ON THE HOMOTOPY GROUPS OF THE SELF
EQUIVALENCES OF LINEAR SPHERES

ASSAF LIBMAN

ABSTRACT. Let S(V) be a complex linear sphere of a finite group G. Let
S(V)*™ denote the n-fold join of S(V) with itself and let auta(S(V)™)
denote the space of G-equivariant self homotopy equivalences of S(V)*".
We show that for any k > 1 there exists M > 0 which depends only on
V such that |7, aute(S(V)*™)| < M is for all n > 0.

1. INTRODUCTION

Let aut(X) denote the space of self homotopy equivalences of a space X
with the identity as a basepoint. If X is a G-space we write autg(X) for
the equivariant self equivalences. It is well known that for any & > 1 the
sequence of groups

b
lCincaloN T aut(S"T) — L.

stabilizes on a finite group, namely for all n > 0 all the arrows become iso-
morphisms of finite groups. The stable group is the stable k-homotopy group
of S°. This can be deduced from the fibration Q"S™ — map(S™, S*) — S"
together with [10, 19.1.2]) and the classical fact that the groups m,4;S"
stabilize on 77;2 .

Equivariantly, one replaces S° with a sphere X on which a finite group
G acts. Let X*™ denote the n-fold join of X with itself equipped with the

natural action of G. We obtain a sequence of spaces

7 aut(S%) — mp aut(S) — -+ — m aut(S™)

autg(X) — -+ — autg(X™) poerlx, autg(X*(”“)) o

If the G-sphere X has a fixed point, the stabilization of {my autg(X*")},
where £ > 1 can be deduced from the results of Hauschild [5, Satz 2.4]. In
the absence of fixed points, the problem is much harder.

A complex representation V of a finite group G admits a G-invariant
scalar product, unique up to equivalence, and the subspace S(V') of V' con-
sisting of the unit vectors is called a linear sphere. The stabilization of
{7 autg(S(V)*)}, was established if G is cyclic by Schultz [12, Proposi-
tion 6.5], or if G acts freely on S(V') by Becker and Schultz [1]. The finiteness
of the groups 7 aut(S(V)*") for all sufficiently large n was proven by Klaus
7, Proposition 2.5] and Unlii-Yalgin [15, Theorem 3.1].

Definition 1.1. A sequence of (abelian) groups F1, Fa, ... is called essen-
tially bounded if there exists some M > 0 such that |E,| < M for all n > 0.
1



2 ASSAF LIBMAN

The main result of this paper is the following theorem. It has its origin
and motivation in the problem of constructing free actions of finite groups
on products of spheres, see [15], [7]. We will prove it in Section 7.

Theorem 1.2. Let V be a complex representation of a finite group G. Then
for any k > 1 the sequence of groups {mautg(S(V)*™)}n>1 is essentially
bounded.

Corollary 1.3. For any k > 1 the group lim autg(S(V)*™) is finite.

Proof. In general, if G = li . G, where Gg — G1 — G2 — ... is a sequence
of groups, then for any finite subset X C G there exists n > 0 such that the
natural map G, — G contains X in its image. Therefore, if the sequence
{Gp}n is essentially bounded with |G,| < M for all n > 0, then |G| < M
since | X| < M for any finite subset X C G. O

2. POLYTOPES AND ISOTROPY GROUPS

Let G be a finite group. Let X be a G-space. For any x € X let G,
denote the isotropy group of z.

Definition 2.1. For any K < G let XX denote the subspace of X fixed by
K. Set
X*K={zeX: G.>K}y= ) x¥
K<H

When K is the trivial subgroup, X~¢ is the subspace of X consisting of
the non-free orbits of G.

Remark 2.2. Clearly X>¥ C XX and both are invariant under the action
of NgK. Hence, they both admit an action of W = NgK/K. Clearly, if we
regard XX as a W-space, then X>K D (X¥)>¢. If K < H < Ng(K) and
X>K C A C XX is W-invariant then A7 = XH because X C X>K C
AC XK,

Recall from [13] that an abstract simplicial complex X is a collection of
non-empty subsets, called simplices, of an underlying set V of “vertices”,
which contains all the singletons in V and if ¢ € X is a simplex then any
non empty 7 C o is also a simplex. A polytope is the geometric realization of
a simplicial complex X. By abuse of terminology we will not distinguish be-
tween a simplicial complex X and the associated polytope. A sub-polytope
of X is the geometric realization of a sub-complex.

Throughout, whenever a finite group G acts on a polytope X, it is un-
derstood that it acts simplicially. By possibly passing to the barycentric
subdivision sd X we may always assume that for any K < G, XX is a sub-
polytope of X on which NgK acts simplicially. In particular, also XK is
a sub-polytope. See [6, Sec. 1] for more details.

Lemma 2.3. Let W be a finite group acting simplicially on a finite polytope
Y. Let A be a W-invariant sub-polytope of Y which contains Y~¢. Then,
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by possibly passing to the second barycentric subdivision sdQ(Y), there is a
W -invariant open subset U CY which contains A and

(1) U and B :=Y\U are W -invariant sub-polytopes of Y.
(2) The inclusions A CU C U and Y\U C B C Y\A are W-homotopy
equivalences.

Proof. By [9, Lemma 72.2] and the remarks in the beginning of [9, §70],
the open subset U := St(4,sd*(Y)), namely the star of A in the second
barycentric subdivision of Y, has the properties in points (1) and (2) non-
equivariantly. Since A is W-invariant, it is clear that U must be W-invariant,
and hence so are U and B. Thus, point (1) follows.

