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Small Signal Dynamic DQ Model of Modular
Multilevel Converter for System Studies

Aliakbar Jamshidi Far, Dragan Jovcic, Senior Member, IEEE

Abstract— This article presents three dynamic linear state space
models of Modular Multilevel Converter (MMC) which are
suitable for small-signal dynamic studies and controller design.
The three models differ by the number of states (two, six and ten)
and therefore are suitable for different applications based on the
required accuracy. The 2" and 6™ order models ignore dynamics
of the second harmonics and circulating current suppression
control. The main challenges of dynamic analytical modelling of
MMC are the non-linear multiplication terms in equations for
modulating oscillating signals. The multiplication non-linear
terms is therefore considered directly in the rotating DQ frame.
This requires simultaneous modeling in zero sequence,
fundamental frequency DQ and double fundamental frequency
DQ2 frames. The proposed linear analytical models are
implemented in state-space in MATLAB. The validity and
accuracy of the models are verified against detailed 401 level
MMC model in PSCAD/EMTDC in both: time and frequency
domains. The results show very good accuracy for the 10" order
model and decreasing accuracy for the lower order models.

Index Terms—Power system dynamics, Power System Modeling,
Converters, HVDC transmission, Power System Control.

I. INTRODUCTION

Modular Multilevel Converter (MMC) has become one of
the preferred topologies for VSC based High Voltage Direct
Current (HVDC) applications [1]-[3].

The detailed non-linear dynamic models of MMC with
different modulation techniques are presented in [2], [4]. These
models are capable of representing cell-level dynamics and
events. However they are discrete in nature and require a
considerable amount of simulation time. The model complexity
and computation burden will increase when the number of
levels increases. In particular when transmission systems with
multiple converters are studied, like DC grids, detailed cell-
level models are not convenient.

The average MMC models [5], [6] are introduced to improve
the simulation speed of MMC models. The aim of average
modeling is to replicate the average response between
switching instants by using mathematical equations and
controlled voltage or current sources. These MMC average
models are represented in static ABC frame which are not
suitable for analytical studies. The ABC frame models use
oscillating variables and support only trial and error studies
with simulation in time domain. On the other hand, transferring
the MMC ABC average model to DQ frame cannot be done
directly because of complexity of multiplication terms caused
by modulating signals and harmonic coupling in the dynamic
equations.
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The dynamic phasors can be employed for MMC average
modeling as in [7], but they will result in very high number of
dynamic equations.

A convenient Phasor MMC model has been developed
recently [8], but Phasor modeling neglects all the dynamics.

This paper aims developing an analytical dynamic MMC
model that is convenient for small signal MMC stability
studies, and control design. The complex HVDC systems have
numerous control loops and require accurate small-signal
models for multivariable analytical control design [9], [10]. DQ
frame modeling will be chosen to enable state-space model
form which can support eigenvalue studies. The DQ modeling
also has advantage over ABC average modeling in terms of
simulation speed as studied in [11]. However, the model will
have limitations as with all small-signal models, and it cannot
be used with control non-linearities or large signal inputs.

The MMC state space model will be interlinked with other
subsystems such as AC, PLL and control subsystems. A
modular modeling approach is adopted to reduce complexity
and enable study of subsystem interactions.

II. MMC NONLIEAR MODEL IN ABC FRAME

Fig.1 shows the structure of one phase leg of MMC [1],[5],
[6]. Tt consists of two arms (positive and negative) per each
phase (x). Each arm includes N sub-modules (SMs), one
equivalent resistor R, and one inductor L, which is
required to filter arm currents independently.

An average dynamic model for MMC is developed by
substituting the arm SMs with an equivalent controlled voltage
source as shown in Fig.1:

_ Rarm mp mN VDC
.. Larm 2Larm 2Larm i.. 2Larm
diff diff .
d| s | | —-mp 0 0 s —Mpiy, )]
|\ Ver |5~ Ver || 57
dt Com 2C,,
V(Z;N V(Z;N :
—m myt
N O 0 NV
Com 2C,,

where C,.,,=C/N, C is the capacitance of one SM, iy is the
differential current, vcp and vey are the positive and negative

% z . .
pole voltages, v.,and Vv are equivalent sum (maximal)

voltages of positive and negative arms, i, is the converter ac
side current, Vpc and Ipc are the DC bus voltage and current,
and mp and my are modulation indices of corresponding arms.
Fig. 2 shows a structural diagram of MMC model connected to
AC and DC systems, where the converter AC voltage e, and
DC current Ip¢ are given by [5],[6]:
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Fig.1. Circuit diagram of one phase (x) leg of MMC
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Fig. 2. Structural diagram of the average MMC model.
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III. MMC NONLIEAR MODEL IN DQ FRAME

The inputs to the MMC model in rotating DQ frame are
assumed to be: dg components of the AC current i,, DC voltage
Vpcand dg components of the control signal m. The outputs of
the model are DC current Ipc and dg components of the
converter AC voltage e.

