CANONICAL ORIENTATIONS FOR MODULI SPACES OF
G,-INSTANTONS WITH GAUGE GROUP SU(m) OR. U(m)

DOMINIC JOYCE AND MARKUS UPMEIER

ABSTRACT. Suppose (X, g) is a compact, spin Riemannian 7-manifold, with
Dirac operator Y : C>®(X,8) — C>°(X,$). Let G be SU(m) or U(m), and
E — X be a rank m complex bundle with G-structure. Write Bg for the
infinite-dimensional moduli space of connections on E, modulo gauge. There
is a natural principal Zs-bundle Ogg — Bpg parametrizing orientations of
det D% 4 4 for twisted elliptic operators )9, 4 at each [A] in Bg. A theorem
of Walpuski shows Ogg is trivializable.

We prove that if we choose an orientation for det )Y, and a flag structure
on X in the sense of , then we can define canonical trivializations of Ogg
for all such bundles F — X, satisfying natural compatibilities.

Now let (X, ¢, g) be a compact G2-manifold, with d(x¢) = 0. Then we can
consider moduli spaces Mgz of G2-instantons on E — X, which are smooth
manifolds under suitable transversality conditions, and derived manifolds in
general, with /\/lg2 C Bg. The restriction of Ogg to Mgz is the Za-bundle
of orientations on MgZ. Thus, our theorem induces canonical orientations on
all such Ga-instanton moduli spaces /\/@2.

This contributes to the Donaldson—Segal programme , which proposes
defining enumerative invariants of G2-manifolds (X, ¢, g) by counting moduli
spaces Mg2, with signs depending on a choice of orientation.
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1. INTRODUCTION

This is the third of six papers: Upmeier , Joyce-Tanaka—Upmeier , this
paper, Cao-Gross—Joyce [7], and the authors [22,[23], on orientability, canonical
orientations, and spin structures, for gauge-theoretic moduli spaces.

The first proves the Excision Theorem (see Theorem below), which
relates orientations on different moduli spaces. The second develops the general
theory of orientations of moduli spaces, and applies it in dimensions 3,4,5 and 6.
This paper studies orientations of moduli spaces in dimension 7. It uses results
from , but is self-contained and can be read independently. The sequel
concerns dimension 8.
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Let X be a compact connected manifold, G be SU(m) or U(m) for m > 1, and
g be the Lie algebra of GG, and ' — X be a rank m complex vector bundle with a
G-structure, so that F is associated to a principal G-bundle @ — X in the vector
representation. Let Ad E' be the associated bundle of Lie algebras, the bundle of
skew-Hermitian endomorphisms of E, trace-free if G = SU(m).

Definition 1.1. A C QY(Q, g) is the space of connections on @Q, equipped with
its affine Fréchet structure modelled on Q!(X, Ad E). The gauge group G = Aut(Q)
acts continuously on Ag by pullback. The quotient space By := Ag/G is the moduli
space of connections on E, as a topological space with the quotient topology. As
in [10, p. 133], a connection V € Ag is irreducible if the stabilizer group of V under
the G-action on Ag equals the centre Z(G). Write A5 C Ap for the subset of
irreducible connections, and By = A% /G C By for the moduli space of irreducible
connections.

Suppose now that (X, g) is an odd-dimensional compact Riemannian spin mani-
fold with real spinor bundle § — X. The real Dirac operator coupled to the induced
connections on Ad F defines a family of self-adjoint elliptic operators

(1.1) Plga: C°(X,$@r AdE) — C®(X, 3 @r AdE), VAc Ap.

Let det )% 4 ;; be the determinant line bundle of this family, a real line bundle over
Apg, and let Ogg = (det PAq g \ {zero section}) /R be the associated orientation
double cover, a principal Zs-bundle O_gg — Apg, where Zy = {£1}. As Ag is
contractible, Ogg is trivializable, and we have two possible orientations.

For X a compact spin 7-manifold and G = SU(m) the argument of Walpuski in
[33, Prop. 6.3] shows that the gauge group acts trivially on the set of trivializations
of Ogg, and [21, Ex. 2.13] implies that this also holds for G = U(m). Hence O]gg

descends to a principal Zs-bundle Ogg — B, and orientations may be constructed
equivalently over Ag or Bg. See [21] for more details.

We define a Go-manifold (X, p,g) to be a 7-manifold X with a Ga-structure
(¢, g), not necessarily torsion-free. (This differs from |15, §10-§12], where (¢, g) was
supposed torsion-free.) Suppose (X, ¢, g) is a compact Ga-manifold with d(xp) = 0.
As in Donaldson-Thomas [12] and Donaldson—Segal |11], a connection A on E is
called a Gs-instanton if its curvature F4 satisfies

FaANxp=0.

As d(xp) = 0 the deformation theory of Ga-instantons is elliptic, and therefore the
moduli space Mgz of irreducible Gs-instantons on E modulo gauge is a smooth
manifold (of dimension 0) under suitable transversality assumptions, and a derived
manifold (of virtual dimension 0) in the sense of [16,|18-20] in the general case.
Examples and constructions of Gs-instantons on compact Go-manifolds are given
in [26/28,32-/34).

As in |21, §4.1], the restriction of Ogg — Bg to Mg"’ C Bg is the principal Zo-
bundle of orientations of M%, as a (derived) manifold. Thus Mgz is orientable,
and an orientation of Ogg — BE determines an orientation of ./\/l%. Such orienta-
tions are important for the programme of [11}[12].

In the present paper, we solve the problem of defining canonical orientations for
M2, As for moduli spaces of anti-self-dual instantons in dimension four, where
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orientations depend on an orientation of H°(X) ® H(X) & H3(X) (see Donald-
son 9] and Donaldson-Kronheimer [10, Prop. 7.1.39]), this will depend on some
additional algebro-topological data, a so-called flag structure |17, §3.1].

Oversimplifying a bit, a flag structure F' on a 7-manifold X assigns F(Y,s)
= +1 to each compact 3-submanifold Y C X with a nonvanishing section s of the
normal bundle Ny — Y, such that if s, s’ have winding number d(s,s’) € Z then
F(Y,s') = (=1)*&s)F(Y,s), and if C C X x[0,1] is an compact 4-submanifold with
nonvanishing normal section ¢ and boundary 9(C, ¢) = (Yy x {0}, so) LI (Y1 x {1}, s1)
then F (Y, sg) = F(Y71,51). See for more details.

When (X, ¢, g) is a compact Go-manifold one can define an interesting class of
minimal 3-submanifolds Y in X called associative 3-folds [15, §10.8]. Compact
associative 3-folds have elliptic deformation theory, and form well-behaved moduli
spaces M** | as (derived) manifolds. In the spirit of [11}]12], the first author [17]
discussed defining enumerative invariants of (X, ¢, g) counting associative 3-folds.
To determine signs, he defined canonical orientations on moduli spaces M®** using
the new idea of flag structures.

Now Donaldson and Segal [11] (see also Walpuski [34]) explain that associative
3-folds are connected to Ga-instantons, as a sequence of Go-instantons (E, A;)52,
can ‘bubble’ along an associative 3-fold Y as i — oo. So the problems of defining
canonical orientations on moduli spaces of associative 3-folds and of Gs-instantons
should be related. In [17, Conj. 8.3], the first author conjectured that one should de-
fine canonical orientations for moduli spaces of Go-instantons using flag structures.
This paper proves that conjecture.

We make heavy use of ideas and results from the previous paper [21], recalled in

Section |3| Given the Ogg — Bp are orientable, |21 Th. 2.27] gives a way to choose
orientations on all Ogg and Mgz after making finitely many algebraic choices. But

here we do something different: we construct orientations on all Ogg and /\/IJCE;2
depending on a geometric structure on X, the flag structure. We use a general
procedure for doing this using excision outlined in [21} §3.3].

In we define the orientation Zg-torsor Org of a SU(m)-bundle E. Up to
an orientation for the untwisted Diracian, this is the set of orientations on the
determinant line bundle of (L.I). For a SU(mq)-bundle E; — X and SU(ms)-
bundle F3 — X we have canonical isomorphisms (Proposition
(12) OI‘EI@E2 = OI‘E1 Rz, OI‘E2,

(13) OI‘gm = 7o,

where ((1.3]) corresponds to the ‘standard orientations’ of |21} §2.2.2].
Here is our main result. The proof is sketched below.

Theorem 1.2. A flag structure F' on a compact spin 7-manifold X determines,
for every SU(m)-bundle E — X and m € N, a canonical orientation

(1.4) o' (E) € Org
satisfying the following azioms, by which of (E) is uniquely determined:

(a) (Normalization.) For E = C™ trivial, let 0" (E) € Org be the image of
1 € Zs under the isomorphism (1.3)). Then

(1.5) of (B) = o™ (E).
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(b) (Stabilization.) Under the isomorphism Orggc = Org ®z, Org = Org,
using (1.2) and (L.3)), we have
(1.6) of (E® C) = o"(E).

