Successful network inference from time-series data using Mutual Information Rate
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This work uses an information-based methodology to infer the connectivity of complex systems
from observed time-series data. We first derive analytically an expression for the Mutual Information
Rate (MIR), namely, the amount of information exchanged per unit of time, that can be used to
estimate the MIR between two finite-length low-resolution noisy time-seriés, and then apply it

after a proper normalization for the identification of the connectivity structure,of small networks of
interacting dynamical systems. In particular, we show that our methodolo ywlly infers the
?g stre

connectivity for heterogeneous networks, different time-series lengths o
in the presence of additive noise. Finally, we show that our methodolog
infers the connectivity of networks composed of nodes with differ

inference based on Mutual Information fails.

The Mutual Information Rate (MIR) measures
the time rate of information exchanged between
two non-random and correlated variables. Since
variables in complex systems are not purely ran-
dom, MIR is an appropriate quantity to access
the amount of information exchanged in complex
systems. However, its calculation requires in-

tion. Having in mind that it is impossible to p

finitely long measurements with arbitrary resog-\

oup ths, and even
aséd on MIR successfully
scale dynamics, where

links, 0 -LTHH'érstand these complex systems is by
study gical structure, namely, the network

connectivity. In natural complex systems, the connec-

tivity of components is often unknown or is difficult
%te by physical methods due to large system-sizes.
Herce, ﬁ of interest to infer the network structure that

resénts the physical interaction between time-series
collegted from the dynamics of the nodes.

Ithough network inference in non-linear systems has

form infinitely long measurements with p I'ff\‘b:een extensively studied in recent years using Cross-

ct
R
limi

accuracy, this work shows how to estimate
taking into consideration this fundame
tation and how to use it for the characteri
and understanding of dynamical and plex sys-
tems. Moreover, we introduce a novel M ed
form of MIR that successfully i t struc-
ture of small networks of interactieﬁs}yﬂamical
systems. The proposed inference methodology is
robust in the presence of additi oise, different
time-series lengths, and he ()Z:;%us node dy-
namics and coupling strehgths eover, it also

outperforms inference
Information when ::%ysi
r

nodes possessing di e\t\ti
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z{ complex system as a system with
cracting components whose aggre-
inear and undetermined from the

ividual components [1]. If we now
onents as nodes of a network, and the
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orrelation or Mutual Information [2-4], recurrences [5-
7], functional dynamics [8-11], and Granger Causality
[12-14], to name a few, it still presents open challenges.
The fundamental reason is that non-linearities, even in
the absence of noise, produce behaviour that hinders the
correct identification of existing or non-existing underly-
ing direct physical dependence between any pair of nodes.

In this paper, we introduce an information-based
methodology to infer the structure of complex systems
from time-series data. Our methodology is based on
a normalized form of an estimated Mutual Information
Rate (MIR), the rate by which information is exchanged
per unit of time between any two components. MIR is
an appropriate measure to quantify the exchange of infor-
mation in systems with correlation [15-17]. In particular,
authors in Ref. [15] show how to calculate MIR in the case
a Markov partition is attainable, which is generally ex-
tremely difficult to find or unknown. Here, we first show
how MIR can be approximately calculated for time-series
data of finite length and low-resolution. Then, we pro-
pose a normalization of the estimated MIR that allows
for a successful inference about the dependence struc-
ture of small networks of interacting dynamical systems,
when Markov partitions are unknown. Our findings show
that the estimated normalized MIR allows for a success-
ful inference of the structure of small networks even in
the presence of additive noise, parameter heterogeneities


http://dx.doi.org/10.1063/1.4945420

and different coupling strenghts. Moreover, our normal-
LR YR

ized mated MIR. outperforms the use of Mutual In-
formatl( n (MI) based inference when different time-scale

In particular, Eq. (1) can be written equivalently as

paper is organized as follows. In Sec. II, we in-
1 duce two information-based measures, the MI and the

PUblIS[I[lHing\ discuss the theoretical aspects of their defini-

tious and show how they are related to each other. In
Sec. ITI, we introduce the models used to create the com-
plex system dynamics studied in this work. In Sec. IV, we
explain our methodology to calculate an approximation
value of MIR and introduce the normalized MIR. Sec-
tion V shows how we apply our methodology to different
coupled maps and to a neural network in which the dy-
namics of the nodes is described by the Hindmarsh-Rose
neuron model [18; 19]. Finally, in Sec. VI we discuss our
work and discuss our findings.