To prove point (2) we must show that for any H < W the inclusions

A c yt c T and (Y\U)” € BH C (Y\A)" are homotopy equivalences.
If H # 1 then A" = UH = 7" and (Y\A)¥ = @ by Remark 2.2 (with
K =1). If H =1 then these inclusions are homotopy equivalences by the
choice of U. O

3. BREDON HOMOLOGY AND COHOMOLOGY

In this section we will recall the definitions and some of the basic prop-
erties of Bredon homology and cohomology groups. Most of the results are
contained in Bredon’s book [3] in the cohomological setting.

Let G be a finite group. Let Og denote the category of transitive left
G-sets. It is equivalent to its full subcategory whose objects are the left
cosets G/H. A cohomological coefficient functor is a functor M: OF —
Ab. The cohomological coefficient functors form an abelian category with
natural transformations as morphisms which will be denoted O -mod. It
has enough injectives and projectives. Similarly, a homological coefficient
functor is a functor M: Og — Ab. The abelian category of homological
coefficient functors will be denoted Og -mod; It has enough injectives and
projectives.

A G-module M gives rise to the following coefficient functors described
in [3, I.4]. For any G-set § let Z[Q)] denote the permutation G-module
whose underlying set is the free abelian group with € as a basis. If M is
a left (resp. right) G-module, there is a cohomological (resp. homological)
coefficient functor

M: Qs Homza(Z[Q], M),  M:Q— M @z Z[S).

Associated to a cohomological coefficient functor M there is a unique equi-
variant cohomology theory, called Bredon cohomology, defined on the cat-
egory of G-CW complexes with the property that Hf (S5 M) = M(Q) for
any G-set ) viewed as a discrete G-space. See [3, 1.6] for details. When the
coefficient functor M is associated with a G-module M these cohomology
groups have a particularly nice description as the homology groups of the
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cochain complex
C&H(X; M) := Homzg(Cu(X;2Z), M)

where C(X;Z) is the ordinary (cellular) chain complex of X. See [3, 1.9, p.
I-22]. If X is a polytope on which G acts simplicially, then H¢ (X; M) can
be calculated by applying Homyzg(—, M) to the simplicial chain complex of
X. See [13, §4.3].

In a similar way, one defines the Bredon homology groups HE(X; M)
with respect to a homological coefficient functor. If M is associated with a
right G-module M then these groups are the homology groups of the chain
complex

CE(X; M) :== M ®z¢ Cu(X; 7).
If X is a polytope on which G acts simplicially then C,(X;Z) can be replaced
with the simplicial chain complex of X.

For any G-space X and n > 0 there is an associated coefficient functor

H,(X;Z) in OF -mod, see (3, 1.9],

H,(X;Z): G/H — H,(X":;7).
In other words this functor has the effect Q — H,(maps(Q, X);Z). Given

any cohomological coefficient functor M there is a first quadrant cohomo-
logical spectral sequence, see [3, Section 1.10, (10.4)],

EYY = Bxtop 0 (Hy(X52), M) = HE™(X;M).

Similarly, for any homological coefficient functor M there is a first quadrant
homological spectral sequence

Eg,q = Torg)c-mod(ﬂq(X;Z),/\/l) = H}?—‘,—q(X;M)-

Recall that a map f: X — Y of G spaces is a weak G-homotopy equivalence
if it induces weak homotopy equivalences on the fixed points X ~ Y for
all H < G. The spectral sequences above imply the homotopy invariance of
Bredon (co)homology.

4. AN EQUIVARIANT LEFSCHETZ DUALITY

The main result of this section is Proposition 4.2 which is an equivariant
form of Lefschetz duality for Bredon (co)homology with respect to coefficient
functors associated with trivial modules. Its hypotheses should be compared
with Lemma 2.3.

For any set X let Z[X] denote the free abelian group with X as a basis.
The assignment X — Z[X] is clearly functorial. If X is a (left) G-set then
Z[X] is naturally a (left) ZG-module.

Lemma 4.1. Let M be a trivial ZG-module. Then in the category of finite
G-sets there are isomorphisms, natural in €

(1) ¥: Hom(Z[Q), Z) ®z¢ M = Homzg (Z[], M)
(2) ©: Homyzg(Hom(Z[Q, Z), M) = M @7 Z[S).
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Proof. The G-module Z[)] has a canonical basis {w},cq. For any abelian
group R, any w € Q and any r € R, let x}(r) € Hom(Z[], R) denote
the homomorphism determined by the assignment w’ +— 0 if W’ # w and
w — 7. Since (2 is finite, the (right) G-module Hom(Z[Q}], Z) has a canonical
G-invariant basis x, := x%(1) where w runs through €. For any w € Q let
Gw denote the orbit of w in Q. Given © we will also choose a set {w;} of
representatives to the orbits of G on 2; the index i runs through Q/G. The
homomorphisms ¥ and © are defined by

U oo xe®zam = Y xM(m)
w'eGuw

O : v Y o) e wi
i€Q/G

To see that ¥ is well-defined one uses the fact that G acts trivially on M
and xE(r)og™! = Xfw(r). For the same reasons O is independent of the
choice of the representatives w;. By inspection ¥ and © are natural with
respect to G-maps f: 0 — I'. The details are left to the reader. O

For any polytope X we will write C,(X) for the simplicial chain complex
of X, see [13, §4.3]. In the presence of a simplicial action of the group G,
this becomes a chain complex of permutation G-modules, namely C),(X) is
the ZG-module Z[X,,] where X, is the G-set of the n-simplices of X. If G
acts freely on X then C,(X) is a chain complex of free ZG-modules. The
cochain complex C*(X) is by definition Hom(C,(X),Z). If M is an abelian
group then by definition

Ci(XsM)=C(X) M and C*(X; M) =Hom(Cy«(X), M).

