivalent strain response for each of
the 4 pbi angles at X=1, 2 and 3, which are given in Figure 6 (a-d). It can be seen that the model
predictions are in good agreement with the RVE response.

(@12 100 ¢ (b) 12 100 ¢
o o
= ]

s ! e £ e E

8 0.8 ] E 8 0.8 ] E

Z 60 3 & 60 3

€ 06 1 > = 06 >

5 he) S o

© | 1 40 S © 1 40 9

% 04 1 3 % 0.4 1 B

i \ 120 = ] 120 3

0.2 1 g 0.2 ¢ 1 g
0i ‘ ‘ ‘ 0 z o : : : 0 2
0 02 04 06 08 0 02 04 06 0.8
Equivalent Strain Equivalent Strain

(d)

16



(c) 12 : : : 100 ¢ 1.2 : : : 100 ¢
Qo o
1 ] g g
S 1 80 0 s 80 0
E 0.8 1 g 5 9:2
- 160 2 £ 60 =2
(%)) o ) o
= 06 ] > z >
5 T S o
2 140 2 © 140 8
Z 04 . 2 2 1 3
= | g | |3 ‘; g
02 | ] 20 E 0.2 ‘L ] 20 E
0 i ‘ ‘ ‘ 0 z 0 i : : : 0 2

0 02 04 06 038 0 02 04 06 038

Equivalent Strain Equivalent Strain

Figure 6: A comparison of the equivalent stress — equivalent strain responses of the RVE study and the prediction of the
developed model in (a) PBI 1, (b) PBI 2, (c) PBI 3, and (d) PBI 4. Results from RVE are plotted with open markers for X=1 (+),
2 (x) and 3 (*) and corresponding results from model are in same colour with closed bullets, readers should refer the online

version for correct colours.

5 Application of the constitutive model

To demonstrate model application and capability the constitutive model is assessed for a real example
of sheet metal forming. In metal forming applications, the forming limit diagram/forming limit curve
(FLC) is used for designing the process. Plasticity models are calibrated from data obtained from the
FLC and then these models are used to develop and optimise the manufacturing process on a case-by-
case basis.

Most of these models are at the macroscale and they are unable to provide insight into
micromechanical aspects of the forming process. There has been a limited effort in the past to get
insight into the micromechanics of ductile failure (for details see references [61], [62] and references
therein). Viatkina et al. [61] used strain localisation as the criterion for failure in the polycrystalline
aggregate and the response of each of the single crystals in the aggregate was solved using the CPFEM
method. Gupta et al. [62] used the Marciniak-Kuczynski (M-K) model at the macroscopic scale of the
polycrystalline aggregate to simulate sheet-necking along with the CPFEM formulation for the non-
porous single crystals. The constitutive model presented here tries to overcome this shortcoming by
extending the current crystal plasticity finite element method to incorporate the effects of crystal
anisotropy and the phase boundary orientation in the context of porous crystal plasticity.

In order to show the model capability, the FLC results for a Ti-6Al-4V titanium alloy with a mill-
annealed structure are used [63]. A small amount of [ phase (6.14%) was present in the
microstructure within a large quantity of a phase (93.86%) [63]. It can be seen in the tensile stress —
strain response, shown in Figure 7 that the material underwent considerable plastic deformation, and
necking was also reported before failure [63]. Void nucleation, growth and coalescence was reported
as the failure mechanism in this alloy [4]. It was also reported that voids nucleated on a — 8 phase
boundaries [5]. Hence, our formulation of void growth on the interface of the @ — 8 phases is
applicable for this case. The values of material parameters for the void nucleation and growth model
are assumed to be same as given in Table 2. For the rest of the parameters, an inverse modelling
approach, based on published results [63], was used to calibrate our model.

5.1 Parameter identification for Ti-6Al-4V alloy
Uniaxial tensile test results [63] were used first to calibrate the material parameters required for the
flow and hardening laws. This test was carried out at room temperature, at a test speed of 2mm/min,
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and for specimens cut at 0° to the rolling direction. It was reported that the microstructure had 94%
by volume of a phase and 6% of § phase. It was assumed that microstructure is composed of randomly
oriented grains of same size and each of the grain has this same phase volume fractions. An inverse
modelling approach, details of which can be found in [7], was used to identify the values of material
parameters for use in the constitutive model presented in this work and are given in Table 7. A
comparison between the stress-strain response from the experiment and that due to our constitutive

model is given in Figure 7.