II. BACKGROUND

Information can be produced in a system and it can be
transferred between its different components [15-17, 20—
23]. If transferred, at least two components that are
physically interacting by direct or indirect links should
be involved. In general, these components can be time-

@f:l( s are PFGSGH‘D Thihedmiseeipsivas accepted by Chaos. Clicklord 6 )see L%lﬁ’mmf(rﬁ:a{)ﬁd’g ( %) (2)

This equation can be interpreted as the strength of the
dependence between two random variables X and Y [25].
When Ixy = 0, the dependence strength between X and
Y is null, consequently, X and Y are independent.

The computation of Ixy (V) from time-series is a sub-
tle task. Firstly, it requires the calculation of probabil-
ities computed on an a proprlate probabilistic space on
which a partition cangbe defined. Secondly, Ixy (N) is
a measure suitable f comparison between pairs of
components of the system but not between different
systems. The refson ig that different systems can have
different correlation

cay times, [27-29] hence, different

ides.in the different ways to compute the
lved in Eq. (2). The first one is the bin

on equal or adaptive-size cells [30, 31].
e employs density kernels, where a ker-
esthﬁ?ion of the probability density function is used
2,3 he last one computes MI by estimating prob-

]. Mn this work, we adopt the first method and com-

series, modes, or related functions of them, defined O\;‘gies rom the distances between closest neighbours
34

In this work, we study the amount of information tran:

subspaces or projections of the state space of the systx [

ferred per unit of time, i.e., the Mutual Informati
(MIR), between any two components of a system, to
termine if a link between them exists. The exi
a link between two units means there is a, bidi
connection between them due to their inte

A. Mutual Information

The Mutual Information
dom variables, X and Y

uncertainty one has abou;)b

IT1)424] between two ran-
a systemis the amount of

Y7 aft? observing Y (X).
Specifically, MI is give

where Hy
ZJ 1 Pv(j)lo (7)) are the marginal entropies of
X and Y (Shannon eatfopies) respectively, and Hxy =
_ (i,j)%)g (Pxvy (%, 4)) is the joint entropy be-
X and « (7) is the probability of a random
. to haﬁggen in X, Py(j) is the probability of a
random“eyent4j to happen in Y, and Px y(i,7) is the
?ﬁﬁoba ity of events ¢ and j to occur simultane-
ously, id variables X and Y. N is the number of random
in both variables, X and Y.

probabilities in a partition of equally-sized cells in

Rﬂ'ﬁ\t}le probabilistic space generated by two variables X and

. It is well known that this approach, proposed in [4]
and studied in [35], overestimates the value of Ixy (N)
for random systems or non-Markovian partitions [35, 37].
In particular, the authors explain two basic reasons for
the overestimation of MI. The finite resolution of a non-
Markovian partition and the finite length of the recorded
time-series. According to [35, 37|, these errors are sys-
tematic and are always present in the computation of
MI for an arbitrary non-Markovian partitions. Here, we
avoid these systematic error by creating a novel normal-
ization when dealing with the MIR.