(c) (Excision.) Let E* — X* be SU(m)-bundles over a pair of compact spin
7-manifolds with flag structures F*. Let p* be SU(m)-frames of E* out-
side compact subsets of open U* C X*. Let ®: Et|y+ — ¢*(E"|y-) be
a SU(m)-isomorphism covering a spin diffeomorphism ¢: Ut — U~. As-
sume ® o pt = ¢*p~ outside a compact subset of Ut. Under the excision
isomorphism of Theorem [2.15| we then have

Or(9, @, p%, p7) (0" (ET))
= (FFly+/¢"(Fu-))(a™) - 0" (E7),
where ot € H3(UT;Z) is the homology class Poincaré dual to the relative
Chern class co(E*|y+,pT) € Ha (U™ Z).
Moreover, the following additional properties hold:

(i) (Direct sums.) Let Ey — X be a SU(my)-bundle and Es — X a SU(mg)-
bundle. Under the isomorphism (1.2]) we then have

(1.8) of (E1 @ Fy) = of (E1) ® of (Es).

(ii) (Families.) Let P be a compact Hausdorff space, X a compact spin T-
manifold, and E — X x P a SU(m)-bundle. The union of all torsors
Or(E|xx{py) for each p € P is a double cover of P, of which the map
D oF(E|XX{p}) defines a continuous section. In particular, canonical
orientations are deformation invariant.

Now let E — X be a rank m complex vector bundle with U(m)-structure. Then
E=E®A"E* is a rank m + 1 complex vector bundle with SU(m + 1)-structure,
and (21, Ex. 2.13] defines a canonical isomorphism of Za-torsors Org = Org.
Hence the first part gives canonical orientations o (E) € Org for all U(m)-bundles
E — X. These satisfy the analogues of (a)—(c) and (ii), but may not satisfy (i).

Remark 1.3. The problem with extending (i) to U(m)-bundles in the last part,
is that if By, B2 — X are U(m;)- and U(mz)-bundles then the left hand side of
(1.8) comes from the orientation for the SU(m; 4+ mg + 1)-bundle (E; & Es) ®
At ™2 (B @ F)*, but the right hand side comes from the orientation for the
SU(m1 + mz + 2)-bundle (E; @ A™ EY) @ (E2 & A2 E%), which is different.

The orientations o' (E) for U(m)-bundles defined in the last part may not satisfy
(i). For example, let X = CP? x 8!, which has two flag structures F*, F~, and take
By = mfps(O(k)) and Ey = 775 (O(1)) for k,1 € Z odd. Using we find that
changing from F'* to F'~ changes the sign of all three of of* (EY), of* (E2), of* (Er®
Ey), so holds for only one of F*, F~.

It may still be possible to choose orientations o (E) for all U(m)-bundles E — X
satisfying (a),(b),(i),(ii), and perhaps (c), by a different method.

One application of this theorem is to the problem of defining orientations for
moduli spaces of Ga-instantons ./\/lgz. As the moduli space is zero-dimensional,
there are many arbitrary orientations, so the point of the problem is to come up
with a natural assignment, in particular one that is stable under deformations of
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the Go-structure. Following [21, §4.1], we have already explained how Walpuski [33]
Prop. 6.3] and Theorem imply the following:

Corollary 1.4. Let (X, ¢, g) be a compact Ga-manifold with d(xp) = 0, and choose
an orientation of det DY for the untwisted Diracian and a flag structure F on X.
Then we can define a canonical orientation for the moduli space M% of Ga-
instantons on X whenever E — X is a SU(m)- or U(m)-bundle.

Donaldson and Segal [11] have proposed to define enumerative invariants of
(X, ¢,9) by counting Mgz, with signs, and adding correction terms from asso-
ciative 3-folds in X. To determine the signs we need an orientation of MgZ. Thus,
Corollary contributes to the Donaldson—Segal programme.

It is natural to want to extend Theorem[I.2]and Corollary [T.4]to moduli spaces of
connections on principal G-bundles @ — X for Lie groups G other than SU(m) and
U(m), but this is not always possible. Section gives an example of a compact,
spin 7-manifold X for which Ogg — Bg is not orientable when Q = X xSp(m) — X
is the trivial Sp(m)-bundle, for all m > 2.

In the sequels [22/23] we use Theoremto construct ‘spin structures’ on moduli
spaces Bp for principal U(m)- or SU(m)-bundles P — X over a compact spin 6-
manifold X, and apply this to construct ‘orientation data’ for Calabi—Yau 3-folds
X, as in Kontsevich and Soibelman [24 §5], solving a long-standing problem in
Donaldson—Thomas theory.

Outline of the paper. We begin in §2] by recalling background material on determi-
nant line bundles. Then our main object of study, the orientation torsor Org of
a SU(m)-bundle £ — X, is introduced along with its basic properties. We recall
from [30] the excision technique from index theory in the context of orientations. It
can be regarded as extending the functoriality of orientation torsors from globally
defined isomorphisms to local ones. Section [3] briefly recalls flag structures, and ]
proves Theorem [T.2] In brief, the proof works as follows:

(A) Let X be a compact spin 7-manifold with flag structure F, and £ — X a
SU(m)-bundle. We show that we can find:
(a) A compact 3-submanifold Y C X.
(b) An SU(m)-trivialization p : C™|x\y — E|x\y.
(¢) An embedding ¢:Y < 87, s0 Y’ = 4(Y) is a 3-submanifold of S”.
(d) An isomorphism ¥ : Ny — ¢*(Ny/) between the normal bundles of Y
in X and Y’ in S7, preserving orientations and spin structures.
(e) Tubular neighbourhoods U of Y in X and U’ of Y’ in S”, and a spin
diffeomorphism ¢ : U — U’ with 9|y = ¢ and d¢|n, = 0.
Define a SU(m)-bundle E' — ST by E'|sny: = C™, F'|yr = .(E|v),

identified over U’ \ Y’ by (¥]i\y)«(p), with = : E|y iﬂ,{)*(E’\U/). Then
we have an excision isomorphism Or(¢,Z, p, p'): Org — Orgy .

Now every SU(m)-bundle on S is stably trivial, so Theorem a),(b)
determine a unique orientation 0" (E’) € Org: . Following Theorem [1.2{c)
we define an orientation oy , 4 (E) € Org by

(19) oy, w(E) = (Flu/v* (Fs|u)) Y] Or(v, 5, p, p') " (0" (E")),

where Fgr is the unique flag structure on S”.
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Observe that if the conditions Theorem a)—(c) hold, they force of (E) =
057p7L7\I,(E). Thus, if orientations o’ (F) exist satisfying Theorem a)f(c),
then they are uniquely determined, as claimed.

(B) We prove 0?1)7L7\I,(E) is independent of the choices in (A)(a)—(e):

(i) Independence of U,U’ v for fixed Y, p, ¢, ¥ is obvious from properties
of excision isomorphisms.

(ii) Independence of ¥ for fixed Y, p,¢ is nontrivial. Given two different
choices ¥y, ¥y and g, Y1, we compute the signs comparing how g, 11
act on orientations of bundles trivial away from Y, and how g, ¥1 act
on flag structures near Y, and show these signs are the same, so the
combined effect of both signs in cancels out. This is the main
point where flag structures are used in the proof.

(iii) Independence of ¢ : ¥ — S” for fixed Y, p is easy, as any two such
embeddings are isotopic through embeddings.

(iv) Independence of Y, p is again nontrivial, and is proved by analyzing a
bordism Z C X x [0, 1] between two choices Yy, Y C X.

We can now define of (E) = o$7p7b7\I,(E) for all X, F and £ — X.
(C) We verify the of (E) in (B) satisfy Theorem a)f(c),(i)f(ii).
(D) We extend from SU(m)-bundles to U(m)-bundles, which is easy.
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2. ORIENTATIONS AND DETERMINANTS
2.1. The Quillen determinant.
2.1.1. Finite dimensions. For finite-dimensional vector spaces, the top exterior
power has the fundamental property that a short exact sequence

0—>U-—Jsv_—2ow— o

induces a canonical isomorphism
AtopU ® AtopW o AtopV
Lemma 2.1. For finite-dimensional vector spaces V. and W we have
Atop(v ® W) o~ (Atopv)® dim W ® (AtopW)(X) dim V'

2.1.2. Fredholm determinant. The determinant of a morphism f: VY — V1 of
finite-dimensional vector spaces is an element of (A*PV9)* @ A*PV!. This is iso-
morphic to (AP Ker f)* @ AP Coker f, by the fundamental property applied to

0 —Ker f — V? — V! — Coker f — 0.

Definition 2.2. Let F': H° — %' be a Fredholm operator between Hilbert spaces.
The determinant line of F is det F := AP Ker F' @ (AP Coker F)" .
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Proposition 2.3. For every commutative diagram of bounded operators

0 FO g’ H? 0
| | )
0 F! Gt H 0
with exact rows and F,G, H Fredholm there is a canonical isomorphism
(2.1) det G = det F' @ det H.
Proof. Snake lemma and the fundamental property in finite dimensions. O

Definition 2.4. Let T be a paracompact Hausdorff space. A T'-family of Fredholm
operators {Fy: ”Hg — ’H%}teT is a homomorphism F: H° — H' of Hilbert space
bundles over T" whose restriction to every fibre is Fredholm. The determinant line
bundle of F'is det I == | |, det F}.

To see that det F' is locally trivial, pick to € T and s(to): CF — ’Htlo so that
Fi, @ s(tg) is surjective. Extend s to a neighbourhood of ¢y. Proposition for
(F,F®s,C" = {0}) gives

det F = det(F @ s) = A™P Ker(F & s)*.
Since F @ s is surjective near ¢, Ker(F @ s) is a subbundle there.