Table 7: The material parameters for a-f3 phases of Ti-6Al-4V for the constitutive model

a phase Properties, v,=0.94

Elastic Properties | C11 C12 C13 C33 Ca4

(GPa) 143.0 94.0 49.3 191.0 18.0

Plastic Properties Yo m ho ‘ Kl ‘ Ks0 ‘ Ks,50 ¥s0 m’
(MPa)

Basal 0.01 0.05 10 190 1 100 5x10° | 0.005
Prismatic 0.01 0.05 10 160 1 60 5x10* | 0.005
Pyramidal 0.01 0.05 10 400 1 420 5x10* | 0.005

P phase Properties, v,=0.06
Elastic Properties | C11 C12 Ca4
(GPa) 120.0 108.0 30.0
Plastic Properties Yo m ho ‘ rcé( ‘ Ks0 ‘ Ks 50 Vso m'
(MPa)
{110K111) 0.1 0.05 10 150 1 50 5x10% | 0.005
{110K112) 0.1 0.05 10 170 1 75 5x10* | 0.005
{110}123) 0.1 0.05 10 200 1 120 5x10% | 0.005
Void growth model parameters (for & and  phases)
B D £ F [ H J J
1.20 0 5.30 1.20 1.25 7.00 1.80 2.50
Porous plasticity parameters (for @ and f phases)
Ay 41 82 33 (MPa) Sge a a2 Scrit
0.02 0.018 0.16 70 0.16 10 1.1 0.65
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Figure 7: Comparison of the constitutive model prediction with experimental results [63]. Predicted void growth is also
shown.

5.2 Forming limit curve simulations

The constitutive model presented in this work was calibrated using FLC results reported in the
literature [63]. To replicate the FLC test, a single 3D cubic element is modelled utilising the material
behaviour discussed in the previous sections. Three mutually perpendicular faces are constrained to
remain stationary in the directions normal to those faces. Two opposite faces are assigned
displacements normal to the faces such that:

€, =Né€q (38)

Here €; and €, are the major and minor principal strains, respectively and n, no greater then unity, is
a proportionality factor. The remaining face of the cube is left unconstrained and free of traction,
representing the through-thickness behaviour of the thin sheet. The factor n in equation (38) is also
the slope of a line drawn from the origin to a point on an experimental FLC curve. The value of n is set
to be between -0.3 and 1.0 with the extremes representing uniaxial (-0.3) and biaxial (1.0) tension.
Results are obtained at incremental values of n equal to 0.1 in between these extremes. The values of
€, and €, at which the &, is achieved are then recorded to characterise the strain state at failure,
and the resulting value of major strain is plotted in Figure 8 against the value of minor strain.

It has been reported in the literature that as the Lode parameter value is increased from 0 to 1 (right
hand side of FLC) at higher values of stress triaxialities, void coalescence is delayed and failure is
delayed to an even greater extent [41], [52], [53], [56]. To account for this effect of non-proportional
straining of material points, a phenomenological relation for ¢, is proposed. In this relation, for Ly,
greater than 0, the value of § ;. is replaced by {éc, where {éc is a function of the macroscopic value of
the Lode parameter, L), and is given by:

ff;c = g18gc eXp(g’Z(LM - 0-45)),

Here g, and g, are the material parameters which are to be calibrated with the experimental FLC
results. The parameter &.,;; is needed in this application as the value of ¢ at which a material fails,
and the element is deleted. The values of material parameters used in the void growth and
coalescence part of the constitutive model were then found iteratively by an inverse modelling
approach until the model predictions are in agreement with experimental FLC results from the

Ly >0 (39)
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literature, and are given in Table 8. Comparison of the two FLCs is given in Figure 8 which shows good
agreement between the experimental FLC and the model prediction.