For the numerical computation of Ixy(N) [Eq. (2)],
we use the approach reported in Refs. [4, 15]. We define
a probabilistic space 2, where Q is formed by the time-
series data observed from a pair of nodes, X and Y, of
a complex system. Then, we partition 2 into a grid of
N x N fixed-sized cells. The length-side of each cell, ¢,
is then set to e = 1/N. Consequently, the probability of
having an event i for variable X, Px (i), is the fraction of
points found in row ¢ of the partition Q. Similarly, Py (j)
is the fraction of points that are found in column j of
Q, and Pxy (i,7) is the joint probability computed from
the fraction of points that are found in cell (7, j) of the
same partition, where i, j = 1,...,N. We emphasize
here that Ixy (IN) depends on the partition considered
for its calculation as Px, Py, and Pxy attain different
values for different cell-sizes e.
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B. Mutual Information Rate

he definition of M

Due to the i arisi

III. MODELS FOR OUR COMPLEX SYSTEMS

complex systems

demonstrated how to calculate the MIR for two

. series of finite length irrespective of the partitions,
PUb“ﬁalﬂkﬂg of using the MI. This quantity is invariant with
respect vo the resolution of the partition [15]. In partic-

ular, and for infinitely long time-series, MIR is theoret-

ically defined as the mutual information exchanged per

unit of time between X and Y [24, 26, 36]. Specifically,
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where Ixy (L, N) represents the MI of Eq. (1) between
random variables X and Y, considering trajectories of
length L that follow an itinerary over boxes in a grid with
an infinite number of cells N. Since Ixy is a symmetric
function with respect to X and Y, MIRxy = MIRy x.
We also note that the term w tends to zero in the
limit of infinitely long trajectories, L — oc.

The authors in Ref. [15] show that if a partition wit
N cells is a Markov partition of order T', then MIR éan
be estimated from finite-length and low-resolution, time-
series (since the limits in Eq. (3) are not necessa
using

is.in each cell a suffi-
ee EqN(17)). Besides,
probabiliistic space
the time-series

ciently large amount of points
points in a cell must spread
Q after T iterations. So,

must be reasonably larig t

a 1 démonstration of Eq.
(4), from which it becomes“elear why MIR can be esti-
mated from finite-lengtiyand -resolution time-series.
In this equation,Jx is the MI between X and Y,
considering propabilitiessghat are calculated in a Markov
partition, and TV )/repr sents the shortest time for the
correlation betyvee d Y to be lost for that partic-
ular Mark@v partitionts T(N) also represents the time
after which“ghe evgution of a chaotic system is unpre-
this time is of the order of the short-
urn-time [29] and is related to the order O
rtition, where O indicates that the future state

In Sec. IV, we ma

Dy

:i;ﬁ

considered. Hence, the network inference, which repre-
sents the detection of the topological structure of the
component’s interactions, is done from the time-series
that are recorded for each component. In particular, we
divide the analysis on discrete and on continues time-
series components.

A. Networks with discrete-time units

The dynamics of té&idiserete complex systems
e ar

that are of intere escribed by the following
equation [42]

M
=)+ > Ayf@hr), (5)
7 =1

th iterate of map i, wheret =1,..., M
mber of maps (nodes) of the system, « €
[0g1].is the coupling strength, A;; is the binary adjacency
@x with entries 1 or 0, depending on whether there is
a nection between nodes i and j or not, respectively)
at defines the structural connectivity in the network, r
dynamical parameter of each map, k; = E]]Vil Ajj
node-degree, and f(z,,r) is the considered map.
Particularly, we use

flzn,r) = rep,(1

K
flan,r) = x, +1r— —sin(2nx,)
2

— Z,), and (6)
mod 1. (7)

For the logistic map [38] of Eq. (6), we use r = 4 (if
it is not explicitly mentioned), that corresponds to fully
developed chaos, whereas for the circle map [41] of Eq. (7)
we use r = 0.35 and K = 6.9115, following Ref. [2], for
the same reason.

Figure 1(a) shows the network topology described by
the adjacency matrix A;; used to create a network where
the dynamics of each node is described either by logis-
tic or circle maps. We will use these networks to study
the robustness of our methodology for different coupling
strengths, observational noise, and data-length. We also
use small-size networks with discrete dynamics, with dif-
ferent decay of correlation times for the nodes to test
our methodology (see Fig. 1(b)). In those networks, the
dynamics of the nodes is given by logistic maps. In par-
ticular, we construct a network formed by two clusters of
3 nodes each. The clusters are connected by a small-
coupling strength link. Specifically, the dynamics of
Fig. 1(b) for the cluster formed by the nodes 1, 2, 3 is con-
structed by using r = 4, and the dynamics of the cluster
formed by the nodes 4, 5, 6 is given by a third-order com-
position of the logistic map, i.e., f(2?) = fofof(x'), with
r = 3.9. Consequently, both clusters are constructed by
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time-series with different correlation decay times, creat-
ing a good example to understand how a clustered net-