Example 2.5. Let D be a family of elliptic differential or pseudo-differential opera-
tors over a compact manifold X. These determine Fredholm operators by regarding
them as acting on Sobolev spaces. The determinant line bundle is independent of
the degree of the Sobolev space, since by elliptic regularity the kernels of D and
D* consist of smooth sections. Here, D* denotes the formally adjoint differential
operator and we recall Ker D* = Coker D.

For a family of differential operators the manifold and vector bundle may depend
ont € T, as long as they form a fibre bundle [6].

Lemma 2.6. Let {FY: H} — Hi}lier and {F}: H} — H }er be homotopic
through T-families of Fredholm operators. Then det FO = det F!.

Proof. By definition, a homotopy is a (T x [0, 1])-family of Fredholm operators
H(t,s). The determinant line bundle of H restricts over T x {s} to det F'® for
s = 0,1. The inclusions of the endpoints of T x [0, 1] are homotopic and as T is
paracompact Hausdorff, the pullbacks det H|7 (o} and det H|r (o} are isomorphic.

O

Up to this point the discussion applies to operators over both the real or the
complex numbers. From now on we need real operators.

Definition 2.7. The orientation cover of a T-family of real Fredholm operators
{Fi: HY — H; }ier is Or F := (det F'\ {zero section})/Rs. An orientation for the
determinant of the family is a global section of Or F.

As det F' is locally trivial, Or F' is a double cover of T, so for T' connected there
are either two orientations or none. An advantage of orientation covers is their
deformation invariance. The argument for Lemma [2.6] now gives:
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Lemma 2.8. Let {F: H) — H,her and {F}: H} — H;}ier be homotopic
through T'-families of real Fredholm operators. Then we have a canonical fibre
transport isomorphism Or F° = Or F!.

In particular, the orientation cover of a T-family of real elliptic operators D
depends only on the principal symbol.

2.2. Orientation torsors and excision.

2.2.1. Basic construction. We now simplify the discussion by restricting to Dira-
cians twisted by connections. On the level of orientations only the underlying vector
bundles matter:

Definition 2.9. Let (X,g) be an odd-dimensional compact spin manifold with
real spinor bundle . Let E — X be a vector bundle with SU(m)-structure, and let
Ad E be the associated bundle of Lie algebras. The twisted Diracians

Plga: C°(X,8@r AdE) — C®(X,$@r AdE), Ac Ag,

determine a family ]Did g of real elliptic operators parametrized by the space Ag
of SU(m)-connections on E. Let ]ﬁidgmﬁ be the Diracian twisted by the trivial
bundle AdC™ and zero connection. The orientation torsor of E — X is

(2.2) Orp == C(Ap,05) @z, Or(det(Phacm o))"

Similarly, for a paracompact Hausdorff P and a P-family of SU(m)-bundles, mean-
ing a SU(m)-bundle E — X x P smooth in the X directions, we get a double cover
Org — P by taking global sections only in the X-direction.

By Lemma Org does not depend on g up to canonical isomorphism. More
formally, one may take global sections also in this contractible variable.

Remark 2.10. Let @ be the principal SU(m)-frame bundle of E. In the terminol-
ogy of [21], when B is n-orientable, the orientation torsor Org is the set of global

sections of the n-orientation bundle Ogg — Bg.

Remark 2.11. As )%, cm o is symmetric, the second factor in is canonically
trivial. However, when m is even, this orientation is sensitive to the metric and
changes discontinuously according to the spectral flow of 13’. We prefer to keep
track of an extra choice of orientation for the untwisted Diracian 7. By it
induces a trivialization of Or(det(ID}4cm ). The second factor in has been
introduced to simplify the formulation of the excision principle below.

Remark 2.12. For anti-self-dual moduli spaces in dimension four the Diracian is
replaced by d @ d% : C®°(A'T*X @ A3T*X) — C(A'T*X), as in Donaldson—
Kronheimer [10]. For these Org is canonically trivial and the untwisted operator
is responsible for the dependence of orientations on H%(X) ® H'(X) ® H3 (X).

Definition 2.13. For £ = C™ we can evaluate at the zero connection and canon-
ically identify the orientation torsor with Zs. We write o*(C™) € Orcm for this
canonical base-point.
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2.2.2. Orientations and direct sums. The behaviour of orientation bundles under
direct sums is studied in the companion paper [21, Ex. 2.11]. From there we recall
the following;:

Proposition 2.14. Let Fy be a SU(my)-bundle, E5 a SU(mg)-bundle over a com-
pact odd-dimensional spin manifold X. We have a canonical isomorphism
(2.3) AEy Byt Org, ®z,Org, — Org, g, -
These have the following properties:
(i) (Families.) Let P be compact Hausdorff, By — X x P a SU(mq)-bundle,
and Es — X x P a SU(ms)-bundle, regarded as P-families of bundles.

Then the collection of all maps )\E1|Xx{p}7E2 for each p € P becomes
a continuous map of double covers over P.

(11) (Associative.) )\El,EQEBEg O(idorE1 ®)\E‘2,E3) = >\E1€BE2,E3 O()\E17E2 ®idOrE3 )
(iii) (Commutative.) Or(flip) o Ag, g, =Ag, 5, o flip: Org, @ Org, —» Org, gk, -
(iv) (Unital.) )\in&mz (Oﬁat(gml) ® Oﬁat(gmz)) — Oﬁat(gm1+mz)_

Moreover, in we will see that the isomorphisms are natural.

We shall adopt the product notation u - v :== Ag, g, (u ® v).

|x % {p}

Proof. We briefly recall the argument of |21, Ex. 2.11]. For the adjoint bundles
Ad(E, @ Eo) = Ad(Eq) ® Ad(E2) ® R @ Home (E1, Es), so by (2.1

0% 5, = OB @z, OB 7, Or(dety B’) @z, Or(dete Biiom. (5, .5)))-

As the Diracian twisted by Homg (F1, Es) is complex linear, its kernels and cokernels
are complex vector spaces and Or (detR(]Z)%mnC( B, EQ))) is canonically trivial. This,
combined with the same for C™', C™? in place of E,, Fs, gives . The same
proof works for families. Associativity is [21, (2.12)] and commutativity is [21]
(2.11)], noting that indices vanish in odd dimensions. d

2.2.3. Ezcision. Seeley’s excision principle [29, Th. 1 on p. 198] (also called trans-
planting) is one of the key techniques in the K-theory proof of the Atiyah—Singer
index theorem [4] §8]. Donaldson first applied excision to gauge theory in [9], see
also |10, §7]. In [30], the second author observes that on the level of orientations
these ideas can be formalized into a ‘categorification’ of the classical calculus for
the numerical index. Here is [30, Th. 2.13] in the case G = SU(m):

Theorem 2.15 (Excision). Let E¥ — X* be SU(m)-bundles over compact con-
nected spin manifolds. Let UT C XT be open and let p* be SU(m)-frames of E*
defined outside compact subsets of UT. Let ¢: Ut — U~ be a spin diffeomorphism
covered by a SU(m)-isomorphism ®: ET|y+ — E~|y- with ®opt = ¢*p~ outside
some compact subset of UT. This data induces an excision isomorphism
(2.4) Or(¢,®,p",p7): Orgr — Org- .
These excision isomorphisms have the following properties:
(i) (Functoriality.) Let E* — X* be a SU(m)-bundle, U* C X* open,
Y: U™ — U™ a spin diffeomorphism, p* a SU(m)-frame defined outside
a compact subset of U*, and ¥ a SU(m)-isomorphism covering ¢ that
identifies p~ and p* outside a compact subset of U~. Then

Or(¢, W, p~,p*) 0 Or(¢, @, p*,p7) = Or(¢po ¢, Wo @, p*, p™).
Moreover, Or(id,id, p™, p~) = idoyy-
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(ii) (Families.) Let E* — X* x P be SU(m)-bundles, where P is a compact
Hausdorff space. Let p* be SU(m)-frames of E* outside compact subsets
of open U* C X*. Let ®: EY|y+ — E~|y- be a SU(m)-isomorphism
covering a continuous P-family of spin diffeomorphisms ¢: Ut — U™.
Assume ® o pt = ¢*p~ outside a compact subset of UT. Then the collection
of all maps for each p € P becomes a continuous map of double covers
over P.

In particular, when E* is pulled back from X* along the projection, the
isomorphism is unchanged under deformation of the rest of the data
U™, p*, 6, ®.

(iii) (Empty set.) If U = 0 then Or(¢,®,pt,p~) = idy, under the isomor-

phisms Orgx = Zso induced by Definition and Et o (S

(iv) (Direct sums.) For k = 1,2 let Ef — X* be SU(my)-bundles and let
pf be SU(my)-frames of Efct outside compact subsets of Ut C X*. Let
¢: Ut — U™ be a spin diffeomorphism covered by SU(my,)-isomorphisms
Dy E,j — B for k=1,2. Then we have a commutative diagram

OI‘E;r ®OI‘E2+ S - - OI“E; ®OI"E;
r(¢,‘1’1;P1 )®Or(¢)®27p2 )
(2.5) 1» 1;
Or Or((b,@l@(bg,pli@p;t) 0
EfeoEf TEroE; -

(v) (Restriction.) Let ¢: Uj‘ — U~ bea spin diffeomorphism extending ¢ to
open supersets Ut C Ut C X*, let ® be a SU(m)-isomorphism over ¢

extending ®, and assume opt = ®*p~ outside a compact subset of U™.
Then Or(¢, @, p*, p~) = Or(¢, @, p*, p7).

