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The Unruh effect, thereby an ideally accelerated quantum detector is predicted to absorb ther-
malized virtual photons and re-emit real photons, is significantly extended for laboratory accessible
configurations. Using modern influence functional techniques, we obtain explicit expressions describ-
ing the excitation and relaxation of the quantum levels of an Unruh detector as a general noninertial
open quantum system. Remarkably, for controllable periodical motions, an exact master equation is
found for the Unruh detector within the prevailing framework of quantum optics with a well-defined
Unruh temperature for given acceleration (α), acceleration frequency (ωα), and transition frequency
(ω0) of the detector. We further show that the measurable Unruh temperatures and corresponding
transition rates are comparable or higher than their values for the ideally accelerated cases if cω0

and cωα have similar orders of magnitude as α. This allows us to select the transition rates of the
detector to unmask Unruh radiation against Larmor radiation which has been a major competing
noise. Our work suggests experiments with such settings may directly confirm the Unruh effect
within the current technology, based on which a laboratory test of black hole thermodynamics will
become possible.

I. INTRODUCTION

The Unruh effect [1] is a surprising prediction from the
quantum field theory [2, 3] that an observer subject to a
constant acceleration α relative to an inertial vacuum at
zero temperature will experience a surrounding thermal
bath at the Unruh temperature

TU (α) =
~α
2π

(1)

in units with c = 1 and kB = 1.
Furthermore, the accelerated observer is expected to

evolve towards a thermal equilibrium with the environ-
ment at temperature TU (α) by exchanging thermal pho-
tons, resulting in potentially measurable Unruh radia-
tion. In this context, the accelerated observer is called
an Unruh detector, which have excitable quantum lev-
els [4–6]. Alternatively, it has been suggested to observe
the Unruh effect using accelerated electrons or positrons
[7–11].

Despite the QED origin of the Unruh effect, substantial
interest in its direct detection has remained undamped
[12]. This can be justified by the fundamental impor-
tance of Unruh radiation being parallel to the Hawk-
ing radiation [13] as a gateway to quantum gravity and
further unified theories. The direct measurement of the
Unruh radiation would also be a milestone for verifying
the gravitational particle production process in the Early
Universe [14].

While it is true that the difficulties of detecting Unruh
radiation are largely due to experimental challenges, the
limitations and indeed controversies of the existing theo-
retical descriptions of the Unruh effect have long added
to the confusion of its measurement. Certain ambiguities
in theoretical interpretations have even led some authors
to believe that Unruh radiation does not exist [12]. There

also appear to be perceptions that laboratory generated
oscillatory accelerations lead to non-equilibrium condi-
tions that could invalidate the notion of Unruh temper-
ature [6].

Here we provide a comprehensive and unambiguous
theoretical framework for the Unruh effect based on the
powerful influence functional technique in modern the-
ory of open quantum systems with significant general-
ization to noninertial systems. This enable us to analyze
an Unruh detector through the well-established quantum
optics approaches with proven tools to reliably address
the physical issues including the photon exchanges with
the environment and the corresponding transition rates
as well as conditions for relaxation to equilibrium. As
a result we are able to derive the physically meaning-
ful Unruh temperature for realistic laboratory conditions
and unmask the resulting Unruh radiation with a careful
treatment of relaxation times.

II. QUANTUM DETECTOR AS AN OPEN
QUANTUM SYSTEM

Here we will derive a general master equation for a
quantum detector coupled to the electromagnetic field in
an environmental reservoir using the influence functional
theory [18, 20]. This can be achieved by first considering
the environment to consistent of a real massless scalar
field φ described by the Lagrangian density

LR = −1

2
ηµνφ,µφ,ν (2)

using the Minkowski metric ηµν = diag(−1, 1, 1, 1) in a
laboratory inertial frame. The system of a quantum de-
tector coupled to this environmental field will be sta-
tistically represented by a time-dependent total density
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operator (matrix) ρT (t), satisfying the Liouville-von Neu-
mann equation

d

dt
ρT (t) =

∫
d3xL ρT (t)

= − i
~

∫
d3x [H(x), ρT (t)]

where L is the total Liouville super operator, H is the
total Hamiltonian density, and (x) = (t, ~x) denotes a
spacetime point. Provided the initial state ρT (t0), the
above is formally solved by