work with different time-scales can affect the inference

B. Networks with continuous-time units

We consider continuous dynamics for the nodes of a

ilities of MI' or Fhikinharnestripeiheradegpted by Chaos. Clﬁdc\hcfﬂztdmlb@ddﬁgiwhefﬂﬁmlﬁxarsh—ﬂose (HR) neuron

Al

Publishing

(b)

Logistic Maps

Composed Logistic Maps

y V\

opologies used to construct the complex
ws a'metwork with 16 nodes and with
iCs wi?! a scale-free network, where the

i§ either a logistic or a circle map.

ed of nodes with different time-scales
ynamics. Panel (c) shows a network of
the dynamics of each node is described by
-Rosg dynamics [Eq. (8)].

comp

model [18]. The particular network we choose is shown
in Fig. 1(c). The HR model is given by

p = q—ap’ +bp® —n+ Loy,
i = c—dp*—q,
n = hls(p—po) —nl, (8)

where p is the membrane potential, q is associated with
the fast currents (Nat or KT), and n with the slow cur-
rent, for example C’?li The rest of the parameters are
defined asa =1,b=23¢=1,d=5,s=4,pyg = —1.6
and Ioyt = 3.25,
scale chaotic be

1ich system exhibits a multi-
iouy with spike bursting. Parameter
latesithe slow dynamics of the system.

neurons connected by electri-
cal (linear, oﬁp}ng
correspondsifoMaving

apses is described in [19, 23], and

9
M
g; — @)3 +bpf =i+ Tex — 91 Y Ciy H(py),
j=1
f"?— dp? — ¢,
’fLi f__[s(p,-—po)—ni],izl,...,M, (9)

M is the number of neurons and H(p;) = p;.

W
\Eq. (9), g1 is the strength of the electrical synapses.

\\N\]\Ve use as initial conditions for each neuron ¢:

pi =
—1.30784489 + n;, ¢ = —7.32183132 + n;, n;, =
3.35299859 + 7}, and ¢; = 0, where ] is a uniformly dis-
tributed random number in [0,0.5] for all i = 1,..., N,
following [19, 23]. C; is a Laplacian matrix and accounts
for the way neurons are electrically (diffusively) coupled.
Particularly, C;; = K;; — A;; where A is the binary ad-
jacency matrix of the electrical connections and K is the
nodes degree diagonal matrix based on A. If A(i,5) =1
then neuron j perturbs neuron ¢ with an intensity given

by gi.

IV. METHODS

A. Calculation of the correlation decay time using
the diameter of an itinerary network

To infer the topology of a network using MIR, [Eq. (4)],
we need to compute the correlation decay time T'(NV).
T(N) is difficult to calculate in practical situations since
it depends on quantities such as Lyapunov exponents
and expansion rates, which demand a high computational
cost [15]. Here, we estimate it by the number of itera-
tions that takes to points in cells of Q to expand and
completely cover 2. This is a necessary condition to de-
termine the shortest time for the correlation to decay to
zero. In particular, we are introducing a novel way to
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calculate T'(N) from the diameter of a network G, which
ig-based on the dynamics of points mapped from one cell

of ) to another, namely, a network with the connectivity

with Ny > Ny, we have T, = T7 +1. Moreover, A; gener-
ates Ay in the sense that F~1(A1) = Ay, where F is the
evolution operator and F~1(A;) means the pre-iteration

iven by the transitionthef meiiksedistwsehcbeptell b Chavs. Clékpaztitioned the Fhgsion of record. |
!S Fﬁnel ary network.