Here we recall from |25, p. 86] that a spin diffeomorphism is an orientation-
preserving diffeomorphism ¢: X+ — X~ together with a choice of lift of the induced
map on GLT (R)-frame bundles to the topological spin bundles.

If E¥ — X are SU(m)-bundles and ® : E* — E~ a SU(m)-isomorphism, we
may take XT = X~ = Ut =U~ = X, and ¢ = idy, and p* =0 = p~ to be
defined over the empty set. Then we use the shorthand

Or(®) = Or(idx, ®,0,0) : Org+ — Org- .
2.3. Global automorphisms.

2.3.1. Mapping torus. Theorem includes as the special case U = X* the
more obvious functoriality for globally defined diffeomorphisms ¢: X+ — X~ and
®. The theorem can be regarded as extending this functoriality to open manifolds
and compactly supported data. The effect of a globally defined diffeomorphism can
be studied using the following construction.

Definition 2.16. The mapping torus of a diffeomorphism : X — X is the quo-
tient Xy of X x [0,1] by the equivalence relation (z,1) ~ (¢(z),0).
Proposition 2.17. The mapping torus has the following properties:
(i) If X is compact, then X, is compact.
(if) Xy is a fibre bundle over S* with typical fibre X.
(iii) If X is oriented and 1 is orientation preserving, then X, is oriented.
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(iv) When X has a spin structure and v is a spin structure preserving diffeo-
morphism we get a topological spin structure on X.

(v) Let E — X be a vector bundle and V: E — E an automorphism covering
1. Then the mapping torus Ey is a vector bundle over Xy.

2.3.2. Calculating the effect on orientations using the mapping torus.

Proposition 2.18. Let X be an odd-dimensional compact spin manifold and ¥: E —
Y*(E) a SU(m)-isomorphism of a SU(m)-bundle E — X covering a spin diffeo-
morphism 1: X — X. Then Or(y, ¥, 0,0) = (—1)°W¥) .ido,, for

51, W) = /X ATX,) (h(Ey ® By) — tk(Ea)?).

Proof. By choosing a connection Ay € Ag and any smooth path Ay, t € [0,1] from
Ap to Ay = U* Ay we may regard Ey — X as a S'-family of SU(m)-bundles with
connection. Pick a metric on X;. Using the induced metrics g; on X; we can form
the S'-family of Diracians 1% 4, twisted by AdE and the S*-family ]Df{d(cm’o
twisted by the flat connection. Then Or( U 4,) ®z, Or( e Cm)o)* is a double
cover of S* with monodromy Or (1), U, (,0). On the other hand, since dim X is odd,
the Diracians are self-adjoint and the monodromy coincides with the spectral flow
around the loop [3, Th. 7.4].

As explained by Atiyah—Patodi-Singer in |3, p. 95], the spectral flow around a
loop agrees with the index of a single operator on the mapping torus, using |2}

Th. 3.10]. For the family D%, 4, We get the positive Diracian P on Xy twisted
by Ad Ey. To compute the index of a single operator we may complexify and can
then apply the cohomological index formula of Atiyah—Singer [5] to get

ind(Prqp,) = | A(TXy)ch(Ad Ey @ C)

Xy

:/X A(TX,)(ch(Ey ® By) — 1),

using (Ad Ey ®g C) & C = E}, ® Ey. Applying the same argument to the family
Iy cm o and subtracting yields the desired result. g

Proposition 2.19. For ¢,V as in Proposition and dim X =7 we have

(2.6) 5, 0) E/X c2(Eg)? = %/X p1(TXy)ea(Ey) mod 2.

Hence Or(¥) = Or(id, ¥,0,0) = id for an SU(m)-automorphism ¥ : E — E
(this was obtained by Walpuski in [33, Prop. 6.3]). Therefore Or(¢y, ¥1,0,0) =
Or(), Uy, 0,0) whenever Uy and Vs cover the same spin diffeomorphism.

Proof. The proof is similar to that of Walpuski [33} Prop. 6.3]. We have

m+6

2 es(Ba) + 2pi(TXy)es(Ea).

e2(Bu)” — 3 12

5(’¢7qj) =

x, O
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By the Atiyah—Singer index theorem [5]
A= | A(TXy)(ch(Eg) —m)

Xy

:/ c2(Fy)? — 2c4(Ew) _|_p1(TXw)C2(E\1:)
X,

12 24
is an index and hence an integer. Then (2.6)) follows from

5(, W) —2m- A= / co(Ey)?,

Xy

1
X
Finally, for ¢ = idy we have Xy = X x S and p;(TX,,) = pri pi(TX). On the
spin 7-manifold X the cohomology class pi (T'X) is divisible by four. O

Example 2.20. Let £ — X be a SU(m)-bundle over a compact spin 7-manifold
with second Chern class Poincaré dual to a 3-submanifold Y C X.

Let ¥: E — E be a SU(m)-isomorphism covering a spin diffeomorphism ¢: X —
X satisfying ¢|y = idy. Then we may regard Y x St c Xy.

Formula is the self-intersection (mod 2) of the class « in Hy(Xy) Poincaré
dual to ¢a(Ey). We have a = [Y x 8]+ for some 3 € Hy(X), where X is included
into X, at some fixed point of [0, 1]. As the cross term appears twice and Se 5 =0
in Xy, we get

5(¢,\1/)E/X c2(Eg)’ =asa=[Y xS e[Y xS mod 2.

This again shows that §(id, ¥) = 0 when ¢ = id.

2.4. An example of a non-orientable moduli space Bg. Suppose (X, g) is
a compact, spin Riemannian 7-manifold, and G is any Lie group, and @ — X
is a principal G-bundle. Then generalizing we may define moduli spaces Ag
of connections on @ and Bg = Ag/G of connections on () modulo gauge, and a
principal Zs-bundle Ogg — Ag parametrizing orientations on det D%d 4 for A €
Ag.

QIn §1] we took G = SU(m) or U(m), and then Walpuski [33, Prop. 6.3] and [21]
Ex. 2.13] show that G acts trivially on the set of global sections of ODQ, so that

Ogg descends to a principal Zs-bundle Ogg — Bg, which is orientable. But what
about other Lie groups G?

This section will give an example of (X, g) for which when G = Sp(m) for m > 2
and @ = X xSp(m) — X is the trivial Sp(m)-bundle, G acts non-trivially on the set

of global sections of O_gg, so that although Ogg does in fact descend to a principal

Zy-bundle Ogg — Bg, this is non-orientable (i.e. it has no global sections). Hence
the analogue of [33, Prop. 6.3] is false for Sp(m)-bundles.

A result on stabilizing H™-bundles |21, Ex. 2.16] implies that if Ogg — Bg is
non-orientable for @ = X x Sp(2) the trivial Sp(2)-bundle, then the same holds for
Q@ = X x Sp(m) for m > 2. So we consider only G = Sp(2).
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To show that Ogg — Bg is non-orientable, it is enough to find a smooth loop
v:St = Bg such that the monodromy of Ogg around 7 is —1. As in |7} §2.2], a
smooth loop v : S' — Bg is equivalent to a principal Sp(2)-bundle R — X x St
which is trivial on X x {1}, together with a partial connection on R in the X
directions, and any such R may be written as the mapping torus Ry of a smooth
map f : X — Sp(2), obtained by taking the trivial bundle on X x [0,1] and
identifying endpoints using the gauge transformation f: X — Sp(2).

As in Walpuski [33] §6.1] or in Proposition the monodromy of Ogg around
v is (—1)SFO), where SF() is the spectral flow of the family of elliptic operators
(mid’Y(t))teS“ which may be computed as an index SF(v) = ind(]DXd(Rf)) of the
positive Dirac operator D+ on X x S' twisted by any connection on Ad(Ry).

Thus, to show that Ogg — Bg is non-orientable on X, we should find a compact
spin 7-manifold X and a smooth f : X — Sp(2) such that ind(]ﬁXd(Rf)) is odd. We
will do this in Example after some initial computations.

Lemma 2.21. For a Sp(2)-bundle R over an 8-dimensional base we have
3
(2.7) ch(Ad(R) ®g C) = 10 — 6¢2(R) + 5CQ(R)2 —2¢4(R).
Proof. This can be computed using Chern roots, meaning it suffices to establish

[2.7) in the case that the H?-bundle (R x H?)/Sp(2) — X associated to R is the
direct sum of quaternionic line bundles. O

Proposition 2.22. Let X be a compact spin 7-manifold and R — X x S' a
Sp(2)-bundle. Then the index has the parity of the Euler number of R:

ind]Z)j{d(R) E/ cs(R) mod 2.
X xSt
Proof. Using (2.7]) we find that

TX)es(R
ind DXd(R) +6-indD}; = / p1(TX)e2(R)

+2¢2(R)? — 3c4(R).
X xSt 2

As p1(TX) is divisible by four, the first term on the right is even. O

Let Ry be the mapping torus bundle over X x S' of a smooth f: X — Sp(2).
Then the Euler number of Ry is the degree of
X L5 sp(2) = Sp(2)/ Sp(1) = S7.
For non-orientability, we seek X and f such that this degree is odd.