Proposition 4.2 (Lefschetz duality). Suppose that G is a finite group acting
stmplicially on a finite n-dimensional polytope Y which is a compact con-
nected and orientable homology n-manifold. Let U be an open G-subspace
which contains Y >¢. Assume that U and B := Y \U are sub-polytopes of Y
and that the inclusion Y\U C Y \U is a homotopy equivalence. Also assume
that G acts trivially on H,(Y) = Z and that H,(Y) — H,(Y,U) is an iso-
morphism. Set D = BNU. Then for any abelian group M and any p > 0
there are isomorphisms

exrcision

HE(B;M) = HY (B,D;M) = HY (Y,U;M)  and
HS(B; M)~ HP(B,D; M) = HYP(Y,U; M).
P I G ) i G ) i

Proof. Throughout we let C,(Y), C(B), C«(B, D) etc. denote the simplicial
chain complexes of these finite polytopes. For every g € G we obtain an
automorphism gy of C.(B) which in every degree p permutes the basis
elements of Cp(B), namely permutes the set of p-simplices of B. Similarly
there is an automorphism g# of C*(B, D) which has the following effect on
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a p-cochain P
g7 (cP): o P(gu(a)), o is a p-simplex of B.

In this way Cy(B) and C*(B, D) become (co)chain complexes of left ZG-
modules where

g cp=gxlcy), and  g-c = (g7 )F(cP).

Since U 2 Y ~¢, the action of G on B and D is free and therefore C\(B) and
C*(B, D) are (co)chain complexes of finitely generated free ZG-modules.

Let I" be an orientation cycle for Y, namely I' is an n-cycle of Y whose
image [I'] € H,(Y) = Z is a generator. Let [I'y] € Hy,(B, D) be the image
of [I'] under the isomorphism

H,(Y) — H,(Y,U) ——— H,(B, D)

excision

For dimensional reasons, Z,(Y) = Hy,(Y). Since G acts trivially on H,(Y),
it follows that I' is G-invariant. Hence, [['y] is G-invariant and therefore
its preimage I'y € Z,(B, D) is also a G-invariant orientation cycle since
Zn(B,D) = H,(B, D). By [9, Theorem 66.1] the assignments

P s (—1)"P-(cPALy)

oP: CP(B, D) Cr—p(B)

form a morphism of cochain complexes (we view C,,_.(B) as a cochain com-
plex). It follows from the G-invariance of I';; and from the naturality state-
ment in [9, Theorem 66.1] that ® is a morphism of cochain complexes of
ZG-modules because for any p, set € = (—1)"7P and then

g-q)(g_l-cp) = e-g#(g#(cp)ﬂFU) =e-"Ngup(Ty) =€- "Ny = d(P).

We now apply [9, Theorem 70.6] to the inclusion D C B and the orienta-
tion class I'y, and use excision together with the fact that j.: H,(Y\U) —
H.(Y\U) is an isomorphism by hypothesis on Y\U C Y\U, to deduce that
® induces an isomorphism in homology.

Set R.(B,D) := C"*(B, D). Thus, R.(B, D) is a chain complex which
is obtained from the cochain complex C*(B, D) by simply re-indexing the
modules. So

&: R.(B,D) — C.(B)

is a morphism of chain complexes of finitely generated free ZG-modules. It
follows from Kiinneth’s spectral sequence [14, Theorem 5.6.4] that the maps
below induce isomorphism in (co)homology

M @z R.(B, D) 12262

Homyq(Cy(B), M)

M Rza C*(B)

Hom6 @M, Homgg (R.(B, D), M).
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By applying Lemma 4.1 to C,.(B, D) and C*(B, D) and using the notation
and results in Section 3, we obtain isomorphisms of chain complexes

M ®za R*(BaD) =M ®z¢ Cn_*(BaD) = Cgi*(BaDaM)
Homyg(R.(B, D), M) = Homzo(C" (B, D), M) = CS (B, D; M)

Therefore H(, "(B,D; M) = HS(B; M) and HZ.(B; M) = HS (B, D; M).
O

5. THE KEY LEMMA

Throughout this section we will fix a finite group G and a sequence
{Xn}n>1 of compact polytopes on which G acts simplicially. By possibly
passing to the barycentric subdivisions, we may assume that for any H < G,
the subspaces (X,) are sub-polytope of X,,. We will make the following
assumptions on {X,},. Important examples are given by X, = S(V)*"
where S(V) is a linear sphere. See Propositions 7.2 and 7.4.

(I) For any H < G either X are empty for all n >> 0, or for any n > 0
these are connected compact and orientable homology N-manifolds
for some N (which depends on n) such that Ng(H) acts trivially on
Hy(XH,7) =2 17.

(IT) For any H < G, if i > 1 then H;(XX;Z) = 0 for all n >> 0.

(IIT) If H' < H then either

(i) limy, 00 (dim X — dim XT) = oo, or
(i) XX = XM for all n>> 0.

Let us now fix a subgroup K < G and set W = NgK/K. For every
n > 1set Y, = XK and A, = XX (Definition 2.1). These are polytopes
on which W acts simplicially. By Remark 2.2, A, D (Y,,)~¢.

By Proposition 2.3, for every n > 1 we can choose a W-invariant neigh-
bourhood U,, CY,, of A,, such that U,, and B,, := 2 \Up, are sub-polytopes
of Y,, and the inclusions A, C U, C U, and Y,\U, C B, C Y,\A4, are
W-homotopy equivalences. Set D,, = B, N U,.