We construct G as follows. We assume that each
Publ|@hpﬁig ized cell in Q, occupied by at least one point,
represents a node in G. Then, following the dynamics
of points moving from one cell to another, we create the
connections between nodes, i.e., the links in G. Specifi-
cally, a link between nodes i and j exists if points in (2
travel from cell ¢ to cell j. If the link exists the weight is
equal to 1, if it is absent, then it is equal to 0, therefore, G
is defined as a binary matrix with elements G;; € {0,1}.
In this framework, a uniformly random time-series with
no correlation results in a complete network, namely, an
all-to-all network.

We define T(N) as the diameter of G. The reason is
that T(N) is the minimum time that takes for points
inside any cell of Q to spread to the whole extent of (2.
By definition, the diameter of a network is the maximum
length for all shortest-paths, i.e, the minimum distance
required to cross the entire network. Hence, our approach
transforms the calculation of T'(IV) into the calculation
of the diameter of G. In particular, for the estimation of
the network diameter we use Johnson’s algorithm [48].

B. Calculation of MIR

To estimate MIR from finite-length low-res
time-series data, we truncate the summation in Eq.
up to a finite size N, depending on the resolutio D&?ta,
and consider small trajectory pieces of the time-séries
with a length L, which depends on the totaklength of
the time-series and on Eq. (17), such that,

L

i=1
In Eq. (10), left-hand an
equal if the partition, wh
culated, is Markov. %
largest order T that a p at generates statis-
tically significant p ilitiessgan be constructed from
/ pigces. Assuming that the order of
is T'= L (which also represents

in the partition to decay to
iQn would be Markov), then Eq. (10)

ilities are being cal-
L srepresents also the

lomdecay times, 77 and 75 respectively, and dif-
umber of cells, N1 x N1 and Ny X N5 respectively,

wh
T
partitions for which Eq.

Ixy (T2, A1) = Ixy (T, As). (12)
Hence, we can write Eq. (11) as,
1 &
MIRxy = T Z[Ixy(i +1,A1) — Ixy(i,A1)]
L)
1 &

Il

T ?Ixy(i, As) — Ixy (i, Ay)].  (13)

i is a Markov generating partition,
ulﬁl)

its properties [1

IX\ Ty (L Apsis). (14)
rartition is close to a Markov partition,

xyd@, Ax
in -

- nysi Til[IXY(laAT1+1)—Ixy(l,Al)] (15)
& ‘) = TIIXY(l,AT1)7 (16)

L -
is our demonstration for the validity of Eq. (4).

refore, in order to use Eq. (15), we must have
(14) is approximately valid.

t“1'("'\~Ihis condition can be reached for partitions constructed

with a sufficiently large number of equally-sized cells of
length e = 1/N, exactly the type of partition considered
here. Notice, however, that partitions will typically not
be Markov nor generating, causing systematic errors in
the estimation of MIR. To correct these errors, we pro-
pose the normalizations in Eqgs. (18) and (19).

It is important to notice that MIRxy is always a
partition-independent quantity, if and only if, the par-
titions are Markov. In order to calculate Ixy (1, Ar,), we
use Eq. (1), which requires the calculation of probabilities
in . Fulfilling the inequality

(No(N)) = Noc, (17)
where (No(Npin)) is the mean number of points inside all
occupied cells of the partition of 2, Eq. (17) guarantees
that the probabilities are unbiased.

C. Network Inference using MIR

For our analysis, using a non-Markovian partition al-
lows us to simplify the calculations of MIR xy, however,
taking this kind of partitions into consideration would
make the MIR values to oscillate around an expected
value. Moreover, MIR for different non-Markovian par-
titions, not only has a non-trivial dependence with the
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number of cells in the partition, but also presents a sys-
tematic error [35]. Therefore, since MIRxy for a non-
Markovian partition of N x N equally-sized cells [esti-

second normalization over MIR xy (N;) to obtain

> MIRxy (N;)

(19)

opose here a way to obtain a measure, computed
MIRxy (N), that is partition independent and that

Eﬁi by Eq. (4)], is eXhischeshtiochprwusibicieplep dydehdos. Click here to sIgicIfTﬁéW/er?l%gﬁgcmﬁﬁR el N}
l \ 1om

Publis Il]ln,g[ le for network inference.