Table 8: Void growth and coalescence parameters for the constitutive model calibrated from FLC results from Ti-6Al-4V

Void growth model parameters (for a and 8 phases)

B D E F g H J J
1.20 5.00 5.00 1.20 1.25 1.00 1.80 2.50
Porous plasticity parameters (for @ and 8 phases)
An 81 82 33 (MPa) Sgc 21 %2 $crit
4.5x107 0.05 0.16 70.00 0.6 0.70 2.50 0.601
0.20
. @ Model Prediction
® - m Experimental
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Figure 8: The comparison of the constitutive model prediction and the experimental FLC curve of Ti-6Al-4V [63]

6 Conclusion

A new constitutive model based on a crystal plasticity formulation is presented for dual phase titanium
alloys which captures all stages of deformation, i.e. elasticity, plasticity, and ductile failure, under
different loading conditions. The results of a CPFEM RVE study of void growth on the interface
between the a and 8 phases of a titanium alloy (Ti-10V-2Fe-3Al) reported recently are used to develop
a void nucleation, growth and coalescence model. This model takes into account the effects of
deformation state (equivalent strain), stress triaxiality, the Lode parameter and phase boundary
inclination (PBI) on void growth. The proposed model is then incorporated in the classical CPFEM
formulation to extend its capability to cater for void nucleation, growth and coalescence. The resulting
dual phase crystal plasticity model is then implemented as a user-subroutine in a commercially
available finite element solver. An extensive parametric study has been carried out to explore the
effects of material parameters used in the formulation. The performance of the model for various
stress triaxialities and PBls is also presented. The verification of the model is carried out by comparing
the results of the RVE study of void growth at the interface of the @ and 8 phases of a titanium alloy
and the model predictions, which showed good agreement. Application of the model is then
demonstrated by simulating the experimental forming limit curve (FLC) for an a — 8 titanium alloy.
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The constitutive model calibrated to an a — f titanium alloy can be utilised for the design and
optimisation of metal forming processes for dual phase titanium and similar alloys.
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Appendices

A. A crystal plasticity model with void growth in metallic single
crystals that are almost elastically isotropic, have infinitesimal

elastic strain and remain isotropic during void growth
The contribution of slip to the rate of deformation is given by:

N
ot = ragmezo
X=1 (A'l)
where ZX = sX @ m?, is the Schmid tensor. And the void growth contribution is:
1 .
D _
Dv - §An€1 (A-Z)
The total rate of deformation is given by:
1
d= E(l +17)

(A-3)
Here I = FF1, is the total velocity gradient. The total rate of deformation is the sum of slip and void
growth contributions plus an elastic part, which in terms of the Green-Mclnnis-Naghdi type of small

v
elastic strain rate, €€, is given by:
N

v 1 .
d=DY + D} +¢€° = Z yXsym(ZX) + §An€1 + €° + €°w — we®
x=1 (A'4)
where w is the spin tensor given by:
1
—Z(_T
w = 2 (l l ) (A-5)
The dilatational rate is given by:
v .
dkk = tr(d) =tr (Ge) + Anf (A_G)
so that the plastic part is
db, = tr(DP) = A, ¢ (A-7)

A.1 Elasticity

Elasticity is modelled as isotropic. Since elastic strain is infinitesimal and the elasticity is isotropic, we
can write the elasticity relation as:

v v

o= M:e® (A-8)
v

where @ is Cauchy stress, g is the Green-Mclnnis-Naghdi rate of change of Cauchy stress, given by:

% .
0=6+wo—ow (A-9)
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and the isotropic elasticity tensor is MI, which can be a function of the normalised void volume fraction,

3

Therefore, the constitutive law can be written as:

N
1,
M:d = Z yX(M:sym(Z0)) + = A, E(M: 1) + 6 + wo — ow
3
= (A-10)
or

N
6=M:|d - Z yXsym(ZX) — %Anél —wo + ow
=1 (A-11)
A.2 Update of the slip system rotation
In order to simplify the update of slip system rotation, a case where the shear and bulk moduli are
infinite is assumed so that the elastic strain is zero. In that case

FP =F (A-12)
and

F=1IF = (d+w)F= (D} + D) +w)F (A-13)
allowing integration of F with respect to time.