ρT (t) = T exp
[ ∫ t

t0

d4x′L (x′)
]
ρT (t0)

where T is the time ordering operator.
We consider a system-reservoir interaction Hamilto-

nian density of the form

HI = −φQ (3)

with the corresponding Liouville super operator denoted
by LI . Here the operator Q(x) depends on the sys-
tem variables with the assumed commutation relation
[Q(x), Q(x′)] = 0 [18]. Then the system density matrix
ρ = trR(ρT ) obtained by taking the partial trace over the
environmental field which carries the reduced dynamic of
the detector’s degrees of freedom follows as

ρ(t) = TS

{
trR

[
Tφ exp

(∫ t

t0

d4x′ LI(x′)
)
ρ(t0)

]}
(4)

in the interaction picture, where we have split the time
ordering operator T = TφTS , with Tφ and TS being the
time ordering operators for the environmental and system
variables respectively. By virtue of the Wick’s theorem
[15], the identity

TS

{
[LI(x),LI(x

′)] ρ
}

= − 1

~2
TS

{
[φ(x), φ(x′)][Q(x)Q(x′), ρ]

}
(5)

holds, as the operator Q(x) at different times commute
under TS and the commutators of the environmental
fields are c-numbers.

We consider a weak coupling so that the initial state
of the system (at time t0 can be given by a product state
of the form ρT (t0) = ρ(t0) ⊗ ρR, with ρ(t0) being the
reduced density matrix of the matter at the initial time
and ρR being the reservoir density matrix, which is in a
stationary state. The influence functional obtained from
the time ordered exponential (4) can written as a cu-
mulant expansion up to second order [18], valid for any
environment in a Gaussian state, including the vacuum
and thermal states described by a quadratic Hamiltonian
[19]. Therefore, by substituting (5) into (4), we obtain
the influence functional for the reduced open quantum

system satisfying the non-Markovian master equation

dρ

dt
= − 1

2~

∫ t

t0

dt′d3xd3x′
{
iD(x, x′)

[
Q(x), {Q(x′), ρ}

]
+N (x, x′)

[
Q(x), [Q(x′), ρ]

]}
(6)

using the dissipation and noise kernels

D(x, x′) =
1

i~
〈[φ(x), φ(x′)]〉R

N (x, x′) =
1

~
〈{φ(x), φ(x′)}〉R

respectively, where 〈 · · · 〉R denotes averaging over the
reservoir, assumed to be stationary and in a Gaussian
state. This is the case if the environment is in thermal
equilibrium at temperature T with the Planck distribu-
tion N(ω) = NP (ω, T ) given by

NP (ω, T ) =
1

e~ω/T − 1
. (7)

By incorporating vector and tensor components with
suitable gauge symmetries, the master equation (6) is
readily generalized for the electromagnetic [18] and grav-
itational [20, 21] environments. Specifically, by compar-
ing the Hamiltonian densities of the electromagnetic and
scalar fields, we see that the electromagnetic variant of
(6) is obtained with

φ→ Ai, Q→ ji, HI → −Aiji (8)

where Ai is the vector potential ji is the electric current
density [18]. For completeness, by comparing the Hamil-
tonian densities of the linearized gravitational and scalar
fields, we see that the gravitational variant of (6) follows
as

φ→ hij√
32πG

, Q→
√

8πGτij , HI → −
1

2
hijτij (9)

where hij is the transverse-traceless (TT) gravitational
wave amplitude and τij is the TT-stress tensor of a mat-
ter source [20, 21].

III. MOVING QUANTUM DETECTOR

An Unruh detector is by its nature on an accelerated
trajectory. It is therefore necessary to extend the pre-
ceding formulation to allow for an arbitrary motion of
a quantum detector that a laboratory test may execute.
We have in mind an electron to be accelerated by an in-
tense electric field to gain a large acceleration thanks to
its high charge-to-mass ratio. This particle is also con-
sidered to be subject to a potential field that gives rise
to quantum energy levels capable of being thermalized.