Lemma 5.1. Let G be a finite group. Let {X,}, be a sequence of compact
G-polytopes satisfying (I)—(111) above. Fix K < G, set W = NgK/K, and
let Ay, Uy, Bn, Dy € X, be the subspaces defined above. Assume further that
A, C Y, for allm > 0. Write N for the dimension of Y,,. Then

(A) For any abelian group T and any k > 0 there are isomorphisms
HY (By; T) = Hy(W;T) for alln>> 0. The right hand side is group
homology with the trivial W—module T.

(B) For any finite abelian group R and any k > 0, the sequences of groups
{HY (Yn; R)}n and {H}Y (An; R)},, are essentially bounded.

(C) If k > 1 then {H‘%*k(Yn;Z)}n and {ij\é*k(Yn,An;Z)}n are essen-
tially bounded. If R is a finite abelian group then {HY %(Yn; R)}n
and {HY 7 (Bpn; R)}n and {HY%(Dy; R) Yy, are essentially bounded
for any k > 0.
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(D) Consider the homomorphisms Hiy,(Dn; Z) N H{, (Bp; Z) induced by
D,, C B,,. Then {ker Ay_i}n is essentially bounded for any k > 1
and {coker Ay _i }n is essentially bounded for any k > 2.

Proof. For all n >0, Y,, # () since A, C Y,,. Since dim(A4,,) is the maximum
of dim(X!) where H > K, hypothesis (III) implies
(1) lim (dimY,, — dim 4,,) = oco.

n—oo
Proof of (A): Recall that N denotes dimY,,. Given 0 < i < k, we obtain
the isomorphisms below for all n > 0. The first isomorphism follows from
the equivalence Y, \U, ~ Y,\A, and from Lefschetz duality [9, Theorem
70.2] for A,, C Y,, which is applicable by hypothesis (I) since Y;, = X. The
second isomorphism follows from (1), the third from Poincaré duality, and
the fourth from hypotheses (II) and (I) since Y,, # 0.
Hi(B;Z) = HN7UY,,, Ap; Z) = HN74(Y,,; Z)
~ e~ ) Loifi=0
:Hz(Yn’Z)—{ 0 if1<i<k
By construction, W acts freely on B,,, so C(B,,) is a chain complex of finitely

generated free W-modules. We obtain a Kiinneth’s spectral sequence [14,
Theorem 5.6.4] for X}V (B,,;T) = C«(By) @zw T

B2 (n) = Tot?Y (Hy(B,); T) = HY (Bu: T)

We have seen above that if n > 0 then H,(B,) =0 for any 1 < ¢ < k and
therefore we obtain isomorphisms, for all 0 <i < k

HY (Bp;T) = Tor® (Hy(B,),T) = Tort?V (2, T) = H{(W;T).
Proof of (B): Consider the coefficient functors H,(Y,) defined in Section 3.
Given ¢ > 0, hypothesis (II) implies that H,;(Y,) = 0 for all n > 0 and,
that the sequence of functors {H(Y},)}, stabilizes on a coefficient functor
F: Oy — Ab whose values are the groups 0 or Z (depending on whether

X1 where K < H < Ng(H), are connected or empty for all n > 0). As a
consequence, for all n > 0, the spectral sequence

Ow -mod
E};(n) = Tory™ ™% H,(Y,),R) = HY;(Yn;R)

vanishes for 1 < j < kand E7((n) = Tor?W mod(F R). Hence HY (Yy; R) =
Torkow 'mOd(F, R) whose order is bounded by |R|* for some @ which depends
only on Ow by Lemma 5.2. Thus, {H}Y (Y,,; R)}, is essentially bounded.

We now prove the second assertion of point (B). The first step is to show
that there is some number 5 > 1 such that for any 0 < i < k we have
rkH;(A,) < B for all n > 0. Let Z denote the poset of all the subgroup
H < G such that H > K. For every n there is a functor F,,: Z°? — Spaces
given by F,(H) = X!. By hypothesis (II), for all sufficiently large n, if
0 < j < k then H;(F,) = 0, and the sequence of functors Hy(F;,) stabilize
of a functor F’: Z°° — Ab whose values are the groups 0 or Z.
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Note that F,(H) N F,(H') = F,((H, H')) and since A,, = UgerF,(H),
it follows that A, = cc%loimen. In fact since X are polytopes, this also

shows that the functors F,, are Reedy cofibrant in the sense of [4, Section
22]. Therefore the natural maps

hocolimF;,, — colimF,, = A,
Zop Zop

are homotopy equivalences. We obtain a Bousfield-Kan spectral sequence
Ez](n) = colim?”" ™4 H;(F;Z) = Hiyj(A 7).

We have seen that if n > 0 then Efj(n) =0 for all 1 < j < k and therefore
H;(A,) =2 colim?™ med pr — TorZ*"-med(7, F') for all 0 < i < k. Tt follows

from Lemma 5.2(b) that there is 5 > 1 such that rkH;(A4,) < § for any
0 <1 <k provided n > 0,

For every j > 0 consider the coefficient functors H;(Ay): H — H. S(AH)
defined in Section 3 (here H < W). If H # 1 then by Remark 2.2, A = X
where H is the preimage of H < W in G. By hypothesis (IT), H;(AZ) =0
for all 1 < j < k provided n > 0. Also, the sequence {Hy(AX)},, stabilizes
on a either Z or 0. If H = 1 then we have seen that rkH;(A) < 3 for
all 0 < j < k provided n > 0. Thus, for any n > 0, if 0 < j < k then
rk(H ;(A,)(—)) < 8. Applying Lemma 5.2(a) to the spectral sequence (see
section 3)

E?;(Ap) = Tor{™ ™Y (H,(A,); R) = HY,(An;R)

we deduce that there is @ > 0 such that for any 0 < 4,57 < k we have
|E2](An)| < |R|*# provided n > 0. As a result |H)V (A,; R)| < |R|(*+1o8
for all n > 0, namely {H}Y (A,; R)}, is essentially bounded.