A. Assumptions
The standard MMC average modeling assumptions are:

e Control modulation index m(?), is a fundamental sine
signal (M, M,) with additional second harmonic (M,
M,;) which is studied in section IV.A,

AC current i,(2), is a fundamental sine signal,
Differential current ig(?), is DC plus second harmonic,

Vip(t),viy(t), are DC,
fundamental component and second harmonic.

e Sum capacitor voltages

These signals are represented as follows:

mp, = %(17M cos(wt—6,)— M, cosQat —0,,)) = (%) +[7%J cos(wt)
0 d

Iy " % (3)
+[——"] sin(a)t)-%—(——‘”j cos(2w1)+[——"2] sin(2cr)

2 ), 2 ), 2 ),
my :%(1+Mc05(a)t70m)7M2 905(25‘”*9,”2)):(%] +(%) cos(or)
+[%] sin(a)t)+(—M“j cos(Za)t)-%—[—M"z] sin2er)

2 ), 2 ), 2 ),
iV (t) = ]Vm COS(Q)t _91) = (lV )d + (lV )q (4)
L () = Lo + Luygr> COS(20t = Oy4yp0) = Ly + (idi.ff )dz + (idi.ff )qz )
vep (1) = (V35 ), + Vi cos(@t +6,,) + V. cosQot +6,,,) ©)
), 08, 05, 0,
Ve ()= (V3 ), + Vi cos(@t +6,) + Vs, cos2t +6,,) o

_Z X b b b
), (8, <05, + (3,

where subscripts d,g denote the two components in the
coordinate frame rotating at fundamental frequency w,=27f,
while subscripts d2,g2 denote the two components in the
coordinate frame rotating at second harmonic 2w, and
subscript 0 denotes zero sequence component.

B. Basic frequency and zero sequence dynamics in DQ frame

The sum capacitor voltages and differential current of (1)
can be represented as:

my, 1
Px“Vx
]]delfﬁ(

AP0 o], LT
dt v?Nx 0 O v?Nx Car'm - meiVx (8)
2

My L T

%[idm :| = |:_ ILQI,,,,, :| it + i I:_ZVDC + My Ve, My Vo :|

‘arm

Transferring equation  (8) to DQO frame results:

vET 0 0 @ 0 0 0|rE,]
E Lo 0 0 e 0 0K,
Ve _|me 000 0 ollrs |
a|vi, || 0 —@ 0 0 0 ofr,
Vi, 0 0 0 0 0 0fw:
_VCZNO_ | 0 0 0 0 0 O] _VCZN0
x : ©)
) ) m @, 0
d Idiffd R [diffd
E Idiffq = —o, - 0 Idiffq +k
_I diffo | o Ly
0 0 e

where F,k are the dq0 components of nonlinear terms in

(8).
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Assumption  (5) implies that the circulating current has no
basic frequency dgq components, therefore Zigra=/irq= 0.

The non-linear terms F,k are products of oscillating signals
and it is required to obtain their dg components. This is
mathematically represented for a generic signals as shown in
Appendix 1. By expanding every product using expression (31)
in Appendix I, the matrices F and k will become:

2Md]difﬂ) _IVd
_ZMdIdiftO +IVd
2Mqldifﬂ) _IVq
F = ! _2Mq]difﬂ) +IVq
4C,. | 1 1
EMdIVd +5Mq[Vq _2[difﬂ)
1 1 (10)
_EMdIVd +5Mq]\/q _2]difﬂ)_
0
k= 0