This can also be addressed for the case when there is elastic strain with finite shear and bulk moduli.
The total deformation gradient can be multiplicatively decomposed into elastic and plastic parts:

F = F°FF (A-14)
The elastic part can be written as:

Fé =1+ € — w® (A-15)
where €€ is symmetric and w€ is skew, and contain terms that are all small in magnitude compared to
unity.

Therefore to 1st order:

F =F?P (A-16)
a result already given in (A-12). The result from integrating (A-13) will differ from an exact result only
by 2nd order terms.

Thus (A-13) can be written as:

F? = (D? + DY + w)F? (A-17)
which we can use to integrate FP with respect to time.

The final step, once FP? is calculated, is to use polar decomposition to obtain the plastic rotation.

B. Numerical Implementation

B.1Anisotropic elasticity
The Kirchhoff stress given in (29) was split into deviatoric, devt and volumetric parts, p;, which in
return relate to the deviatoric and volumetric parts of elastic strains, deve® and €j, respectively,
using the following relations:

devt = C¢:deve® + H®eg),

P = He": deve® + Meeg, (B-1)
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Here €%, H® and M€ are the deviatoric fourth-order elastic tensor, deviatoric-isochoric elastic-
coupling second-order tensor and elastic volumetric coefficient respectively, and are evaluated using:
=P, Ce:P He=lp'@e'1 Me=11'@e'1

ar& i lPg, grath g 1:C% (5.2)

Here P, =1 —%1 ® 1 and 1 is second-order identity tensor. Components of H¢ for crystals with

cubic symmetry are zero but have finite values for other crystal symmetries.

B.2 Constitutive integration scheme
Relations given in (28), (29) and (30) are a set of coupled first order ordinary differential equations in
the variables (t, ¢, R®, K;() which are to be solved. First, the evolution equations of the deformation
are discretised in time and then numerically integrated to get the results for each time step. The
current time is represented as t,, and the integration is carried out to get the results at time ¢,,,.1, and
are related as t,,1 = t,, + At. The values of quantities at time t,, and t,,1 are represented with
subscripts n and n + 1, respectively. The following are needed for the integration to proceed:

i Updated value of the deformation at t,, 4 in the formof 1, ; ord, .1 and w,, ;4

ii. The values of T,, RS, Kﬁfn and &,

iii. Time-independent values of slip system unit vectors (sff, mff) in the sample coordinate
system, the initial orientation of the crystal in terms of its Euler angles from which the
rotation matrix, C, can be calculated, the elasticity tensor in the sample coordinate
system C§ and the plasticity parameters required to solve the flow rule, hardening
evolution, and void growth and coalescence.

Updated of values of (T,41, &ns1, RE 41, KX 1) can then be calculated using the integration of the

sn+
relevant set of equations.

The numerical integration scheme used in this work is as follows. The kinematic equation given in (28)
can be written as:

v d
_ pe eT € RE el _ 7_pr
€ =R [at(R R )]R =d-D 5.3)
This can be integrated using the backward Euler scheme as:
Re+16n+1Rn+1 = ReTEnRe + A1:R€+1(dn+1 n+1)Rn+1 (B-4)

or

— T DP
€541 = R, 1Ry € RGRYL, + At(dyyy — D7)
AR€ AReT (B-5)
where AR¢ is the incremental elastic rotation tensor. The plastic strain rate, given in (30), can then be
updated using:

_ _ 1
D2+1 = R$L+1Dn+1Rn+1 = R}, ;1Sym Z Y‘ri(+1 s @ mX Re+1 +3 Anfn+11
x=1

N

1
Z yri(+1 Sym( n+1CO So ® Rn+1CO mo) += Anfn+11
x=1

N
Z Vn+1 Sym(sn+1 ® mn+1) +3 An€n+11
x=1 (B-6)

Cn+1 Cn+1
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The updated value of R?_ ; is calculated using the exponential map [64], utilizing (28) and (30), and
can be written as:

N
Riy = exp(AeBi )RS, Biy = Wps = ) 75y skew(s),, ® Ml,,)
X:l (B—7)
In (B-6) and (B-7), the value of )'/Tiﬁrl is calculated using the flow rule given in (35). Updated slip system

vectors (sn+1, n+1) are evaluated using §% Cn+1s0 and mn+1 Cn+1mg, where C,,;1 =

n+1
R¢ ., C, is the updated rotation tensor. The value of &1 is calculated using (31) - (34), depending on
the value of &,. The value of pbi,, 4 in (32) is also updated using R, ;. The symmetric and skew parts

of the Schmid tensor in the current configuration and at time t,,,; are represented as:

BX <X = X <X = X
Pn+1 - Syrn(sn+1 ® mn+1)' Qn+1 - SkeW(Sn+1 ® mn+1) (B-8)
The elasticity tensors can be rotated to the current configuration using:

Crr1 = (Cry1 ® Cpy1): C§: (Cryy @ €))7, 1 = Cn H§Chpy (B-9)
The elastic strains at time t,,, 1 can then be written using (B-6), as:
S 1
€nv1 = Eny1 + Atdy, g — At Z yr)l(+1 ne1 — At Anfn+11 €11 = AR€; AR®T
4 x=1 (B-10)

and can thereafter be expressed in deviatoric and volumetric parts as:

e e — cex :
deven+1 dev6n+1 — At Z Vn+1 n+1' €kkn+1 = €kkn+1 A1:An‘>;n+1
(B-11)
where deve;’; and €g, 4 are elastic predlctor deviatoric and volumetric strains respectively, given

by:

deve?’; = AR®deveSAR®T + Atdevd,, 4, €kkn+1 = €rkn T Atdygns1 (B-12)
Here dyy n+1 = tr(d,+1) is the volumetric part of the rate of deformation tensor. The relations given
in (B-11) and (B-12) can then be used in (B-1) and rearranged to get the values at time t,,1:

(Cd n+1- dev":n+1 - deVEn+1 + (Cd n+1- Hn+1€kk n+1

Mrel+1p1'n+1 = Mn+1(Hn+1 deVen+1) + Ekk n+1 (B-13)
to obtain:

X
Cnar:devey,y = devery, — At Z Var1 Prvs T Cmvn Hop1€ansa
x=1
1
M§+1p‘rn+1 = Mrel+1(H +1- d8V6n+1) + Ekk n+1 = Anénta (B-14)
The backward Euler scheme is used to calculate K;(n_'_l at time t,, 4 using (37) and is written as:

K
X _ X s,Sn+1 sn+1
Ks,n+1 - Ks,n + AthO ( |yn+1

KsSn+1

(B-15)
The relations in (B-7), (B-14) (a-b) and (B-15) make a set of coupled algebra|c equations to be solved

to obtain the values of (devrnﬂ,prlnﬂ, R .4, KX ) The residuals can then be written using these

STl+1
equations, as:
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—_ D e X
Ri=Rs (dEVTn+1'PT n+1'Rn+1'Ks n+1)

= @ 1:devt, , —dever’; + At z Vn+1 1)5+1

x=1
(Cdn+1 Hn+16kkn+1 =0 (B-16)
R, = ﬁz (devrn+1vpr,n+1v R7 .1, Ks,n+1)
= Pr,n+1M§H - Eliltc,nﬂ + Apénsr — n+1(H +1° deven+1) =0 (817

— D e X
R3 =R3 (devrn+11prn+1'Rn+1'Ks n+1)

=R741 —exp |At| Wy — z Vn+1 Qn+1 R7, =0
x=1 (B-18)

— D e X
Rz} - Rz} (devrn+1' pr,n+1: Rn+1' Ks,n+1)

X X Kssnt1 ~ Kons1 .y
=Kgne1r —Ksn — Athy K —x Z |Vn+1 |=0
s,Sn+1 s,0 Y=1 (B-19)

A two-level staggered iterative scheme used in the formulation of Marin [55], who based his on the
work of others [65], [66], is used in this work. In this scheme, the N-R method is used to solve the set
of equations given in (B-16) and (B-17) for the residuals, in order to get the values of devt,,,; and
Prn+1 Starting from the best estimates of (RS, 1, k%, .1 ). A linearisation of the residual given in (B-16)
with respect to devt, gives rise to a set of algebraic equations which can be solved iteratively to get
A(devt,,, 1) at a given time step using:

My
Co il + Atz LY Q@ PY,, |:A(devr,, )

n+1

—deve?,; + devel,, — At Z Vi, PE,
x= 1 (B-20)
Here the relation given in (B-13) (a) is used to obtain deveg ; = €&, 1: (devt, 4y — HS 1€fkni1)-
Based on the value of deveg,, ; just obtained, the N-R method is used to solve for the residual given in

(B-17) iteratively for each time step to get Ap; 41, using:

0$n+1

vre—1 — e ex
Mn+1 + Prn+1 = —€kin+1 + €kkn+1 — Anfn+1
ap‘r,n+1 (B-21)

where the relation given in (B-13) (b) is used to obtain €fy n1q = ME11(Prnsr — HEL: devel ).
After getting the values of devt,; and p; 41, a second-level of the N-R scheme is used to calculate:

i. the value of Ks n+1 Using (B-19) while keeping the values of (devt, 4, R}, 1) constant
ii. and R? . using (B-18).

Details about the second-level of the iterative scheme can be found in the literature [65].
The value of Cauchy stress can then be calculated using:

Ons1 = det(1 + €541) Tny1, Tt = deVTyyg + Prnsal (B-22)
by combining the deviatoric and volumetric parts of Kirchhoff stress. Also, the value of the total
elastic strain is calculated for the time t,,,.1 using:

e — e e
€n+1 = devey,q + §Ekk,n+11 (B-23)
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B.3 Consistent elastoplastic tangent moduli

The finite element method we used takes advantage of the material tangent moduli for convergence
while solving for equilibrium using an implicit scheme. An effort is made to find approximate tangent
moduli using the constitutive equations. Since the derivation does not consider linearisation of the
rotation tensor, RS, ;, elastic Jacobian, /5., = det(1 + €_,) and the hardness, Kgfnﬂ, it is termed
an approximate modulus instead of an exact one.

The elastoplastic tangent moduli can then be defined as:

c? = idan+1 — 1 d"--n+1
i At ddn+1 ./‘S,+1At ddn+1

= dTpy1 = Jr41Cpny  ddpyq At
ep
Crn+1 (B-24)

P , are elastoplastic tangent moduli in terms of Cauchy stress, ,,,; which can be transformed

Herec,,
into Kirchhoff stress, T,,41 USINg Tpy1 = J5110n+1 and c?im are the elastoplastic tangent moduli in
terms of Kirchhoff stress.

The decomposition of ,,, 1 into deviatoric and volumetric parts is given by:

Tn+1 = deVThyg + Prpial (B-25)
Then using (B-1), constitutive equations can be written in time ¢t,,,1:

— (e . e e e
dev":n+1 - (Cd n+1- dev6n+1 + Hn+1ekk n+1

Prn+1 = H;, :deves,,, + Mn+16kk n+1 (B-26)
Here the elastic strain is used in the form of deviatoric and volumetric parts, which are given by:

deve®,, = devé®,, + Atdevd,,,; — At Z VX, PE,
x=1
€kkn+1 = Ekintr T Atdinis — Andnia (8-27)
where €7y 11 = €kxn, Since it is a scalar quantity and is not affected by rotation. A linearisation of

T,41 in (B-25) leads to:

dTp4q = ddevryq +dpy, n+11 (B-28)
Since our approximation is that R%,, is constant, values of €54, H%,,, M&71 and Pf, | will be
treated as constants as well. Now devt,;; and p; 41 in (B-26), can be linearised using:

(Cd ni1:ddevry,, =ddeven,, + (Cd n+1- Hn+1d6kk n+1 (B-29)
where d deve?, ; can be written, using (B-27) (a) as:

9y
ddeve,, = AtP:dd,,,, ZAt Fars (PX,, ® P%,,):d devr,,,
T

n+1
Sn+1 (B-30)
Similarly, the volumetric part can be written as:
n+1dp‘rn+1 n+1(H +1* :d deV6n+1) + dekk n+1 (B-31)
Using (B-27) (b):
0$n+1
delik,n+1 = Atl:ddpq — Ay m dprn+1 (8-32)