To inler the structure of a network, we calculate the
MIR for the M (M — 1)/2 different pairs of nodes in the
network, which is all we need due to the symmetric prop-
erty of MIR. We also discard the MIR values for the same
variable, i.e., MIR x x, because we are interested in the
exchange of information between different variables. We
compute the MIR xy exchanged between any two nodes
in a network by taking the expected value over differ-
ent partition sizes N;, i.e., MIRxy = E;(MIRxy (V;)),
where E(X) is the expected value of X. In order to
remove the systematic error [35] in this calculation, we
perform instead a weighted average, where the finer par-
titions (larger N) contribute more to the MIR xy value
than the coarser ones (smaller N). The reason is that a
smaller N is likely to create a partition that is further
away from a Markovian one than a partition of larger .
Consequently, we resolve the systematic error by weigh-
ing differently the different partitions.

Therefore, we propose a novel normalization for the
MIR as follows. First, we use an equally-sized grid of

where the maximum is being taken now over the N,
grids.

Finally, applying Eq. (19) to each pair XY, we ob-
tain its average value, MIRxy. The higher the value of
MIR xy, the higher the amount of information exchanged
between X and Y per unit of time. This allows us to
identify pairs of nodes that exchange larger rates of in-

formation than others.

In order to perforg/ the network inference from the
MIR, we fix a threshold 0, 1] and create a binary ad-
jacency matrix A% re theentry A% y is 1if MIRxy
is higher than th Iﬁjiold, and 0 otherwise. A€ is then
compared wit e ady
the dynamigs of
sed fo create A°, and varying it in [0, 1], we
nt'infexzed networks. Our results show that

, i.e.,4a band that represents a 100% successful
'nfereﬁce.

~“the effectiveness of our network inference
oy is measured by the absolute difference be-
he'real topology and the one inferred for different
values. We find that whenever there is a band

size N, we subtract from MIRxy (N), calculated for all tgeeio
pairs of nodes, its minimum value and denote the ne of threshold values, there is successful inference without
€

quantity as min(MIRxy (NV)). Theoretically, a pair thh\
is disconnected should have a MIR value close t@ zero,
ee\

however, in practice, the situation is different bec
of the systematic errors coming from the use
Markovian partition, as well as, from the infoy
flow passing through all the nodes in the worky,  For
example, the effects of a perturbation in on d}hgi de
will arrive to any other node in a finit€ _amouig of time.
This subtraction is proposed to reduce %&QNO un-

desired overestimations of MIR. After this , we re-

main with MIR as a function of V. malizing then by
max(MIRxy (N)) — min(MIRxw(V)), where again the
maximum and minimum are faken over all different pairs,

itudé MIR%y (), namely,

Ili{({MIRXY (N)}

N} — min{MIRxy (N)}’
(18)
MIR between nodes X and Y
the minimum with respect to
ax{MIRxy (N)} is the max-
o alll M (M — 1)/2 pairs. This mag-

ly Eq. (18) for different grids sizes N;, i =
ain MIRxy (N;), where N,, is the max-
of cells per axis, resulting in a grid of

s. In practical situations, where the underlying net-
work is unknown and the absolute difference is impossible
to compute, the ordered values of the MIR or other sim-
ilarity measures [2, 3] show a plateau which corresponds
to the band of thresholds aforementioned. In particular,
if the plateau is small, the authors in Ref. [49] propose
a method to increase the size of the plateau by “silenc-
ing” the indirect connections, hence, allowing for a more
robust reconstruction of the underlying network.

V. RESULTS FOR NETWORK INFERENCE

We now present our results for network inference using
the three models introduced in Sec. III.