Proof of (C) and (D): Let M be an abelian group. Since Y;, # 0, it is, by
hypothesis (I) a compact connected orientable homology N-manifold. For
any 0 < i < k, equation (1), the choice of U,, O A,,, Proposition 4.2, excision
and point (A), yield the following isomorphisms for all n > 0

HY 7 (Yo M) = HY 7 (Yo, Ay M) 22 HY 7 (Y, Uy M) =
HY (B Dy M) 2 HIY (B3 M) = H(W: 1),

If k> 1and M = Z then |Hy(W;Z)| < |[W|"" by Remark 5.3, and
therefore {ij\éfk(Yn;Z)}n is essentially bounded. This is the first part of
point (C). Similarly, if & > 0 and M is a finite group then |Hy(W; M)| <
|M||W|k, and therefore {H‘%fk(Yn; M)}, is essentially bounded.

The inclusions A,, C U,, are W-equivalences and, from (1) it follows that
H%_k(ﬁn; M) = 0 for all n > 0. For every n > 1 we have Y,, = B,, Up, Uy,
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so provided n > 0, the Mayer—Vietoris sequence yield the exact sequence

An-
oo HY R (Y M) = HY (B M) 225 HNF(D,,; M) —
— H‘%—k"'l(Yn;M) — ..

If M = 7Z then point (D) now follows from the first part of point (C) which
we have proven above. It remains to prove the second part of point (C).
We have shown above that if M is finite then {H%_i(Yn; M) is essentially
bounded for any ¢ > 0. By Proposition 4.2, for every n > 0 there are
isomorphisms

HEF(Bn; M) = HYY (B, Dys M) = HY (Yy,, Up; M) = HY (Y, An; M).

Also, {H}V (Y, An; M)}, is essentially bounded by point (B) and the long
exact sequence in W-equivariant homology. Hence {H%_k (Bn; M)}y, is es-

sentially bounded. The Mayer—Vietoris sequence above shows that also
{ij\é_k(Dn; M)}, is essentially bounded. O

Lemma 5.2. Let C be a finite category and k > 0 an integer. Let o be the
number of sequences of k composable morphisms in C. Let F: C°? — Ab
be a functor such that rk(F(C)) < r for any C € C. Let G: C — Ab be a
functor.

(a) If there is some M > 0 such that |G(C)| < M for all C € C then
| Tor® ™od(F, Q)| < M™.
(b) If rk(G(C)) < m for all C € C, then rk Tor® ™4 (F G) < amr.

Proof. The groups Tor® ™°4(F, Q) are the homology groups of a chain com-
plex (the cobar construction) whose nth group has the form

P G e F(Cy).
Co—+-—Ch
Point (a) follows since |G(Cy) @ F(Ck)] < M" and (b) since rk(G(Cy) ®
F(Cy)) <rm. O

Remark 5.3. As a consequence we see that if G is a finite group and M
is an abelian group of rank 7 then rkHy(G; M) < r|G[*. Tt follows that
|Hi(G;Z)| < \G|(|G|k) for any k£ > 1 since |G| annihilates Hy(G;Z). Also, if
M is a finite group then |Hy(G; M)| < |M](‘G|k).

6. THE BARRAT-FEDERER SPECTRAL SEQUENCE

The purpose of this section is to prove Theorem 6.1 below. It is a special
case of the Barrat-Federer spectral sequence tailored to our purposes.

Recall that a space Y is called simple if it is path connected and for any
choice of basepoint, mY acts trivially on 7,Y. In this case basepoints can
be ignored in the sense that the basepoint-change isomorphisms for 7,Y" are
canonical. Put differently, if ¢ > 1 then 7,;Y can be identified with the set
of (unpointed) homotopy classes of (unpointed) maps S¢ — Y, which in this
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case has a natural group structure. Hence, if a group G acts on Y then 7Y
has a natural structure of a G-module.

For G-spaces X and Y let map(X,Y') denote the space of G-maps. Write
mapg(X,Y)s for the path component of f: X — Y with f as a basepoint.

Theorem 6.1 (cf. [11, Theorem 1.1}, [8, Theorem 5.3]). Let X be a finite
dimensional polytope on which a finite group G acts freely and simplicially.
Let Y be a simple G-space and fix a G-map f: X — Y. Then there exists a
second quadrant homological spectral sequence

Egp,q:Hg(X?WqY) = mg—pmapg(X,Y)y, (0<p<q).

The differential in the E"-page has degree (—r,r — 1) and the EZ, ,-terms,

where ¢ — p =k, are the quotients of a finite filtration of m mapg(X,Y)s.

Proof. By possibly passing to the barycentric subdivision, we may assume
that if ¥ C X is a simplex then ¢¥NY =0 for any 1 # g € G. Thus, if ¢ is
the orbit of a k-simplex in X then ¢ = G x AF. Let D be the subposet of
the poset of all the G-invariant compact subspaces of X whose objects are
the orbits of the simplices of X. We obtain a functor

X: D — G-Spaces, X:ow—o.

If 0,6/ € D and 6 N o’ # () then o N o’ is the orbit of a simplex which
is the intersection of some simplices ¥ C o and ¥’ C o¢’. It follows that
X = coll)im/'\,’ and that X is Reedy cofibrant, [4, Section 22]. Therefore, the

following natural map is a homotopy equivalence.
(2) hocolimX =X

Since G acts freely on both space, this is, in fact, a G-homotopy equivalence.
Therefore, for any G-module M we obtain a Bousfield-Kan spectral sequence

EL = lim' HL(X; M) = HG7(X;M).