Example 2.23. Let X = S” and f: 8”7 — Sp(2) be smooth. Then the degree
of mo f is always divisible by 12 and therefore Ogg — Bg is orientable, for @

the trivial Sp(2)-bundle over S”. To see this, consider the long exact sequence of
homotopy groups of the fibration 7:

> 1 Sp(2) —> 1787 = Z —% > 76 Sp(1) — w6 Sp(2) — - -

As g Sp(1) = Z12 and 7 Sp(2) = {0}, the cokernel of 7, is Z12. Hence orientability
holds for the moduli space of Sp(2)-connections on S”.
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Example 2.24. For (2Y) € Sp(2) and ¢ € Sp(1), define
Mo |a|? +bgb  ac+ bgd

’ ca+dgb |c|*+dgd)”
Then M € Sp(2). Replacing (a, b, ¢, d, q) by (ar,bs, cr,ds, 5qs) for r,s € Sp(1) does
not change the matrix M. Hence the formula defines a map

[ X =85p(2) Xsp)xsp) Sp(1) — Sp(2),

where the diagonal subgroup (r,s) € Sp(1) x Sp(1) C Sp(2) acts on ¢ € Sp(1) by
conjugating with the second factor ¢ — s¢3. It is easy to see that deg(m o f) = 1. It

follows that Ogg — Bg is non-orientable, where () = X x Sp(2) — X is the trivial
Sp(2)-bundle over X.

In the sequel |7, Ex. 1.14] we will use Example to find non-orientable moduli
spaces of Sp(m)-connections Bg for m > 2 on the 8-manifold X x St

3. FLAG STRUCTURES
We recall the following from |17} §3.1]. Here X is not assumed to be compact.

Definition 3.1. Let X be an oriented 7-manifold, and consider pairs (Y,s) of
a compact, oriented 3-submanifold Y C X, and a non-vanishing section s of the
normal bundle Ny of Y in X. We call (Y, s) a flagged submanifold in X.

For non-vanishing sections s, s’ of Ny define

(31)  d(s,s)=Ye{t-s(y)+(1—t)-s'(y) | te[0,1], yeY} €L,

using the intersection product ‘e’ between a 3-cycle and a 4-chain whose boundary
does not meet the cycle, see Dold [8, (13.20)], where we identify Y with the zero
section in Ny .

Let (Y7, s1), (Y2, s2) be disjoint flagged submanifolds with [Y7] = [Y2] in H3(X; Z).
Choose an integral 4-chain C' with 9C' = Y3 —Y7. Let Y/, Y5 be small perturbations
of Y1,Y5 in the normal directions s1,s2. Then Y]/ NY; = Y] NYs = 0 as sy, 55 are
non-vanishing, and Y/ NYs =Y, NY; = 0 as Y7, Y5 are disjoint and Y/, Y, are close
to Y1, Ya. Define D((Y1, s1), (Y2, s2)) to be the intersection number (Y5 —Y{) e C' in
homology over Z. Here we regard

(Cl € Hi(X,Y1 UYsZ), Y]], (V4] € Hy(Y] UYL, 0:7).

Note that since Y{, Y3 are small perturbations and Y7, Y are disjoint we have (Y7 U
Y2) N (Y] UY;) = 0. This is independent of the choices of C' and Y7, Y5.

In |17, Prop.s 3.3 & 3.4] the first author shows that if (Y1, s1), (Y2, s2), (Y3, s3)
are disjoint flagged submanifolds with [Y;] = [Y3] = [¥3] in H3(X;Z) then
D((Y1,51), (Y, 53)) = D((Y1,51), (Y2, 52))

+ D((Ys, s2),(Ys,s3)) mod 2,
and if (Y, s) is any small deformation of (Y, s) with Y,Y” disjoint then
(3.3) D((Y,s),(Y',s")) =0 mod 2.

(3.2)

Definition 3.2. A flag structure on X is a map
F : {flagged submanifolds (Y,s) in X } — {1},
satisfying:
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() F(Y,5) = F(Y,8) - (~1),
(ii) If (Y1, s1), (Y2, s2) are disjoint flagged submanifolds in X with [Y7] = [¥3]
in Hs(X;Z) then
F(Y3,s9) = F(Y1, 1) - (—1)P((V1:51),(Y2582))
This is a well behaved condition by (3.2])—(3.3]).
(iii) If (Y1, s1), (Yo, s2) are disjoint flagged submanifolds then
F(}/l HYQ,Sl HSQ) = F(Yl,sl) . F(YQ,SQ).
Flag structures restrict to open subsets in the obvious way.
Here is |17, Prop. 3.6]:
Proposition 3.3. Let X be an oriented T-manifold. Then:
(a) There exists a flag structure F on X.
(b) If F,F" are flag structures on X then there exists a unique group morphism
H3(X;Z) — {£1}, denoted F'/F, such that
(3.4) F'(Y,s)=F(Y,s)- (F'/F)[Y]  forall (Y,s).
(¢) Let F be a flag structure on X and € : H3(X;Z) — {£1} a morphism, and
define F' by (3.4) with F'/F =¢e. Then F' is a flag structure on X.
Thus the set of flag structures on X is a torsor for Hom(Hg(X; Z),Zg).
Example 3.4. Every oriented 7-manifold X with H3(X;Z) = 0 has a unique flag
structure. More generally, a basis [Y;] of the image of H3(X;Z)— Hs(X;Zs) for
submanifolds ¥; C X with chosen normal sections s; induce a unique flag structure
F with F(Y;,s;) = 1. For example, S” has a unique flag structure Fgr, and Y3 x §*
has a preferred flag structure F with F(Y x {z},Y x v) = 1 for any z € S*
and 0 # v € T, 8.
Definition 3.5. Let ¢: X’ — X be an orientation-preserving diffeomorphism and
F a flag structure on X. The pullback flag structure on X’ is (¢*F)(Y',s') =
F((Y'),dy o s'). The pushforward flag structure is defined to be the pullback
along 1.
When X’ = X we can compare a flag structure to its pullback along v:

Proposition 3.6. Let X be an oriented 7T-manifold and Y C X a compact oriented
3-submanifold. Suppose ©¥: X — X is an orientation-preserving diffeomorphism
with |y =idy. Then

(F/4"F)[Y] = (- xS
for any flag structure F on X, where [Y X 81] o[V x Sl] 1s the self-intersection of
Y x 8! in the mapping torus Xy

Proof. Pick a non-vanishing normal section s: ¥ — Ny . For y € Y and ¢ € [0, 1]
define I'(y,t) :== (1 — t)s(y) + ¢ - d¢ o s(y). By Proposition [3.3|b), Definition [3.2](i)
and (B.1)
(F/w*F)[Y] _ F(Y,S) . F(Y, d’(/J o S)—l — (_1)d(s,dwos) — (_1)YoIm(F).

The normal bundle of Y x S* in Xy is the mapping torus of dy: Ny — Ny, so we
can regard T' as a normal section of Y x S in X, by T'(y,t) = [['(y,1),]. There
being no intersection points at ¢ = 0,1 we have Y e Im(I') = (Y x S') e Im(I).
Finally, by taking s to zero I is homologous to Y x S in Xy. [
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4. CANONICAL ORIENTATIONS

This section proves our main result Theorem following the outline in
4(A). The construction of orientations o5, ,, 4 (E).

4(A)(i). Stably trivial bundles. We first extend of**(C™) € Orcm from Defini-
tion to stably trivial bundles.

Definition 4.1. Let E — X be a stably trivial SU(m)-bundle over a compact spin
7-manifold. Then we find a SU(m + k)-isomorphism ®: F & ckF — ™" over id .
Using and Or(®) we can identify Org with Zg. That is, there exists a unique
o2t (E) € Org satisfying

(4.1) OI‘(@) (0ﬁat(E) . Oﬁat(gk)) — Oﬂat(@m+k)7
using the product notation defined after Proposition [2.14]

Proposition 4.2. These orientations have the following properties:

(i) (Well-defined.) The definition of o%#*(E) is independent of k,®.

(ii) (Families.) Let P be compact Hausdorff and E — X X P stably trivial.
Then p — o' (E|x x(p}) is a continuous section of the double cover Org .

(iii) (Functoriality.) Let Ey and Es be a SU(my)- and SU(ms)-bundle over X,
both stably trivial. Let {1,052 € N and let ¥: E; BCH" = By ®C” be a
SU-isomorphism. Then Or(¥)(of*(E; @ C™)) = ot (E, @ C*).

(iv) (Stability.) of*(E @ C") = of*t(E) - oflat(C").

(v) (Direct sums.) Let Ei,Ea — X be SU(mq)- and SU(mg)-bundles, both
stably trivial. Then o2 (E; @ Ey) = o2t (E)) - of®t(E,).

Proof. (i) Given £ € N and ®: E @ C* — C™** we use the properties of Proposi-
tion 2.14] and find

oflat (Cm ey — oflat(Cmtky | flat (unital)
= 01(®) (o™ (E) - o™(C")) - o™(C") (by (@.1))
= Or(® @ idee)[(0™(E) - o™(C")) - o1*(C)] (by 23))
= Or(® @ idce) [oﬁat E) (oﬂa (CcFy. oﬁat(Qz))] (assoc.)
=O0r(®® 1d<czz)(0ﬂ"Lt E) - o1t QkM)) (unital).