As a relatively simple model to capture these phys-
ical features, let us consider a point quantum particle
having a uniform transition frequency ω0 between ad-
jacent energy levels. This particle is assumed to move
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along a world line x(τ) = (t(τ), ~r(τ)) parameterized by
the proper time τ [17] with a system-reservoir interaction
Hamiltonian density (3) using

Q(x) =
√
~
∫

dτ δ4(x− x(τ)) q(τ) (10)

where q(τ) is a dimensionless Hermitian operator. Here
Q(x) arises from taking current moments using (8) and
physically can be related to the dipole of the particle-
potential system as in a possible experiment scheme be-
low.

Since we are considering a single transition frequency
ω0, the time evolution of the q(τ) in the interaction pic-
ture is given by [18]

q(τ) = q† eiω0τ + q e−iω0τ (11)

where q† and q act as raising and lowering operators for
the particle’s quantum energy states respectively.

We consider the zero temperature T = 0 in the inertial
laboratory frame, in which the late time quantum motion
with τ � τ0 in a coarse-grained time scale is described
by the Markovian approximation of Eq. (6) as follows

ρ̇ =
1

16π3

∫ ∞
0

ds
{(
q ρ q† − ρ q†q

)
e−iω0s

+
(
q†ρ q − ρ q q†

)
eiω0s

}
I(s, τ) + H.c. (12)

where ρ̇ = dρ/dτ , H.c. denotes the Hermitian conjugate,
and

I(s, τ) =

∫
dΩ(~k)

∫ ∞
0

dω ω

× ei[ω(t(τ)−t(τ−s))−~k·(~r(τ)−~r(τ−s))]. (13)

In particular, if I(s, τ) ≈ I(s) over the coarse-grained
time scale, then (12) takes the form

ρ̇ =
1

16π3

{
Ĩ+(ω0)

(
q ρ q† − ρ q†q

)
+Ĩ+(−ω0)

(
q†ρ q − ρ q q†

)}
+ H.c. (14)

in terms of the one-sided Fourier transform Ĩ+(ω) of the
coarse-grained I(s), which is related to the full Fourier

transform Ĩ(ω) by

Ĩ+(ω) =
1

2
Ĩ(ω) + CP (15)

where CP denotes a certain Cauchy principal value. It is
well known that the Cauchy principal terms contribute
only to the imaginary part of Ĩ+(ω) related to a unitary
evolution for ρ which can be absorbed into a renormalized
system Hamiltonian [18]. Therefore, by introducing the
dimensionless real “Unruh function”

U(ω) =
1

16π3|ω|
Ĩ(ω) (16)

Eq. (14) becomes

ρ̇ = ω0

{
U(ω0) D [q] + U(−ω0) D [q†]

}
ρ (17)

in terms of the Lindblad super operator

D [q](ρ) = q ρ q† − 1

2

{
q†q, ρ

}
. (18)

Moreover, by introducing the “Unruh distribution”

NU (ω) =
U(−ω)

U(ω)− U(−ω)
(19)

and the transition factor

u(ω) = U(ω)− U(−ω) (20)

we can cast (18) into a standard Lindblad form of the
quantum optional master equation as follows

ρ̇ = ω0u(ω0)
{

(1 +NU (ω0)) D [q] +NU (ω0) D [q†]
}
ρ.

(21)

The resulting quantum states evolve towards a com-
pletely decohered equilibrium state represented by a di-
agonal density matrix

ρ =
∑
n

ρn|n〉〈n| (22)

with 0 ≤ ρn ≤ 1 and
∑
n ρn = 1. Furthermore, this

equilibrium state is a thermal state with the temperature

TU (ω) =
~ω

ln[U(ω)/U(−ω)]
(23)

which we shall refer to as the (generalized) Unruh tem-
perature.

For example, if the quantum particle has harmonic
quantum states, then we have

ρn = (1− e−~ω0/T ) e−n~ω0/T (24)

for n = 0, 1, 2, . . ., where T = TU (ω0).