1
F(_ZVDC + 2chpo - MdVC}:Pd - MqVC}:Pq )

arm

Similarly, the output equations (2) in DQ frame are

Ed — l 2M d VCZPO - 2VC>,:Pd +M d VCZPdZ +M q Vc?qu
E 2MqVCZP0 —2VE - MqVCEPdZ + MH,VCZqu (11)

q 4 CPq

Ine =31 i

C. Second harmonic dynamics for sum capacitor voltages

Equation (11) implies that the second harmonics will
influence fundamental MMC AC voltages and therefore
appropriate expressions for second harmonic sum capacitor
voltages are needed. Equation  (8) applies also to the second
harmonic, and therefore the second harmonic sum capacitor

voltages Vepy, , Vep,, are similar to (9):

Voo | [ 00 20 017, (Mehy =M1

d Vém o 0 ol 1 (Ml =M1, )

] e
o el (Mg ML)
From (9), (10)and (12), it is concluded that:

Vg =V Vi =V H o =V )

s x RS>
V(‘sz = VCNdZ’ V(‘qu = VCNqZ

D. 6" order nonlinear dynamic MMC model

By combining 9), (11) and (12), the nonlinear dynamic
6" order model of MMC in DQ frame is:

IEEE PES Transactions on Power Delivery

(M, 1,,-M,1,)/8C,,
(M, Iy, +M,1,.)/8C

d (2M Iy —1,,) 1 4C
Exﬁ =Ax,+

arm

(2M Iy — I, )1 4C

arm

(14)
(MdIVd + MqIVq - 4[difﬂ) ) / 8Cm'm
_(72 VDC - Md VCde - Mq chpq + QVCEPO ) / 4Larm |
E, (2M Vg + M Vi + M Vs =2V 5, )/ 4
y=| E, [=|(2M Vi =M Vi + M Vi —2V5, )1 4
Toc 3 o
where:
T
Xo = |:VCZPd2 VCZqu VCZPd VCZPq VCZPO 1 difﬂ):|
o 20, O 0 0 0 |
20, 0 0 0 0 0
0 0 0 o O 0 (15)
A = 0 -0, 0 0 0
0 0 0 0 0
R
0 0 0 0o 0 ——u
L Larm H

This model includes second harmonic voltages but does not
include second harmonic current or harmonic suppression
control dynamics. It can be used under the assumption that
circulating current suppression control totally eliminates
current harmonics without any side-impact on power flow. As
it will be shown, this model can be used for MMC dynamic
modeling but with limited accuracy.

IV. NONLINEAR MODEL WITH CCSC

A. Circuating current second harmonic model

The dynamics of second harmonic circulating current can be
derived using (8) in DQ2 frame rotating at 2w, as:

d|:1dif/d2:| :[ 0 Zwo}{ldmz}_ R, [Idzfm}
dt [ Lign | [ 200 0 [ Lugpr | L, | Lage

) x
1 (_VDC + 1, Vg, + 11 Ve )dz

(16)

+

) s
2L, (_VDC + 1y, Vep, + 11 Von ) 2

This expression is expanded considering (31) as:

i Liguo :|: 0 2600:| L _RM,W Ly
dt| Ly =20, 0 [ Lagn | Ly | Lag

1 _Mchzpd +M4VC,ZPq +2VC2Pd2 _ZMJzVZ
AL, | -M V

(17

CPoO
" MVE +2V5  —2M Ve
cpd — Ma¥cpq + CPq2 q2" CPo



©CoO~NOUTA,WNPE

e
[Ny

U OO AR DMBEMDRAMDIMBAEADIAEMDIMNDMNWOWWWWWWWWWWNDNNDNNNNNNNRPRPRERREREREPR
QOO NOURRWNRPOOO~NOUORRWNPRPOOONOUOPRARWNRPOOONOODURAWNRPOOO~NOOODWN

IEEE PES Transactions on Power Delivery

B. CCSC (Circulating Current Suppression Control) model

The control signals M, and M, are the outputs of PI control
loops to suppress 1> and Iyy,> as shown in Fig. 3 [12]. From
Fig. 3, the dynamic equations of M, and M, are:

ﬂ Mil :_I{I Izl}]/dl —KPE I(ILZ/(YZ (18)
dt A/qu Iwz/z,z at Im]/qz
By substituting (17) in (18):

oA
dt MIZ 2K, K, -K.R, /L, Idz‘/fqz (19)
K, | =MV +MVG, + 0 —2M, Vs,
a{%@@%@&u@fmw&}

wm

Fig. 3. CCSC (PI control loops for suppressing L2 and Lug,2)