The values of d devey, ;4 and degy, ,+1 can then be substituted in (B-29) from (B-30) and (B-32), to get:
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Cq; Liddevt,y,
- Aﬂp)d ddn+1 n+1 :d deV"--n+1

- 0¢ns1
+ (Cd n+1- H$1+1 (Atl: dd, 1 — Ap = dp‘r,n+1

OPrn+1 (B-33)

and in (B-31), getting:
My dpenes = My i {H S (AtPg: ddyy g — Spyq:d deveng )} + Atliddy, g

0$n+1
— A, —d
" ap‘r,n+1 Pron+1 (B-34)
The relations given in (B-33) and (B-34) can then be rearranged and written as a system of equations

which can be solved for d devt,,; and dp; 41 in terms of dd,,,At. Their coefficients (not strictly
scalar, can be tensors) G4, G,, Gz, G4, G5 and G4 are described here as:

0&n41
(Cd n+1 T Sn+1) ddevt,,, + (Cd n+1+ 7e1+1 <A L) dprn+1

n
d
G, . p‘r,n+1
2
= Py + € Hy ® 1) :ddp 1At
Gs
Mie-1ger . ire—1 0¢n+1
n+14in+1- Sn+1 :d deVTn+1 + Mn+1 + Anap— dp‘r,n+1
c, _ T+l
5
= (M7 1H 1 Py + 1) :ddp 41 At
Gg (B-35)

or,

Gy:ddevtyyq + Gy dpr g1 = Giidd, (At

G,:ddevty g + G5 dprpr = Geiddpq At (B-36)
Here G, and Gg are fourth-order tensors, G, G4 and G4 are second-order tensors, and G5 is a scalar.
The relation in (B-36) can then be solved for the values of d devt,,; and dp; 4+, obtaining:
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Gs Gs
d devrn+1 = . —(c. — G, R G, 1 G G, R G, ddn+1At
1 ® 6 1 GS 3 GS
Gs
Canaa
-1
orfo529) (o5
dprn+1 = : . rddp1At
) GS
ﬁs§1+1 (B-37)

Here special consideration must be observed while solving (B-36), since it involves fourth-order
tensors, second-order tensors and scalar values, and appropriate multiplication operations are used
to get the results to consistent order. The full-form of the result is not given here for brevity, but can
simply be found by substituting the values of G4, G,, Gs, G4, G5 and G¢ from (B-35) in (B-37).

The values of d devt,,,; and dp; 44 in (B-37) can then be substituted in (B-28) in terms of @Zlf’nﬂ and

e

vn+1
elastoplastic consistent material moduli, respectively.

which are the fourth-order deviatoric and second-order deviatoric-isochoric coupling

sy = (€70, + 1@ A, ) ddy At

Conea (B-38)
Here @iiﬂ is the required elastoplastic consistent tangent modulus in terms of Kirchhoff stress which

can then be transformed back in terms of Cauchy stress using:

~ep _ je—1r€p _ je—-1(r€p ger
(Cn+1 - n+1(c‘r,n+1 - ]n+1((cd,n+1 +1Q® Hv,n+1 (B-39)

For the case where the deviatoric and volumetric parts of deformation are not coupled, i.e. cubic
crystal symmetry, consistent elastoplastic tangent moduli are simply given by:

-1
€y = Jir(Conka +Snan) Py + 573 (Mﬁ:} + Ay aaf"“ ) 1Q1
Tn+1 (B-40)

B.4 Homogenisation scheme

The homogenised response of multiple single crystals (grains) at a given material point may sometimes
be required to simulate the behaviour of polycrystalline material. This can be achieved using a mean
field hypothesis of the partitioning rule. It is required to relate the microscopic quantities discussed in
the formulation, (d,w, @), with their macroscopic counterparts (D, Wy, Z31). An extended Taylor
hypothesis by Asaro and Needleman [67] is used in this work, which is:

Dy=d, Wy=w, Zy=(0) (8-41)
Here (m) represents volume averaging of a quantity over all the individual single crystals in an
aggregate.