A. Discrete-time systems
1. Different Coupling Strengths

Here we study the performance of Eq. (19) for network
inference in the case where the dynamics of each node is
described by a circle or a logistic map. The network
structure that comprises our small-network of interact-
ing discrete-time systems is given in Fig. 1(a). Here,
we analyze the effectiveness of the inference as the cou-
pling strength, «, between connected nodes, is varied.
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In Ref. [2], the authors have shown that, for the logis-
tie [Eq.(6)] and circle maps [Eq. (7)], assuming the same

e

topology, the dynamics is quasi-periodic for o > 0.15 and

number drawn from the normal distribution with 0 mean
and standard deviation of 1, i.e. X(0,1), and v € [0,1] is
the noise strength. Since R(v,1) = v % X(0, 1), the noise

tic for 0 <|a < 0-This Waenddteipfovss shegsed by Chios. Chbtensthiissdeakitaedsivn dfvéabie in the normal distribu-

cifg
Ak ingystiength o n Eq. () to be equal to U0.03 and U.1Z,
th values corresponding to chaotic dynamics.

Pub|is|ﬂiﬂlg< 2 shows the network inference results using

NATTH

e LG

The wideness of the red band represents all
possible values a threshold can take to perform a 100%
success network inference, i.e. the correct identification
of all physical and non-physical links. The wider the
band, the bigger the probability to perform a complete
reconstruction, therefore the reconstruction is more ro-
bust. When we deal with experimental data, and the
correct topology is unknown, the optimal threshold can
be determined by the range of consecutive thresholds for
which the inferred topology is invariant, see Ref. [2].

An error in the percentage of reconstruction comes
from links that were not inferred (false negatives) or in-
ferred erroneously (false positives). In our current study
we avoid the distinction between them and we catego-
rize both as reconstruction errors. Then, the reconstruc-
tion percentage can decrease by inferring non-existent
links (non physical links) or by missing them. Each time
this happens, we decrease the percentage by an amount
ey, = IOON%, where N is the number of real links in the
original network.

tion. Fig. 3(b) shows the parameter space for different
coupling strengths versus 7. We observe perfect infer-
ence for noise strengths v < 0.3, i.e. for X(0,1). More-
over, the best reconstruction using MIR xy is for coupling
strengths in [0.6,0.11], a dynamical regime where chaotic
behaviour is prevalent.

B. Neural Networks

We also apply oué odology for the study of net-
work inference in ase ofigcontinuous dynamics given
.P?Ve use two electrical couplings,
oth considered for time-series of
shows the band for 100% suc-
ce, where panel (a) corresponds
el (b) to g; = 0.1. This figure shows
able to infer the correct network struc-
this case,or small networks of continuous-time
g components.

Mutual Information Rate

x &:))’-parison between Mutual Information and

2. Different time-series lengths and noise strengths \ _
nally, we compare MI and MIR xy to assess the ef-

We start by analysing the effectiveness of MI
for different time-series lengths, using the d
the logistic map for each node and a coupling

a € [0,0.17]. In Fig. 3(a), we observe thdt for o ‘¢loser
to 0.15, a relatively short length (of about o1nts)
rky w

is enough to infer correctly the original N ich is
generated by the adjacency matrix A of Sec. How-

ever, when « is close to 0.03, a larger time-seri

30000 points) is needed to achiéve % successful re-
construction. Values of o = d a €4[0.15,0.17] are

e

in the case of nodes being t

case of nodes having pezé(dic
MIR xy is expected tofbe zero, a Situation evidenced in

both panels of the ufe)Ou sults so far suggest that

of the coupling strength. How-
at exact inference can always

r methodology for network inference
isy titne-series data. In particular, we in-
Ke normally-distributed noise to the logis-

troduge addit

Jos(@n, ) = fzn,7) +7 -0, (20)

whereNns(zn,r) is the noisy dynamics, ¢ is a random

. ectiveness of our proposed methodology for network in-

ference. We apply the same normalization process used
for MIR, Eq. (19), to MI to have an appropriate compar-
ison. In particular, we infer the network structure of the
system described in Sec. III with the network shown in
Fig. 1(b). As we have explained in Sec. III, this system
has two clusters of nodes with different dynamics. The
dynamics in the left cluster is given by the 3rd-order com-
position of the logistic map, whereas the dynamics of the
right cluster is given by ordinary logistic map dynamics.
The different dynamics of the two groups produces dif-
ferent correlation decay times, T'(N), for nodes X and Y,
in particular when the pair of nodes comes from different
clusters. The different correlation decay times produce a
non-trivial dynamical behaviour that challenges the MI
performance for network inference.