C. 10™ order nonlinear dynamic model

The proposed /0" order MMC model consists of the 6"
order model (14) and the four states of (17), (19). However, the
6" order model needs to be revised by considering the second
harmonic terms of circulating current and modulation indices.
The 6" order equations(14) and (15) are revised as:

d

—x, =Ax, +7Z
dt 6 67v6 6
E,
y10: Eq =
Ipe

(2MdVCEP0 +MdVCEPd2 +MqVCZPq2 _ZVCZPd +Md2VCZPd +Mq2VCEPq)/4
(ZMchEPo _MchEsz +MdVCZPq2 _ZVCEPq _MdZVCEPq +Mq2VCZPd)/4
31

diffo
(20)
Where the input terms are:

(MJIVd _MqIVq _41dile2 +4Md21diﬂ'0)/8Curm
(MqIVd +MJIVq _41diqu2 +4M421di1'l0)/ 8C,

1 1
(ZMdIdifm +MdIdift‘d2 +Mqldiffq2 +5M{12[Vd +5Mq2IVq _IVdj/4Carm

1 1
(ZMqldiﬂU _MqldileZ +Mdldiqu2 _EM[IZIVq +5Mq21w _Iqu/4C¢4rm

1 1
[_MdZ[dileZ _Mq21quz +5Md1w +5M41Vq _21diﬂ0j/8C¢4rm

L (_ZVDC + ZVC‘ZPO _Mchzpd _MqVCZPq _Mszczpdz _MqZVC)}’qZ)/4Lurm

1)

By combining (17),(19) and (20), the /0" order nonlinear
model in DQ frame is derived:

d Ag | 044 Z
R v e U1l O .
where
- R .
_ Bam 20, 0 0
x6 arm
Rurm
14],'//42 _2010 —Z 0 0
xlO = diffq2 ’Ares = R
M K,-K,—" 2K, @ 0 0
MdZ 1 P me r“o (23)
7 10x1 R
“2K,0, K,-K,=m 0 0

(_Mchde +MqVCZPq + ZV(ZZsz _ZMdZVCZPO)/4Lurm

KP (_MdV(?EPd +MqVCEPq + ZVCZsz - ZMszczro)/“L

_Mchqu _Mchqu +2VCZPqZ _ZMqZVCZPO)/4Lurm

res

arm

K, (=M V5, =M V5, +2V,

CPq cpq CcPq2

—2M V5, )/ AL

arm

Fig. 4 illustrates the nonlinear dynamic /0" order MMC
model (22) and (23) in the block diagram format. The static
equations related to the products of dg terms can be expanded
using the formulae in the appendix. The model’s inputs, control
inputs, and outputs are also shown in the figure.

Comparing with 6" order model, this /0" order model
includes impact of M, and M,, on the fundamental equations
in (20) and (21). In order to represent the magnitude of control
effort M, and M,,, the four dynamic equations (17) and (19)
must be included despite the fact that second harmonic
differential currents are zero in steady-state.

V. 2" ORDER DYNAMIC MODEL WITH SERIES CAPACITANCE

A. Steady-state analysis of MMC

The steady-state static model of MMC (phasor model) can
be derived from either the equations (14) or (22) by equating
the dynamic terms to zero. In steady-state, /5> and lyg,» are
zero (because of CCSC) and M,, and M,, are very small
values. Therefore, the steady-state equations from either the 6™
order or 10" order dynamic equations give similar results.

Starting from (14) and equating the dynamic terms to zero:

As.s x(y = B.s.su’ y= Cx.sxé (24)

Where y and x; are given in (14) and (15), and the new
matrices are:
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S O O O = O

S O O = O O

S O = O O O

laiffd2

Fundamental
frequency model

0 0 u= vq |?
0 0 DC
0 -M,/20C,, (25) | -M, M,
T _
0 M,/20C,, T M, -M,
1 2R, 0 0
0 1 M, M, -2 0
. 1
Co=—|-M, M, 0 =2
58 4 q
0 0 0 0

0 —4

4 0

0 0

oM,

M,
0

-2M,
oM,
160C,,,
0
0
12

4Md a)Carm
4M,oC,,
0

(26)
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The MMC AC voltages, E; and E,, can be expressed by
substituting (25) and (26) into the sum capacitor voltages (11).
If the converter resistance in (25) is also neglected, i.e. R,,,,=0,
then the MMC AC voltage can be represented as follows:

E — IV(I +Mdl/dc
CwCe 2 (27)
@C\prc 2

where the fictitious capacitance Cy,c is same as in [8]:
Cune = 64C"" 1(8=3(M] +M?)) (28)

If the MMC reactance Xy c=1/(wCypic) is introduced then
the phasor model from [8] is obtained.