This proves independence of k. The independence of ® follows from Proposition[2.19
Once of1® is well-defined, (iii)-(iv) are clear.

(ii) We know already that Or(®) and A are continuous maps of double covers over
P and that o8¢ (C*) and o (C™*) are continuous sections.



CANONICAL ORIENTATIONS OF G2-INSTANTON MODULI SPACES 17

(v) Let ®;: By & C" — C™ ™ be SU(m; + k;)-isomorphisms. Then
oflat (Cm1+m2+7€1+k2)

ﬁat (Cm1+k1 Oﬁat ((sz+k)2 ) (unital)

) -
= Or(\l’l)( ()0 (CM)) - Or(Wa) (o™ (B2)- 0™ (C™))  (by (1))
_ OI‘(‘I’l o )(Oﬂat( ) ﬂat((ckl) . ﬂat<E2) . Oﬂat(ng)) (by )

= Or(V¥; @ ¥y) Or(idp, @ flip ®ides, )
(Oﬂat(El) -Oﬁat(EQ) -oﬁat(le) . Oﬂat(gkz)) (COI’HHI.).

On the other hand, by using the trivialization (®; © ®3) o (idg, © flip Bidcs,) of
E; @ By ® CF 12 in the definition (4.1) we have

Or(®; ® ®5) 0 Or(idp, ® flip ®idek, ) (0™ (Ey & E) - o1 (CH52))
Oﬂat (ern +mo+ki1+k2 )

The last two equations and unitality imply the result. O

Example 4.3. Since 7(SU(m)) = 0 for m > 4, every SU(m)-bundle E over S7 is
stably trivial.

4(A)(il). Trivializing SU(m)-bundles outside codimension 4. We now explain how
to trivialize a SU(m)-bundle E — X outside a submanifold Y C X of codimension
4. One might expect this on general grounds, as 7;(BSU(m)) = 0 for i < 4, but
the construction may be of independent interest.

Construction 4.4. Let X be a compact, oriented manifold of dimension n, with
n < 11, and E — X be a rank m complex vector bundle with SU(m)-structure, for
m > 1. Write C" ! = X x C™! for the trivial vector bundle over X with fibre
C™ !, and Hom(C™ ', E) — X for the bundle of complex vector bundle morphisms
over X, and Hom®)(C™~1, E) for the determinantal variety of homomorphisms s:
C™ ' & E, of rank m —1—Fk for k = 0,...,m — 1, which is a submanifold of
Hom(C™ ™', E) of real codimension 2k(k + 1).

A morphism s : "' — Eisasection s: X — Hom(C™ ', E). We call s generic
if it is transverse to each Hom® (C™~!, E). This is an open dense condition on such
s. If s is generic then s_l(Hom(k) (cm 1, E)) is a submanifold of X of dimension
n — 2k(k 4+ 1), and so is empty if k > 2 as n < 11.

Write Y = s’l(Hom(l)(Qm_17E)), the degeneracy locus of s. Then Y is an
embedded submanifold of X of dimension n —4. It is closed in X, as the closure lies
in the union of s~* (Hom(k)(gm_l7 E)) for k > 1, but these are empty for k& > 1. It is
oriented as X is, and the fibres of Hom(C™ !, E) — X and Hom™(C™ !, E) — X
are complex manifolds and so oriented.

As X\Y = s‘l(Hom(O)(Qm*l,E))7 we see that s|x\y : Qm71|X\y — Elx\y
is injective. Let s*|x\y : Elx\y — (Cmfl\x\y be its Hermitian adjoint with

respect to the Hermitian metrics on E and C™'. Then s* o s xX\y : d x\y —
cm- \ x\v is invertible with positive eigenvalues, and thus has an inverse square
root (s* o s)|X\ :C™ 1|x\y —Cc™ \X\y. Consider

1/2

s|x\y o (s* 05)|X £m71|X\Y — Elx\y-
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This is an injective linear map of complex vector bundles which is isometric for the
Hermitian metrics on Qm_1|X\y and E|x\y-

As E has a SU(m)-structure, there is a unique isomorphism of SU(m)-bundles
p:C"x\v = Elx\v, such that plem-1| ., = s[x\yo(s" os)|)_(1\/y2, regarding C™ "
as a vector subbundle of C™ = C™ ! @ C.

Thus, for any SU(m)-bundle E — X we can find a codimension 4 submanifold
Y C X and a SU(m)-framing p : C™|x\y = E|x\y of E outside Y.

From the definition of Chern classes in terms of degeneracy cycles in Griffiths
and Harris [13, p. 412-3], we see that the homology class [Y] € H,_4(X;Z) is
Poincaré dual to the second Chern class co(E) € H*(X;Z). More generally, if U is
any open neighbourhood of Y in X then [Y] € H,,_4(U;Z) is Poincaré dual to the
compactly-supported second Chern class c2(E|v, plony) € Hap (U3 Z).

4(A)(iil). Two embedding theorems. We will need the following variation on Whit-
ney’s Embedding Theorem:

Theorem 4.5 (Haefliger |14} p. 47]). Let Y be a compact 3-manifold. Then:

(i) There is an embedding Y — S”.
(ii) Any two embeddings Y — S” are isotopic through embeddings.

Wall has shown the following:

Theorem 4.6 (Wall |31} p. 567]). Let Z be a compact connected 4-manifold with
non-empty boundary. Then there exists an embedding Z — S”.

4(A)(iv). Definition of the orientations oy, , o (E).

Definition 4.7. Suppose X is a compact, oriented, spin 7-manifold with flag struc-
ture F, and E — X is a rank m complex vector bundle with SU(m)-structure. After
making some arbitrary choices, we will define an orientation 0; pow(E) in Org.

As in Construction choose a generic morphism s: C"™' — E, and from
this construct a compact, oriented 3-submanifold Y C X and a SU(m)-framing p :
C"x\v = E|x\y of E outside Y. By Theorem (1) we may choose an embedding
1:Y «— 8", Set Y’ = 1(Y), a 3-submanifold of S'. Write Ny, Ny~ for the normal
bundles of Y,Y” in X,S".

We claim that we may choose an isomorphism ¥ : Ny — *(Ny/) of vector
bundles on Y, which identifies the orientations and spin structures on the total
spaces of Ny, Ny induced by the orientations and spin structures on X,S’. Here
when we say that U identifies the spin structures, we mean that it has a lift U to
the spin bundles of Ny, Ny-.

To see this, choose a spin structure on the oriented 3-manifold Y and transport
it along ¢ to Y’. Using the spin structures on X,S’ we get, by 2-out-of-3 |25,
Prop. 1.15], spin structures Pspin(Ny) — Y and Pgpin(Ny’) — Y’ on Ny and
Ny:. As dimY = dim Y’ = 3 and Spin(4) is 2-connected, these are trivial principal
bundles, and therefore we may choose an oriented, spin isomorphism ¥ between
the normal bundles Ny, Ny-.

Choose tubular neighbourhoods U ¢ X and U’ c 8 of Y,Y’ in X,S7, iden-
tified with open e-balls in Ny, Ny for small ¢ > 0. Then ¥ induces a diffeomor-
phism v : U — U’ identifying orientations and spin structures on U,U’, with
Y|y = ¢ and d¢|y, = . As in Construction [Y] € H3(U;Z) is Poincaré dual
to c2(Elu, plu\y) € Hepe (U Z).
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Define a rank m complex vector bundle E' — S” with SU(m)-structure by
E'lsn\ys =2 C™ and E'|yr = 9. (E|y), identified over U\ Y’ by (¢[t\y)«(p). Write
Z: Ely — ¢*(E'|y+) for the natural isomorphism and p’ = Zo po~! for the nat-
ural SU(m)-framing C™|g7\y~ = E |s7\y+- Then Theorem gives a canonical
excision isomorphism Or (¢, Z, p, p'): Org — Org in (2.4).

By Example E’ — 87 is stably trivial, so Definition gives an orientation
o (E’) € Orgs . As in (L.9), define of; ,, 4, (E) € Org by

(42)  o¥,.u(B) = (Flu/v" (Fstlu))[Y]- Or(w, E, p, p') " (0" (E")),

where Fgr is the unique flag structure on 87, and F|y/4*(Fs7|y/) is as in Propo-
sition [3.3|(b) for the flag structures F|y and ¢*(Fs7|y) on U.

4(A)(v). Uniqueness of orientations, if they exist. Uniqueness of orientations, sub-
ject to our axioms, is explained in the outline of the proof in (A)

4(B). oy ,, y(FE) is independent of choices. We will prove the orientation of: , , y(E)
in Definition depends only on X, F' and F — X, and not on the other arbitrary
choices.