IV. QUANTUM DETECTOR UNDERGOING A
CONSTANT ACCELERATION

For a quantum detector under a constant acceleration
α, using (16) with t(τ) and ~r(τ) given by the Rindler
coordinates [16], we obtain the Unruh function to be

U(ω, α) = sgn(ω)(1 +NP (ω, TU (α))) (25)

where the Planck distribution given by (7) evaluated for
both signs of ω satisfying −NP (−ω, T ) = 1 + NP (ω, T ).
The corresponding transition factor (20) turns out to be
unity. Then using (25) we find that the Unruh distribu-
tion (19) simply yields the Planck distribution

NU (ω, α) = NP (ω, TU (α)) (26)

given by (7) in terms of the Unruh temperature (1). We
have therefore recovered Unruh’s result for a constant
acceleration [1].
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V. QUANTUM DETECTOR UNDERGOING A
PERIODIC MOTION

Consider a periodic motion at oscillation frequency ωα
in τ so that ~r(τ) = ~r(τ + τα) where τα = 2π/ωα is the
oscillation period. In terms of the time averaging of any
quantity p denoted by p̄ over an oscillation period τα, we
can write

t(τ) = γ̄τ + ξ(τ)

where γ = dt/dτ is the Lorentz factor for the particle
motion and ξ(τ) = ξ(τ + τα) is some function as the
periodic variation of the laboratory inertial time relative
to the proper time of the particle. For simplicity, let us
work in units with ωα = 1 and hence τα = 2π. Then (13)
becomes

I(s, τ) =

∫ ∞
0

dω ω f(s, ω, τ) ei γ̄ ωs

where

f(s, ω, τ) =

∫
dΩ(~k) ei[ω(ξ(τ)−ξ(τ−s))−~k·(~r(τ)−~r(τ−s))].

It follows from the periodicity of ξ(τ) and ~r(τ) that the
real and imaginary parts of f̄(s, ω) are even and odd
functions of s respectively. This results in the Fourier
coefficients fn(ω) of f̄(s, ω) to be real for all integers n.
Consequently, the Unruh function introduced in (16) so
that the quantum optical equation (17) holds, now takes
the form

U(ω) =
1

4π|ω|γ̄2

∑
n<ω

(ω − n) fn

(ω − n
γ̄

)
(27)

where fn(ω) are the Fourier coefficients of f̄(s, ω) over
an interval of s of length 2π.

VI. QUANTUM DETECTOR IN A CIRCULAR
MOTION

As a special case of periodic motions, we can consider
a circular motion with

~r(τ) =
α

ω2
α

(cos(ωατ), sin(ωατ), 0)

having a centripetal acceleration α, rotational frequency
ωα, and the constant Lorentz factor γ =

√
1 + α2/ω2

α.
In units with ωα = 1, Eq. (15) then becomes

I(ω0) = 2

∫ ∞
0

dω

∫ ∞
0

ds ωe−i(ω0−γω)sJ0

(
2αω sin

s

2

)
.

This leads to the Unruh function

U(ω, α) =
1

2π|ω|(1 + α2)

∑
n<ω

(ω − n) dn

( ω − n√
1 + α2

)
in terms of

dn(ω) =

∫ 2π

0

J0

(
2αω sin

s

2

)
cosnsds (28)

FIG. 1. Schematic diagram of Unruh radiation as thermal cy-
clotron radiation through quantum Landau-level transitions
of a magnetically confined electron accelerated by laser.

from which the corresponding Unruh temperature (23),
distribution (19), and transition factor (20) are readily
evaluated.

VII. POSSIBLE DETECTION OF UNMASKED
UNRUH RADIATION

Here we consider the Unruh radiation of an accelerated
electron subject to a potential. As an Unruh detector,
the quantum states associated with the potential should
be independent of the motion and this will be the case
when the potential is induced by a uniform magnetic field
in the direction of a linear acceleration.

We shall demonstrate that the Unruh radiation of such
a system is a direct consequence of the coupling between
the Landau levels of the electron and environmental pho-
tons even at zero temperature.

As illustrated in Fig. 1, we start by considering the
spontaneous emission from an electron (with charge e

and mass m) in a uniform magnetic field ~B along the
z-direction with a cyclotron frequency ωc = Be/m . We
will then consider the effect of an oscillatory linear accel-
eration in the z-direction.