Two levels of homogenisation may be required in this model:

i the homogenised response of individual crystals having different crystal structure in
a bicrystal; for example, alternating lamellae of @ (HCP) and 5 (BCC) phases in a grain
of a-f titanium alloy

ii. and/or the homogenised response of an aggregate of multiple grains to simulate the
response of a polycrystalline material.
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Any one, both or none of the above homogenisations may be required for a certain problem. For the
case of simulating void growth in a bicrystal composed of single crystals having different crystal
structures, volume fractions of each of the crystal type present in bicrystal, v; and v,, will be required.
This is in addition to all the data already mentioned in the formulation, which will now be required for
both the crystal types. After getting the values of ¢,,,; and Cffil for each of the crystals, marked as
(m); and (m),, using (B-22) and (B-39), the homogenised response, marked as (m); was calculated

using:

(On+)1 = V1(0n11)1 T V2(0n41)2 (Cffu T vl(@fﬁlh + UZ(@ffl-l)z (B-42)

The macroscopic value of &, the non-dimensional strain like parameter representative of normalised
void volume fraction is represented as &y, of a bicrystal is calculated using:

$m = V181 + 128, (B-43)
where &; and &, are the values of ¢ for each of the two phases of the bicrystal. The condition for

switching from simple void growth to void coalescence given in (34) will then be based on the value
of &y. It implies that if the normalised void volume fraction of a bicrystal reaches a threshold value,
coalescence will start in both phases. The second type of homogenisation can be carried out in the
same way.

B.5 Flow chart

The formulation presented above is implemented in ABAQUS as a user material subroutine, UMAT
[68]. Also, the stress state of the integration point for constant stress triaxiality is controlled using
multi-point constraint user subroutine (MPC), with details given in [7]. A summary of the implemented
model is given in Table B-1.

Table B-1: Flow chart of model implementation

1. Following quantities are given at the start of the time increment:
dn+1: Wyt (devefl, Elik,w R?u Kgn): ((Cgo' 8' Mg)' Co,Zé( = Sé( ® m())(
2. Following are estimated at the start of iteration:
viscoplastic solution — devt, 4, only for the first-time increment
for later time increments — devt, ., = devo,
for first time increment = p; 11 = M§Atdgg n41
for later time increment— p; 11 = Pry
forward Euler approx. = k¥, .,
exponential map with ¢ —» R¢,,
3. lterations are carried out in a two-level scheme for computations of (devtn“,pr,nﬂ,
Rfl"'l’ K§n+1):
a. Computation of Cp,1,ARS , ;:
Cni1 = R34 Co, AR7 ., = Ry 1Ry,
b. Rotation of (C4o, HE, Z8) to (Cpyq, HE 1, ZF 1)
~S,n+1 = (Cn+1 ® Cn+1): (CZO: (Cn+1 ® Cn+1)T
Hj, = Co HC Ly, Zﬁﬂ = Cn+1Z§C£+1
c. Computation of deviatoric elastic strains deve’, ;, deves , ,:
deve®,, = AR?,deve’?ARCL | + Atdevd,,,,
deven,; = sz,_nlﬂ: (devrn+1 - H%+1€l€k,n+1)
d. Computation of volumetric elastic strains €y 41, Efrn+1:
Elil*c,n+1 = Elik,n + At tr'(dn+1)
Elik,n+1 = Mg_l(pr,n+1 - H%H: dEV€$L+1)
e. 1°level — Computation for a new estimate of devt,,,q:
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N-R method to solve equation — devt, ;1

N-R method to solve the equation = p; ;41

X
sn+

N-R method to solve the equation — Kgn_'_l
Exponential map, equation = R5 , 4
g. Checking for convergence of the iterative scheme:
Whether the difference in values of devt, .1, p; 41 and Kﬁfnﬂ are within
tolerance?
NO, go back to step a.
YES, continue
4. Calculation of Cauchy stress a,,44 using (B-22).
EXIT

f. 2" level — Computation for a new estimate of k7, ; and RS, ;:
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