Every o € D has the form G x A* so the natural transformation of functors
X — mX has the property that X(0) — mX'(0) are G-equivalences. By
the properties of H(—; M) we obtain an isomorphism

Homyq(Z[moX], M) if j=0

0 ifj>0

where Z[mgX]: D — Ab is the functor o — Z[mpX(c)]. The Bousfield-Kan
spectral sequence collapses and we obtain the isomorphism

(8)  HE(X:M)=limb,, . Homua(Z[mX], M), (p>0)

HL(X; M) =2 HL(moX; M) = {

By applying the functor map,(—,Y’) to X we obtain a functor
mapg(X,Y): D — Spaces.

The inclusions X' () C X give rise to mapg(X,Y) — mapg(X(0),Y) which
carry f to f|s. Thus, the map f gives rise to a consistent choice of basepoints
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in the functor map,(X,Y’). In other words, this functor can be viewed as a
functor of pointed spaces. Also, (2) implies the homotopy equivalence

mapg(X,Y) ~ mapG(hoclc))lim XY)= hgloign mapqg(X,Y)

The category D°P is a poset of dimension d = dim X, hence %mp(—) vanishes
op

if p > d. AlsomY = 0and mY is abelian by assumption. We can now apply
[2, XI.7.1 and IX.5.4 and X.7.1] to obtain a second quadrant homological
spectral sequence

Ezp,q = lim%op 1 0q Mg mape(X,Y) = 7 pgmape(X,Y)y, (0<p<q)

with differentials of degree (—r,r — 1) in the E"-page. Since E? =0 for
p > d the EZ -terms where ¢ —p = k are the filtration quotients of a
filtration F_gq4x C© F_d+1,d+k—1 C - C For of my mapg (X, Y)f. It only
remains to identify the E2-page with the Bredon cohomology groups in the
statement of the theorem.

Since X(0) = G x A¥ ~ G it follows that map(X(c),Y) ~ Y is path
connected and simple. Therefore 7, mapg(X(c),Y’) vanishes if ¢ = 0, and
for ¢ > 0 the basepoint f|, is immaterial. For any G-set Q and any G-
module M there is a natural isomorphism of abelian groups mapg(§2, M) =

Homyzq(Z[Q], M). We therefore obtain natural isomorphisms for all ¢ > 1

r(mapG(X (), Y)71,) 2 (87, mapg (X (o), V)]  [X (o), map(7, V)]q
= mapg(moX (o), [S?,Y]) =2 Homeg (Z[moX (0)], 7Y ),

and for ¢ = 0 this isomorphism is trivial. The proof is now complete since
we have shown in (3) that %mpHomg(Z[on],qu) > HL(X;mgY). O
op

Remark 6.2. The spectral sequence is natural in the following sense. If
X' C X is a sub-polytope we obtain inclusion of posets Dy C Dx and X’ =
X|p,,. The naturality of the Bousfield-Kan spectral sequence used in the
proof, shows that there is an induced morphism on the spectral sequences.

Remark. It is possible to deduce Theorem 6.1 from [11, Theorem 1.1] by
observing that mapg(X,Y') is homeomorphic to the space of sections of the
fibration X xg Y — X/G and that m1(X/G) acts on the fibre Y via the
action of G (note that X — X/G is a covering projection since the action of
G is free). One then identifies the cohomology groups with local coefficients
in Schultz’s result with the Bredon cohomology groups.

7. THE MAIN RESULT

Let X be a compact polytope on which a finite group G acts simplicially.
For every n > 1 let X, denote the n-fold join of X with itself. The main
result of this section is the following theorem.

Theorem 7.1. Let X and {X,}, be as above. Assume that for any H < G

(a) either XM is empty or it is homeomorphic to a sphere, and
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(b) the action of NoH on H.(X;7) is trivial.
Then for any k > 1 the sequence {m autg(Xy,)}n is essentially bounded.

Theorem 1.2 follows from Theorem 7.1 and Proposition 7.2.

Proposition 7.2. Let X be a linear sphere S(V') in a complex representation
V of G. Then X satisfies the hypothesis of Theorem 7.1.

Proof. The action of G on S(V) factors through the action of U(n) where
n = dimV. Hence, X is a sphere of dimension 2n — 1 on which G acts
smoothly. By [6], there is a triangulation of X which renders it a G-simplicial
complex. For any H < G it is clear that S(V) = S(V), so X! is either
empty (if VH = 0) or it is a linear sphere, hence (a) holds. Also, NgH
acts via isometries on V', namely the action factors through the unitary
group U(V*#) which is path connected, and therefore it acts on S(VH) via
self-maps homotopic to the identity. This proves (b). O

The next corollary to Theorem 7.1 is a slight generalization of [15, Lemma
2.6]. For any n > 1 there is a map d,: autg(X) — autg(X*") given by

Corollary 7.3. Fiz k > 1. Under the hypotheses of Theorem 7.1, for any

6’"1 * . . .
N there is n > N such that 7 autg(X) L), 7 autg (X ™) is the trivial

homomorphism.

Proof. Recall that X,, = X*". By Theorem 7.1 there exists M > 1 such that
| auta(Xy)| < M for all n > 0. We choose such an n such that n > N
and (M!)2|n and show that §,, satisfies the conclusion of the corollary.