Figure 5 shows the results obtained for the normalized
MI, I xy, and our normalized MIR, MIR xy, for each of
the possible pairs of nodes. The purple bars correspond
to the pairs of nodes 1, 2 and 3 of the first cluster, the or-
ange bars correspond to the pairs of nodes 4, 5 and 6 of
the second cluster (3rd order composed dynamics) and
the black bar corresponds to the link between clusters
(notice that due to the small coupling strength between
the two clusters this link is not detected using any of the
two methods). Nevertheless, MIR identifies correctly all
intra links of the network where MI fails to do so. We
conclude that the normalized MIR is preferable over the



http://dx.doi.org/10.1063/1.4945420

Publishi

@ ® © (d)

0.8 0.8 0.8

NIE ;o,s I N ] >o. | A >0.6

Thig/many$rint Wag hbbertdd|Hy (laos. IBick hlrd to sed thé bergion off@étard

& U Al |Z 0.7

0.2 NIl 0.2 0.2

E.Of 120 o L lé{-)l 30 o0 ;?)’ 0 o0 60 120
XY pair XY pair XY pair XY pair

FIG. 2: Network inference for different coupling strengths and coupled maps. Panels (a) and (b) represent the MIR xy values
between different pair of nodes in a network composed of coupled logistic maps with a coupling strengths ¢ = 0.03 and 0.12,
respectively. Panels (c¢) and (d) are similar to panels (a) and (b), but for circle maps. The red band indicates the range of
thresholds from which the original network is correctly inferred, namely, achieving 100‘7?ccessful inference.
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FIG. 3: Network inference ba 0‘ logistic maps, for differ-
ent coupling and noise Zgngths, Paryg (a) shows the pa-
rameter space of the perdentage of recgnstruction (0% - blue,
100% - dark red) for different coupling strengths versus data
lengths. Panel (b) i sfilljrhar to panel (a) for different cou-
pling strengths v ¢ standard deviation of the normal
distribution of tle noi;e added.

ized MY, when it comes to the detection of links in
system with different correlation decay times.

pair ofinodes, contrary to the MI.

, (b)
n_:;o.s
S 0.

1
XY pair

1G.
& d@mics for different electrical couplings. Panels (a)
d

4. Network inference for a network of nodes with a HR
1

(bﬁhow the bar plots of the percentage of inference for
g =0.05 and g; = 0.1, respectively. The red bands show the

range of thresholds for which the original network is inferred

a 100% success.

\

VI. CONCLUSIONS

In this paper we have introduced a new information
based approach to infer the network structure of com-
plex systems. MIR is an information measure that com-
putes the information transferred per unit of time be-
tween pairs of components in a complex system. MIRxy,
our novel normalization for the MIR that is introduced
in Eq. (18), is a measure based on MIR and developed
for network inference. We find that MIR xy is a robust
measure to perform network inference in the presence
of additive noise, short time-series, and also for systems
with different coupling strengths. Since MIR and MIR xy
depend on the correlation decay time T', they are suit-
able for inferring the correct topology of networks with
different time-scales.

In particular, we have explored the effectiveness of
MIR versus MI in terms of how successful they are in
inferring exactly the network of our small complex sys-
tems. In general, we find that MIR outperforms MI when
different time-scales are present in the system. Our re-
sults also show that both measures are sufficiently robust
and reliable to infer the networks analyzed whenever a
single time-scale is present. In other words, small vari-
ations in the dynamical parameters, time-series length,
noise intensity, or topology structure, maintain a suc-
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cessful inference for both methods. It remains to be seen
(a) the types of errors that are found in these measures when
perfect inference is missing or impossible to be done.
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