The Landau quantization of the electron takes place
on the transverse plane with coordinates x and y and
are shifted by the ladder operators given in terms of the
dimensionless variables X = x/xc and Y = y/xc with

xc =
√
~/mωc, by the expressions

a = 1√
2

[(
X
2 + ∂X

)
− i
(
Y
2 + ∂Y

)]
b = 1√

2

[(
X
2 + ∂X

)
+ i
(
Y
2 + ∂Y

)]
satisfying the nontrivial commutation relations

[a, a†] = [b, b†] = 1.

However, the operators b and b† only shift the Lan-
dau level orbits on the transverse plane as the system
Hamiltonian of the electron takes the form

HS = ~ωc
(
a†a+ 1

2

)
.
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The coupling of the electron Landau levels to the ra-
diation field under the dipole approximation is through
interaction Hamiltonian

HI = − ~D · ~ER

where ~ER is the electric field operator of the radiation

field and ~D = e(x, y, 0) is the dipole operator of the or-
biting electron. Following the theoretical framework laid
out in preceding sessions, we find that the cyclotron con-
figuration as an open quantum system at temperature T
to satisfy the master equation

ρ̇ = Γc
{

(1 +N(ωc)) D [a] +N(ωc) D [a†]
}
ρ (29)

in terms of the Planck distribution N(ωc) = NP (ωc, T )
and the spontaneous decay rate

Γc =
e2ω2

c

3πε0mc3
(30)

in full units. In the classical limit, Eqs. (29) and (30)
correctly recovers the Larmor formula for the acceleration
radiation from a circularly orbiting charge.

When the electron is additionally accelerated by the

electric field ~EL of a standing high-power laser wave in

the direction of ~B at the zero temperature, the vacuum
fluctuations of the electromagnetic field are thermalized
in the cyclotron’s moving frame, effecting the above spon-
taneous emission into thermal radiation manifested as
Unruh radiation, described by the master equation (29)
with the following modifications

Γc → ΓU = Γc u(ω, α),

N(ω)→ NU (ω, α),

T → TU (ω, α).

As shown in Figs. 2 and 3, the Unruh temperatures
and corresponding transition rates are comparable or
higher than their values for the uniformly accelerated
cases if cω0 and cωL have similar orders of magnitude
as αL.

For example, with the achievable magnetic field B =
1000 T [22], the accelerated cyclotron system has a tran-
sition frequency ω0 given by the cyclotron frequency
ωc = 1.76 × 1014 rad/s with the transition/decay rate
Γc = 3.88 × 105 s−1. Using the available high-power
laser acceleration αL = 6.0× 1023 m/s2 at the frequency
ωL = 2π×3.0×1013 rad/s [23], we can achieve the Unruh
temperature TU (ωc, αL) = 852 K with the transition rate
ΓU = 1.95×105 s−1 corresponding to the Unruh detector
relaxation time τU = 5.12µs. Since this relaxation time
τU is much larger than the QED time scale, it is possi-
ble to detect the persistent Unruh radiation within the
interval τU from the moment when the laser is switched
off which discontinues masking radiations including the
Larmor and other forms of acceleration radiations [24].

FIG. 2. The Unruh distribution NU (ωc, αL) (amber) and
transition factor u(ωc, αL) (blue) for the oscillating motion.
Here ω = ωc/ωL and α = αL/cωL. This factor is around unity
if both α and ω are order one but falls off to zero rapidly.

FIG. 3. The Unruh temperature TU (ωc, αL) (amber) with an
oscillatory acceleration amplitude αL compared with TU (αL)
(blue) with a uniform acceleration αL. Here ω = ωc/ωL,
α = αL/cωL, and both TU (ωc, αL) and TU (αL) are evaluated
in units of ~ωL.

VIII. CONCLUSION

The Unruh effect is an exceptional prediction in
physics in that it is both widely celebrated and debated.
We have provided a ground-up derivation of the Unruh
effect with minimum assumptions, going far beyond its
usual remit related to an idealized constant acceleration
of a detector and have extended the scope of the effect to
real-world scenarios with variable accelerations for finite
durations while keeping the crux of the effect – the phys-
ical reality of the Unruh temperature and radiation. To
guide experimental tests, we have demonstrated that the
measurement of the Unruh effect are feasible inside cer-
tain windows of the laboratory parameter space, which
are previously unnoticed but are well within the current
technology.
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