The n-fold join X*™" is the quotient space of X" x A"~ where A"~ C
R™ is the standard (n — 1)-simplex with the barycentric coordinates, by
the equivalence relation (x1,...,&n,t1,...,tn) ~ (24,... 2, t), ..., ¢) if
t; = t} for every i and x; = «} unless t; = t; = 0. The symmetric group
3, acts G-equivariantly on X,, = X* by permuting the factors of X™.
The assignment ¢ — o o ¢ where o € ¥, and ¢ € autg(X,) defines an
action of ¥,, on autg(X,). Since the component of idx, in autg(X,) is an
associative unital connected monoid, it is a simple space [16, Corollary 3.6, p.
166] and hence 7 autg(X,,) (with the identity as basepoint) becomes a %,,-
module. We will write e for the monoidal operation in autg(X,) and note
that it is simply the composition of self-equivalences. The group structure on
7 autg(X,) coincides with the group structure on [S*, autg(X,)iq] induced
by the monoidal structure [16, Theorem 5.21, p. 124].

Consider the map ¢: autg(X) — autg(X,) defined by ¢ — @*1x*- - -x1x.
If: S* — autg(X) represents an element in 7, autg(X), then by inspection
dp o0 is equal to (tjor06)e---e(7,0106), where 71, ...7, are the elements
of the cyclic group C), < %,,. Therefore

Gn)e(l6) = [ 8 (rorod)] = 3 m(u() = 3 7).

" T€CH - TECH
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Set IT = 7y autg (X, ). By hypothesis |TI] < M and since it is a Cp,-module,
we have a homomorphism p: Cy, — Aut(II) < X,,. The order of the kernel
of p must be divisible by (M!)2/M! = M! which annihilates II. Therefore

@)D= Y Ikerp| m(w) =0.

T7€CH/ ker p

This completes the proof. O

Proposition 7.4. Assume that the sequence {X,}, of G-spaces defined in
the beginning of the section satisfies the conditions of Theorem 7.1. Then it
satisfies the conditions (I)-(1I1) of section 5. Moreover, for any H < G and
any n > 1, (X)) = (X" and, if H < H then either (X,)" = (X,)"’
for all n if XH = X' or dim(X,)"" — dim(X,,)" > n if X7 £ X1,

Proof. By construction of the join, (X,)? = (X*")7 = (X")*". By hy-
pothesis (a) it is either empty if X = () or it is homeomorphic to a sphere
of dimension nr +n — 1 if X = §". By hypothesis (b) NgH acts on
the sphere X via maps of degree 1, hence maps which are homotopic to
the identity. Therefore NgH acts on (X,,) via self-equivalences which are
homotopic to the identity. Conditions (II) and (I) follow.

Suppose that H' < H. If X C X" are spheres of different dimensions,
then dim(X,,)" —dim(X,)" = n(dim X# —dim X) > n. If they have the
same dimension then they must be equal by the invariance of domain. [J

Proof of Theorem 7.1. The groups 71 autg(X,,) are abelian since autg(X,,)
are associative unital monoids. For any subgroup H < G let X7(1H) denote
the subspace of X, which consists of the points z € X,, whose isotropy group
G is conjugate to H. Arrange the conjugacy classes of the subgroups of
G in decreasing order (Hi),(H2),...,(Hpn) = (e), namely if ¢ > j then
|H;| < |Hj|. We will now define filtrations Fo(X,,) C --- C F,(X,,) of the

spaces X,. For every s > 0 set
S
Fo(X,) = | X
i=1

We will prove by induction on s that for any £ > 1 the sequence of groups
(4) {m mapa(Fs(Xn), Xn)incl feq is essentially bounded.

This will complete the proof since F,,(X,) = X,,. If s = 0 then Fs(X,)
are empty and (4) is trivial. We now fix some 1 < s < m and prove the
induction step.

Set K := Hy and W = Ng(K)/K. Set Y, = XK and A,, = X% both
viewed as W-spaces. By possibly passing to the barycentric subdivision of
X, we may assume that Y;, and A,, are sub-polytopes of X,, on which W acts
simplicially. Remark 2.2 implies that (Y;,)>¢ C A,. Also, A, = F,_1(X,)X
and Y, = F,(X,)¥ because for any z € X,, we must have z € Y, (resp.
x € Ay) if and only if (G5) = (H;) for some ¢ < s (resp. i < s).
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Since G x Nk (G/K)E = G/K and since F5(X,,)\Fs—1(X,,) consists only
of orbits isomorphic to G/K, we obtain the following pushout square in
which the vertical maps are inclusion of G-CW complexes, in fact inclusions
of G-simplicial complexes, hence G-cofibrations:

K oev: (g,z)—gx

G XNagK Fs—l(Xn) Fs—l(Xn)

ev: (g,x)—gx

G X Noxi Fs(Xp)E Fy(X,).

Suppose first that X% = X for some H > K. By Proposition 7.4, (X)X =
(X)) for all n and therefore A,, = Y;, for all n. It follows from the pushout
diagram that Fs(X,) = Fs_1(X,) for all n and the induction step for (4)
follows from the induction hypothesis on s — 1.

Hence we will assume from now on that X% # X# for all H > K, so
by Proposition 7.4 dimY,, — dim A,, > n and in particular A,, C Y, for all
n. By applying mapg(—, X)) to the pushout diagram above, we obtain the
following pullback diagram in which the horizontal arrows are fibrations

(5) mapg (Fs(Xy), Xn) —= mapg(Fs—1(Xn), Xn)

| |

map ., x (Yn, Xn) ——= mapy,  (An, Xn).

This is therefore a homotopy pullback square so the fibres of the rows are
weakly homotopy equivalent (in fact, they are homeomorphic). Let F) de-

note the fibre of the bottom row over the inclusion zil(: and with the inclusion

zi,if as a basepoint. By induction hypothesis {7 mapg(Fs—1(Xpn), Xn)incl }n

is essentially bounded for any &£ > 1, and from the long exact sequence
in homotopy of the fibration in the first row, it suffices to prove that the
sequence {miF) }, is essentially bounded for any k > 1.