B. 2" order nonlinear dynamic model

Considering the convenient and simple model in (27) it is
possible to derive the 2™ order dynamic model of MMC:

d |:xd:|_|: 0 a):||:xd:|+ 1 |:[Vd:|
dt X - -0 0 X CMMC 1 Vq
(29)

e, x, +0.5M )V,
y=|e, |= x, +0.5M V.
1, 0.75M 1., +0.75M 1,

where x; and x, represent the voltage drop across the Cyysc in
DQ frame. The 2" order model shows that MMC responds like
a 2-level VSC behind a series capacitance Cy;c on the AC
side, as shown in Fig. 5. This is much different dynamic
topology from the modeling of 2-level VSC, where the
converter capacitance is in parallel on the DC side.

Tm L
Rac Lac IVP§C L, aT % C"‘;’MC
| el !
i V Vaci Vci e io. 5Ml& ?/DG
MMC

Fig. 5. Simplified 2™ order dynamic MMC model connected to the AC grid.

VI. MODEL VERIFICATION
A. Linearized dynamic DQ MMC model

The Z"d, 6™ and 10" order nonlinear models are linearized
around steady-state operating point, and interlinked with the
corresponding models of AC and PLL sub-systems. The
dynamic of PLL is represented by a second order state-space
equation as in [13]. The final linearised models of 10", 14"
and 18" order are implemented in MATLAB, and their
accuracy is tested against detailed PSCAD Benchmark model.

B. PSCAD benchmark model

The PSCAD benchmark model consists of a MMC converter
represented as given in [4], which is connected to an AC
system and a DC source with a series resistance. The MMC is a
401-level 1000MVA converter with Cg,=10mF, R,.,=1.2Q,
and L,,,=0.08H. The AC grid is given by V,c=370KV,
SCR=8.5, X/R=10, Xt=8%, while DC side parameters are
Vpc=640KV with series resistance of Rp~0.5Q. The CCSC
controller gains are Kp=0.5 and K;=50.

C. Verification of the models in time domain

The 10" order linearized model is compared against the
benchmark PSCAD model for a 5% step up on control input
M, as shown in Fig. 6. The matching is excellent for all AC,
DC and control variables, and verifies accuracy of the model.

-0.8

N

3
=11
S
125 § — Benchmark (PSCAD)
U - 10th order model (MATLAB)
14 H H H
305
300
N
X 295
Q
290 I Benchmark (PSCAD)

--------- 10th order model (MATLAB)

//\ — Benchmark (PSCAD)
--------- 10th order model (MATLAB) --

0 0.05 0.1 0.15 0.2 0.25 0.3
Time(s)

Fig. 6. Comparison of the 70" order linearized MMC model against PSCAD
benchmark model for 5% step up on M,

The accuracy of the two lower order models is also tested
for the same step input as shown in Fig. 7. As it can be seen the
lower order models show less accuracy as expected, but might
be able to capture dominant MMC oscillatory mode.

D. Verification of the models in frequency domain

For the purpose of accurate verification, the models are also
tested in frequency domain. PSCAD has no frequency domain
analysis capability, and the results are obtained manually, by
injecting a single frequency component at a time.

Fig. 8 shows the frequency response comparison of the 70"
order and benchmark models in frequency range /-150Hz.
Very good matching is seen across the entire frequency range.

Fig. 9 shows the frequency response of 2" and 6" order
models against the benchmark model in the same frequency
range. It can be seen that the 6” order model shows acceptable
matching especially in the frequency range below 20Hz.
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Fig. 7. Comparison of the 2™ and 6™ order linearized MMC models against
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Fig. 8. Frequency response comparison for 10™ order model
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6th order model (MATLAB)
2nd order model (MATLAB)

~Tzae

Benchmark (PSCAD)

6th order model (MATLAB) -

2nd order model (MATLAB)

Freq. (Hz)

100

Fig. 9. Frequency response for 2" and 6™ order models

E. Dynamic study of influence of PLL gains

The proposed models are suitable for wide range of MMC
small-signal dynamic studies. As an example, Fig. 10 shows
the effect of increasing the PLL (Phase locked loop) gains by a
factor of /0, and Table I shows the set of dominant eigenvalues
(out of 18 eigenvalues). High PLL gains might be desired for
good post fault synchronisation, however it is seen that the
system suffers from new lightly damped oscillatory mode
around 50Hz when PLL gains are increased.