4(B)(i). o{i’p’b o(E) is independent of U,U’, ¢ for fized Y, p,t,¥. In the situation
of Deﬁnition let X, F,E.Y,p,t,¥ be fixed, and let Uy, U}, vo and Uy, Uy, 41 be
alternative choices for U, U’, 1. Then by properties of tubular neighbourhoods we
can find families Uy, U} and ¢; : Uy — U, depending smoothly on ¢ € [0,1] and
interpolating between Uy, Uj, ¢ and Uy, Uj, ;1. For each t € [0, 1] we get an orien-
tation 057 ¢ (E)¢ in Definition defined using Uy, U}, 1;. The families property
Theorem ii) of excision isomorphisms implies that oy, (E); depends con-
tinuously on ¢, and so is constant. Hence 05, p,L,‘P(E) is independent of the choice

of U, U, 4.
4(B)(il). oy ,, ¢ (E) is independent of W for fized Y, p, 1. We will need the following:

Proposition 4.8. Let Y be a compact n-manifold, N — Y be a rank 2k real
vector bundle with an orientation and spin structure on its fibres, and ® : N —- N
be an orientation and spin-preserving automorphism of N covering idy : Y —
Y. Suppose E — N is a rank m complex vector bundle with U(m)-structure for
2m = n+ 2k with a framing p outside a compact subset of N. Then there exists a
U(m)-isomorphism ©: E — ®*(F) over idy with ©op = ®*(p) outside a compact
subset of N.
When n =3 and 2k = 4, the same holds with SU(m) in place of U(m).

Proof. By Atiyah, Bott, and Shapiro |1, Th. 12.3(ii)], the spin structure on N deter-
mines a Thom isomorphism Thom : K(Y) — KJ,,(N), a form of Bott periodicity.
By naturality we have a commutative diagram

KO(Y) s K0 (N)

o -

Thom
KO(Y) ——— = KO, (N).

Since the horizontal maps are isomorphisms we see that ®* = id. Thus we have
[E,p] = [®*(E),®*(p)] in KJ(N). As we are in the stable range 2m > k, the
K-theory class determines the bundle up to isomorphism, so © exists as claimed.
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For the second part, every Spin(4)-bundle over a compact 3-manifold Y is triv-
ializable, and Q*B SU ~ Q*BU means that stably there is no difference between
unitary and special unitary bundles on N U {oc} XY+ A St (]

Proposition 4.9. oy, (E) is independent of W.

Proof. In the situation of Definition let X,F, E,Y,p,.,Y’ be fixed, and let
U, ¥y : Ny — *(Ny-) be alternative choices for ¥. Using the same tubular neigh-
bourhoods U, U’ for Y,Y’ in X,S”, which do not affect oy .0, (E) by §4(B)(i)
these induce diffeomorphisms tg,11 : U — U’. Let Ej, E; — ST be the corre-
sponding SU(m)-bundles, with SU(m)-framings pj, p} over S* \ Y.

Pick a spin structure on Y 2 Y’ which determines spin structures on the fibres
Ny, Ny by 2-out-of-3 for spin structures, where ¥, ¥ preserve these spin struc-
tures. Write ¢ = \111_1 oWy : Ny — Ny, so that ¢ preserves orientations and spin
structures on the fibres of Ny .

Write S(Ny @R) for the sphere bundle of the vector bundle Ny ®R — Y, so that
S(Ny ®R) > Y is a S*-bundle, containing Ny as an open set, and obtained by
adding a point at infinity to each fibre R* of Ny — Y, making the fibres R4H{oo} =
S*. Then S(Ny @ R) is a compact, oriented, spin 7-manifold, and Y embeds in
S(Ny @ R) as the zero section of Ny. Write b S(Ny ®@R) = S(Ny @ R) for the
diffeomorphism induced by ¢ : Ny — Ny.

As U is a tubular neighbourhood of Y in X it is diffeomorphic to the bundle of
open e-balls in Ny, so we can regard U as an open neighbourhood of Y in Ny and
S(Ny @ R). Write E—S8 (Ny @ R) for the rank m complex vector bundle with
SU(m)-structure given by E|y = E|y (identifying the open subsets U in X and
S(Ny @ R)), and Els(nvyarny = C"|s(nyer)\y, identified over U \'Y by pliny-

Write p : C"|s(ny or)\Y i)E\S(NY@R)\y for the obvious SU(m)-framing. Then
co(E) is Poincaré dual to [Y] € H3(S(Ny @ R); Z).
After stabilizing by C' for I > 0 with 2(m +1) > 7, using Proposition on

Ny C S(Ny @ R) we obtain an isomorphism of SU(m + [)-bundles
0:EaC — ¢"(EaCH~e¢*(E)aC,

compatible outside a compact subset of Ny C S(Ny @ R) with the SU(m + 1)-
framings induced by p. Thus Theorem [2.15| gives an isomorphism

(4.3) Or(4,0,0,0): Orgge — Orgge: -

Let F be the unique flag structure on S(Ny ®R) with F|U = F|y, regarding U
as an_open subset of both S(Ny @ R) and X. Then combining Propositions [2.19]

and and Example [2.20, we find that Or(¢,©,0,0) in (@.3) is multiplication by
the sign

(4.4) (F/¢* F)Y]=(Flu /iy (Flo)) [Y]= (Flu /(1 o) (Flu)) [Y],

since identifying subsets U of X and S(Ny @ R) identifies g5|U with " o 1.
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By functoriality of excision there is a commutative diagram

Or(idy,idp gt p@idgr,pDidgr )

OrE@Ql OI‘E@QZ
1 . . 01(¢,0,0,0)=

\LOr(wl °Y0,0lu,p®ides,pSider) mfl(lfiplicati)on by \L

OrE@Q OI'E"@QZ 5

Or(idy,id g gt I ,p@ider,p®ider)

which implies that Or(y; ! o 4, By, p ® idgt, p @ ider) is multiplication by (4.4)).
Similarly, we have a commutative diagram

Orpgc Or(y0.Eo®idgr ), p®idgr 0/ Bidr)
\LOr(dﬁ_ Yotp0,0|u,p@ide ,p@idg )=

OI‘ i
multiplication by E'eCH
OrEéB(Cl r w1,51®idcl|U,p€Bidg ,p/eaidg)

which implies that Or (s, Z; ®idcy),,, pDidgt, p' @idgr) for i = 0, 1 differ by a factor
(4.4). And for ¢ = 0,1 we have commutative diagrams

OI‘E — - OPE/
\L)\ L@ (= ®z, o1 (Ch)) Or(¥i,Z4,p,0") A 1 ®(—®2 Oﬂat(cl))\L
E,C 2 = Or(wi,Ei@idcllU’p@idgl 7p/@id§z) E/ Cl 2 L
OI‘E@gl OI‘E/@QL7

so that that Or(v;,=Z;, p, p’) for i = 0,1 also differ by a factor . Hence
0% puwo (B) = (Flu/$5(Fs|ur)) [Y] - Or(tho, o, p, o)~ (0" (E))
= (Flu/t5(Fsrlu))[Y] - (Flu /(1" o 90)* (Flu)) Y]
Or(¢1,E1, p, p') (0™ (E"))
= (Flu/4i(Fstlu)[Y]- Or(4r, B, p, o)~ 0" (E")) = 0%, 0, (E),

using (4.2) in the first and fourth steps, that Or(y;, =, p, p’) for ¢ = 0,1 differ by
([4-4) in the second, and functoriality of F’/F in Proposition [3.3(b) in the third.
This completes the proof. O

4(B)(iii). og’p’b’q,(E) is independent of 1 : Y < S” for fized Y, p. In a similar way to

§4(B) (1)}, this is immediate from Theorem ii) and the families property Theorem
ii)

of excision isomorphisms.
A(B)(iv). oy, , g (E) is independent of s,Y, p.
Proposition 4.10. 0§7P’L’W(E) is independent of s,Y, p.

Proof. In Definition let sg,s1 : C™ ' — E be alternative generic choices for

s, and let Yo, po, to, Yo, ... and Y7, p1,t1, Uy, ... be subsequent choices, so we have
. . . F F .
orientations oy, , o (E) and oy, , . ¢, (F) in Org.

Choose a generic morphism 3 : C™ ™ x [0,1] — E x [0,1] over X x [0,1] with
5|xx iy = si for i = 0,1, and let Z be the degeneracy locus of . Then as in Con-
struction Z C X x[0,1] is a compact embedded 4-submanifold with bound-
ary 0Z = (Yo x {0}) IT (Y1 x {1}).

By genericness, Z intersects the hypersurface X x {t} in X x [0,1] for ¢ € [0, 1]
transversely, except at finitely many points (x;,t;) for i = 1,... k, with 0 < #; <
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- <t < 1. Also the projection x|z : Z — X is an immersion except at finitely
many points (Z;,%;) for j =1,...,1, where {t1,...,t,} N {t1,..., 1} = 0.

Define Y; = {y € X : (y,t) € Z} for each t € [0,1]. If ¢ € [0, 1]\ {¢1,...,¢;} then
X x {t} intersects Z transversely, so Y; is a compact embedded 3-submanifold of
X, which depends smoothly on ¢. But when ¢ = t;, Y;, is generally singular at z;,
and the topology of Y; changes by a surgery as ¢ crosses t; in [0, 1].