By possibly passing to the barycentric subdivision of each Y;,, we can
choose, by Lemma 2.3, for any n a W-invariant neighbourhood U,, of A,
in Y;, such that U, and B, := Y, \U,, are sub-polytopes of Y,,, and the
inclusions A, C U, C U, and Y,\U, C B, C Y,\A4, are W-equivalences.
Set D,, = U,, N B,

Since A, and Y,, = XX are fixed by K, the bottom row of (5) is the
same as the fibration mapy, (Y, Y,) — mapy (4., Ys). Also, A, C U, is
a W-homotopy equivalence and therefore F) is homotopy equivalent to the
fibre F}, of the following fibration over incl € mapy, (Uy, Y5)

F,, — mapy, Yy, Yy) — mapy, (U, Yy).

We will complete the proof by showing that {mF),}, is essentially bounded
for any k£ > 1.
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By construction, Y;, is the pushout of the sub-complexes B,, and U,, along
D,,. By applying mapy,(—, Y,) we obtain a pullback diagram in which all
the arrows are fibrations.

ma‘pW (Yn7 Yn) - mapW (Ui'rw Yn)

| |

mapyy (Bp, Yn) —= mapy, (Dn, Yy)

It is therefore a homotopy pullback square, hence F}, is weakly equivalent
to the fibre of the bottom row over the inclusion zg’; (in fact the fibres are
homeomorphic). We obtain exact sequences of groups (one for each n)

A
The1 mapy (B, Yo ina — Tgy1 mapyy (Do, Yo)ina — mx(Fr) —

A
— T Mapy (Bm Yn)incl o T Mapyy, (Dm Yn)incl'

We see that to complete the proof it is enough to show that for any k£ > 1
the sequences {ker(\g)}, and {coker(A;+1)}, are essentially bounded. This
will be the goal of the remainder of the proof.

Since A4,, D Y,”¢, it follows that W acts freely on B,, and D,,. By Propo-
sition 7.4 and hypothesis (a) of the theorem, Y;, = XX are spheres of di-
mension N = ndim(X%) +n — 1. In particular, Y;, are simple spaces. By
appealing to Theorem 6.1 we obtain Barrat—Federer spectral sequences of
the form

Eznq(Bn) = Hyy(Bn;mgY) = mg—p mapy (B, Yn)incl

Ezp,q(Dn) = Hﬁ/(DnWTan) = Tq—pmapyy (Dn, Ya)incl

By Remark 6.2 the inclusions D,, C B, induce morphisms of spectral se-
quences
0 B (Ba) — EL.(Dy).

For dimensional reasons E?  (B,) = 0 and E? (D,) = 0if p > N. Also
Eiq(Bn) =0 and Eiq(Dn) = 0 if ¢ < N because Y,, is (N — 1)-connected.

By Proposition 7.4, W acts trivially on 7.Y,, since condition (I) of Section
5 holds. Therefore the coefficient systems in the E2-terms of these spectral
sequences are trivial. In addition, once k is fixed then for every 0 < j < k
the groups myy;Y, = 7TN+jSN enter the stable range provided n > 0 so we
may assume that w4 ;Y, = 7r39 , which are finite if j > 1. By Proposition 7.4
we may apply Lemma 5.1(C) which implies that for any N+1<¢< N+k
and any N —k < p < N, the sequences {E? (Bp)}n and {E?, (Dy)}n

—Db,q
are essentially bounded. It follows that {E%, (By)}n and {E2, (Dy)}y, are
essentially bounded for p, ¢ in this range. The spectral sequences EY , (Bn)
and E} (D) are depicted in Figure 1. We deduce that 7 mapy, By, Ya)inc

has a filtration of length k + 1 with filtration quotients

EX Ny nBn)y EXn_priyne1(Bn), -y ESy nyp(Bn)
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q
Oz-f””””””*‘ r N+k
' ESSENTIALLY
. BOUNDED |
I Ldfl L N+1
, ® 060 00 0 0 ‘-. .- - .- - 0 00 00 N
o 0 0
. p+q;k
0 0 0
P+q=0 Tk
: : 0
0 } 0 ) p
-N ~(N-K)

FIGURE 1. The spectral sequences Ej (B;) and E} (Dy).
Differentials have degree (—r,r — 1).

all except the first are essentially bounded (as sequences of groups indexed
by n). A similar statement holds for 7 mapy,(Dy,Y )ina. We obtain the
following diagram of short exact sequences (indexed by n)

(6)

0 —— ess. bounded —— 7 mapy, (By, Y,) —— EX gy n(Bn) —=0

lkk \Lgio(N—k),N

0 — ess. bounded — 7; mapy, (Dy, Y;,) — ESO(N,;C),N(Dn) —0

So we only need to show that {ker(&io( N—k) ~)}n is essentially bounded if
k > 1 and that {coker(@io(N_k),N)}n is essentially bounded if £ > 2. Since
the spectral sequences vanish for ¢ < N and all the differentials d™ (N—E),N
have their target in essentially bounded groups, we obtain the following
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diagram of short exact sequences.

0— Eﬁ]\/’_k%]\[(Bn) — EE(N—k),N(Bn) —— ess. bounded ——= 0

lew(z\rk),zv lGQ(Nk),N

00— ES%N—k),N(D”) — Eg(N,k%N(Dn) —— ess. bounded —— 0

Lemma 5.1(D) implies that if £ > 1 then {ker(Gg(N_k)vN)}n is essentially
bounded and therefore so is {ker(GSO(N_kLN)}n. By the same lemma, if k& > 2
then the sequence of groups {coker(Qz( N—k-1), ~)}n is essentially bounded
and therefore so is {Coker(ﬁfo( N_E), ~)}n. This completes the proof. O
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