Table L. Set of dominant eigenvalues for different PLL and CCSC gains.

Original system Increased PLL gains Increased CCSC
KpiPLL:3O, KLPLL:SOO (&7PLL:3OO; gamns
KPccsc:O.S and K[CCSC:SO KLPLLZSOOO) Kl’ccsc: 1 0, chcsc:50
-14.56 £j313.2 -6.98 +£j317.0 -13.63 £j314.7
-17.82+j129.5 -33.74+£j101.3 -9.48+j133.9
-0.8 A
~-0.95 AJ \ A A-n AT
S MAYAAAAAY
o -1.1 J
200 M
a2s HA — Benchmark (PSCAD) |
V v -------- - 10th order model (MATLAB)
14 I | I
305

290 ——Benchmark (PSCAD)
~~~~~~~~ 10th order model (MATLAB)
285 i ! }
0 0.05 0.1 0.15 0.2 0.25 03
Time(s)

Fig. 10. 10h order model verification with higher PLL gains.

F. Dynamic study of influence of CCSC gains

The dynamics system with different CCSC gains is also
tested, and the linearized model shows very good matching, as
seen in Fig. 11. Here, the proportional CCSC gain is increased
20 times which reduces damping of the mode at around 20Hz,
as shown in Table 1.

-0.8 A
TV VAA T ate
Q—l 25 ” V ——Benchmark (PSCAD)
V ------ -+ 10th order model (MATLAB)
-1.4 ‘ : :

301 A

)\

M\

) A
¥ 296 2
v
V v !
291
——Benchmark (PSCAD)
++++- 10th order model (MATLAB)
286 f t t
0 0.05 0.1 0.15 0.2 0.25 0.3
Time(s)

Fig. 11. 10™ order model verification with higher CCSC gains.



P OO~NOUILAWNPE

U OTUu AU DMBEMDIAMDIAMBAEDIAMDIMDNWOWWWWWWWWWWNDNNDNNNNMNNNNRPRPRPERPRERPERRER
QOO NOUPRRWNRPOOO~NOUOPRRWNPRPOOONOOUOPRARWNRPEPOOONOODURAWNRPOOO~NOOUUDMWNEO

IEEE PES Transactions on Power Delivery

VII. CONCLUSION

A 10" order dynamic linearized small-signal model for
MMC is proposed. It is concluded that non-linear
multiplication terms can be represented directly in DQ frame,
and D2Q2 frame rotating at double the fundamental frequency
based on the special expressions for DQ frame algebra.

A 6™ order dynamic linearized model is proposed as a
reduced order model by considering the effect of CCSC on
MMC but ignoring the second harmonic modulation indices
and circulating current. A further reduced 2" order model is
also proposed by introducing an equivalent series capacitance,
Cyuic, on the converter AC side.

The accuracy of the 3 models is verified against a detailed
benchmark model in PSCAD in both: time and frequency
domains. The tests show excellent accuracy for the 10" order
and a reduced accuracy for the 6” order model. The 2" order
model shows lowest accuracy but it has advantage in
simplicity.

APPENDIX I. DQ FRAME SIGNAL MULTIPLICATION

Starting with time domain expression for two generic signals
X(t) and Y(t), each consisting of zero sequence, fundamental
component and second harmonic:

X(t)=X,+X,cosot+ X, sinwt+ X, cos2wt + X, sin 2wt (30)

Y(t)=Y, +Y,coswt+Y,sinot +Y,, cos2wt +Y,, sin 2wt

By expanding the ABC frame expression for product
Z(t)=X(1)xY(t) and analyzing each term (neglecting 3" and 4™
harmonics) the following is obtained:

XX X Y
Z(t):[XO)/()+XDYD+ Q +XD2YDZ+ 02 Q2J+

Q
2 2 2 2
Zy
1 1 1 1
Xp¥, + XY, +5Xquu +EXQ2YQ +EYuqu +EYQZXQ cos wt
3D
1 1

1 1 .
+(XQYO X Ty = XYoo Xo ¥y = VX + EYQZ)(Djsm ot

Z

XY, XX
+[DD_QQ+ XmYo +YDZ‘XOJCOS(ZG)[)

2 2
ZAIZ
XY, XY,
+[ f; Dy ]; L+ XY, +YQZX0]sin(2a)t)

Z,,
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