For t € [0,1]\ {t1,...,t,} we have an orientation oy, , , g, (F) from Definition

with s; = 8[x s} and Y; in place of s and Y, where Wﬂ»m imply
these are independent of the additional choices ¢4, ¥y, . ... Locally in ¢t we can make
these additional choices depend smoothly on t. Hence Theorem ii) implies
that for ¢ in each connected component of [0,1] \ {t1,... ¢4} this oy, , . o, (E)

depends continuously on ¢, and hence is constant. Thus, to show that 0{‘:0, porio. o (B)

=0y, 5.0, (B), it suffices to prove that

(45) O{Zti—eJ)ti—ethi—ey‘llti—e (E) = O}F/ti+eapti+syl/ti+ey‘llti+e (E)

foralli=1,...,k, where ¢ > 0 is small.

Since {t1,...,tx} N {t1,..., 4} = 0, if € is small then [t; — €, t; + €] contains no ;
for j=1,...,1, s0 that mx|... : ZN (X x [t; — €,t; + €]) = X is an immersion. As
it is injective on Y;,, which is compact, making € smaller we can suppose this is an
embedding, so that W; := 7x (ZN(X X [t;—¢, t;+€])) is an embedded 4-submanifold
in X with boundary OW; = Y;, _ 1Y}, 1. As the bordism W; involves only a single
surgery at (x;,t;), each connected component of W; must have nonempty boundary.

By Theorem [4.6|there exists an embedding 7 : W; < S”. Since X and S” are both
oriented and spin, the normal bundles of W; in X and in S” are (noncanonically)
isomorphic. Hence we can choose open tubular neighbourhoods V of W; in X and
V' of W! = 3(W;) in 87 and a spin diffeomorphism y : V — V.

Let U;, + be tubular neighbourhoods of Y3, 1. in V. By §4(B) (1)-§4(B) (il
free to define O}F/‘tfievl)tiim’/tiiﬂq’tfie(E) using i, +¢ = X|vi, o> Utite, Upipe =
and Py, 1 = X|U;ii<‘ Then we have

| we are

1)
f(Ut,',:I:e)

Ollitre,ptre,urg,%re(E>
= (Flo,,—./¥1,—(Fslu;_))[Y]-

Or(Yy, e, Eti—clun, o Ptimer P —) (0™ (B, )
= (Flv/x*(Fst|v)[Y]

COr(X, Bt —es P, —clx\wis 1, — el sywr) (0 (B, L))
= (Flv/x"(Fst|v)[Y]

“Or(X, Etytes Ptitel x\ W15 p;ﬂre|S7\Wi’)71(0ﬂat(E£i+e))
= (Flvs o /5 4 (Fselug ) [Y]

Or(/l/}ti+€75ti+€|Ut,i+e?pti+6’p;i+5)71(0ﬁat(E£i+e))

_ F
- OYti+mPti+e,Lti+e,‘1’ti+e (E)

Here the first and fifth steps come from (4.2)). In the second and fourth steps we
use Yy, te = X|Utiie’ expanding the open sets Uy, +,U/ .. to V,V’, and shrinking
the domains X \ Vi, 4,87\ Y/ Lc of prite, ph e to X\ W;, ST\ W/,
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In the third step, with F,V,x fixed, we deform the SU(m)-framing p;|x\w, :
C"|x\w, = E|x\w, defined using s; smoothly over ¢ € [t; —¢,¢;+¢], and hence also
smoothly deforming the data Ey, Z¢, pj|sm\w, constructed using p¢|x\w,. Theorem
ii) implies that the corresponding family of orientations deforms continuously
int € [t; —€,t; + €], so has the same value at t; £+ €. This proves equation , and
the proposition. O

4(B)(v). The orientations of (E) are well-defined. We have seen above in Sections
B(B)(O}(B)(iv)] that of’ , , (E) in Definition [4.7depends only on X, F, E, and not
on the additional choices s,Y, p, ¢, ¥,U,U’, 1. Thus we can now define canonical
orientations of (E) = og’pﬁb,\y(E) € Org for all X, F and SU(m)-bundles F — X,
as in the first part of Theorem

4(C). Verification of the axioms. Axiom (L.5) in Theorem [[.2|(a) is obvious.

Proposition 4.11. Let E1,E; — X be SU(my)- and SU(ma)-bundles. Then
under (1.2) we have of (Ey @ Ey) = of'(E,) - of'(Es), proving Theorem [1.2(i).
Taking Es = C gives the stabilization aziom (1.6)) in Theorem [L.2(b).

Proof. In the situation of Definition pick generic s, : C™* ! — Ej, for k=1,2,
and let Yy, pg, tk, Y7, Ui, Uk, i, U}, . . . be the subsequent choices. By genericity we
may assume that Y1 NYs = 0 and Y{ NY; = 0, and making the tubular neighbour-
hoods smaller we can take Uy N Uy = ) and U] N U, = 0.

As in §4(B)(v)| we have o (Ex) = oy, , . u,(Ex) for k = 1,2. Also we may
write of (B @ Eo) = 057/“7\1,(E1 © Ey), where Y =Y 11 Ys, p = p1|x\v @ p2|x\v,
t =11 My, ¥ = Uy II ¥y, and 0§7p7b7\p(E1 ® E») is defined using U = U; I Uy,
=11y, U =U{ LUy, E' = B} @ Ej, and p' = pi|sr\y' ® phls7\y-

Proposition v) gives

Oﬂat(El) _ Oﬂat(Ei) . Oﬁat(Eé).
By applying Or (1, U, p, p’) to this equation and using compatibility of excision with
A and with restriction we find that
Or (v, W, p, p) (0" (E"))

= Or(h1, W1, p1, p) (0" (EY)) - Or(the, Wa, pa, py) (0™ (E3)).
The proposition then follows from (4.2)) by multiplying this equation by

(Flu/¢«(Est|vr)) [Y1 U Ya]

= (Flo, /(1)< (Fse|0))) 1] - (Floz/ (2)(Fs7lv)) [Ya]- O

Proposition 4.12. The excision aziom ([1.7) in Theorem [1.2|c) holds.

Proof. Work in the set up of Theorem c). Suppose that ® o pﬂU+\K+ =
¢*p~ |u+\k+ holds for K+ C U* compact. Enlarging K within U™ to Kt which is
the closure of an open subset of U, we can choose a smooth morphism s*: C™ ™1 —
Et on X with 57|y g+ = p+‘g7nfllx+\f(+, such that s is generic in the interior
of K.

As in Definition let YT be the degeneracy locus of s™, and construct
a SU(m)-framing g+ : C"[x+\y+ — E¥|[xr\y+ from s7|xi\y+. This satisfies
ﬁ+|X+\k+ = p+|X+\[(+ as 5+|X+\f(+ = pﬂgm4|x+\f(+. Choose an embedding
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ot Y+ < 87, an isomorphism of normal bundles U : Ny+ — 1 7*(Ny-) for Y’ =
tH(Y'H), tubular neighbourhoods U+, U’ of Y*,Y” in X+, 8" with Ut C U™, and
a spin diffeomorphism ¢+ : Ut — U’ with ¢ |y+ =1+ and dipt |y, =¥t Asin
Deﬁnitionwe get from these a vector bundle E/ — S” with SU(m)-structure, iso-
morphism Z*: E* |5y — o™ (E'|y) and SU(m)-framing p' : C™[ g7y~ = E'|sm\y.
Using the isomorphisms ¢ : Ut — U~ and ®: Et|y+ — ¢*(E~|y-), we can

transport K+, YT, pt, ot Ot U+ T 2t to K—,...,2~ on X~ with
K~ =¢(K"), Y= =4(Y"), Plx\ik-=r Ix\&
C=dtoglyt, U =UToddlyl . Al = ou(p),
(4.6) U~ =o(U"), YT =yt o gt

Note that the data Y', Ny+,U’, E’,p' on 8" is the same in both +, — cases. Then
as in §4(B)(v)| we have
(4.7) oF (E*) = ol i i y:(E*) € Orps .
We now have
_ + «
Or(¢, @, p*,p7) (o7 (ET)) = (FF|gs /0 (Fsrlvn)) Y]
Or(¢, @, p*, p7) 0 Or(y™, 7, 5%, p/) (0" (E))
= (F¥g+ /¢l (Flg-) Y] (Flg- /4™ (Estlo)) [Y ]
Or(y™,E7, 5™, p/) " (o™ (E"))
= (F*u+/¢"(F~[u-))(@h) - o (E7),
using (4.2)) and (4.7) in the first step, (4.6) and functoriality of Or(—) and F’/F in

the second, and using (4.2) and (4.7) and writing a™ = [Y*] in H3(U™';Z) in the
third. Since a* is Poincaré dual to co(E™t|y+,p) € H2, (UT;Z) as in Definition

this proves (1.7)). O

To check assertion (ii) in Theorem regarding families, let £ — X x P be
a SU(m)-bundle. By compactness of X each pg € P has an open neighbourhood
Py with E‘XXPO = E|X><{p0} X Py. By we have OF(E|X><{pD}) = OF(E|XX{p})
for every p € Py under the excision isomorphism, which depends continuously on
p. This completes the proof of the first part of Theorem on SU(m)-bundles.

4(D). Extension to U(m)-bundles. The last step is to extend Theorem to
U(m)-bundles. Clearly the canonical orientations of (E) for U(m)-bundles E — X
are well-defined. They also satisfy Theorem [1.2a)-(c) and (ii), since mapping the
U(m)-bundle E to the SU(m + 1)-bundle E = E @ A™E* commutes with all the
operations in (a)—(c) and (ii).
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